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A B S T R A C T   

Estimates of rape against women had been usually taken from two main sources till the early 1980s; The national 
crime victimization study and the Uniform Crime Report’s official statistics. Scholars argued, however, that the 
true incidence of rape was greatly underestimated by those data sources. For example, a uniform crime report 
focuses on recorded incidents, but several violations are not reported to the police. Two methodological causes 
have contributed to the underestimation of rape by national crime surveys. First, its definition of rape was 
considered too limited because it covered only carnal information and, thus, omitted many actions, such as 
offenses other than penile-vaginal penetration, from the scope of contemporary rape laws. Second, critics argued 
that the national crime survey was inappropriately structured for interviewees who had previously been 
assaulted to generate allegations of abuse. The crux of this critique was that there was no clear concern about 
rape in the national crime survey. How to establish evaluation methods that would show the real nature of rape 
was the crucial question. As a result of this, we are inspired to design a new mathematical model in this paper to 
study the dynamics of rape in our societies. Several characteristics of the established model, such as model 
formulation, boundedness, equilibrium solutions, basic reproduction number, global stability analysis are 
derived. The existence and characterization of the optimal control function are carried out. For sensitivity 
analysis as well as to show the significance of the control strategies, several simulation results are given. To get a 
deep insight into the dynamical behavior of the model, numerical simulations are performed and consequently 
we obtain the graphical results based on parameters taken as variables. The Euler technique is employed to do 
the job.   

Introduction 

Rape can be defined as the intentional penetration of vagina, anus, or 
mouth of another person without their assent [1]. According to Fisher 
et al. (2000), 64–96% of rape cases go unreported [2], this is largely 
because many people do not know that rape can be committed by one’s 
partner [3]. According to a report in India, at least one woman is raped 
in every 20 min [6]. According to experts, only 10% of rapes are re-
ported, and the conviction rate for rape cases is 24.2% [7]. The least 
likely reported rape case is the acquaintance rape; that is a type of rape 
in which the rapist and the victim know each other before the rape took 
place [4,5]. Rape is connected with many reproductive health reper-
cussion. Some of which are direct, like sexually transmitted infections 
(STIs), unwanted pregnancies and acute injuries [11]. The problem is 
emotionally related with chronic somatic disorders, anxiety, depression, 

high risk sexual behavior, chronic illnesses and socio-economic conse-
quences [12]. 

The most vulnerable rape victimization groups are the female youth 
[8]. It is a known fact that rape is a major public health problem espe-
cially on college campuses. Studies show that during their first 9 months 
in college 3% of women are raped and during their 4–5-year college 
careers 20%–25% of all women experience a completed or attempted 
rape [9]. The rape devastating impact on victims is well conceived, 
including the negative consequences on physical and mental health, 
academic performance and interpersonal relationships. Many studies 
suggested that acceptance of rape saga is a critical factor in explanatory 
models of rape behavior. Nowadays colleges provide services to take 
care of the survivors, this include; crisis intervention and counseling 
[10]. 

Child sexual abuse (CSA) is a global problem [13]. CSA is defined by 
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the World Health Organisation (WHO) as “the involvement of a child in 
sexual activity that he or she does not fully comprehend and is unable to 
give informed consent to, or for which the child is not developmentally 
prepared, or else that violate the laws or social taboos of society” [27]. 
The term CSA includes a range of activities like “intercourse, attempted 
intercourse, oral-genital contact, fondling of genitals directly or through 
clothing, exhibitionism or exposing children to adult sexual activity or 
pornography, and the use of the child for prostitution or pornography 
[14]. 

Real-life problems are sometimes modelled as mathematical ex-
pressions that may include parameters. Some examples arises in eco-
nomics, medical sciences and engineering. A mathematical model is 
constructed using mathematical concepts like equations and functions. 
This is done by moving from real world into a mathematical world, 
where the model is built. Mathematical or computer aided techniques 
are then used to manipulate the model. The result is then translated back 
to real world [16]. There are several researches on the use of mathe-
matical modeling in solving real-life problems. Example of these are; the 
use of mathematics as a tool for STI control policy [17], mathematical 
modelling to study corrosion in a petroleum industry [18], studying the 
dynamics of a wind turbine [19] and a mathematical model to study 
complex socio-economical systems [20] and many more [21,22]. 

An optimal control problem warrants the finding of a reasonable 
policy, scheme, program, campaign or strategy, in order to attain the 
optimal possible outcome of a system. In other words, an optimal control 
problem means controlling one or more parameter in a mathematical 
model in order to produce the best possible output, by using optimiza-
tion technique. The problem consists of an objective functional subject 
to some constraints. The goal is to optimize the objective function sub-
ject to these constraints elucidated by the model. The most popular so-
lution techniques used for the optimal control problem are the 
Pontryagin’s maximum principle and Hamilton-Jacobi-Bellman equa-
tion [15]. 

When considering real-life problems, most of the times our interest is 
not only on the optimal solution, but also in how the solution changes 
when the parameters of the problem change. The study of the effect of 
parameter changes on the optimal solution is called the sensitivity 
analysis [23]. Many researchers worked on the sensitivity analysis of 
parameters as used in mathematical models. Examples are; the sensi-
tivity and cost-effectiveness analysis on periodic epidemic model [24] 
the sensitivity analysis for optimal control problems which is governed 
by nonlinear evolution inclusion [25] optimal control parameter esti-
mation in Aluminium extrusion for given product characteristics [26]. 

Since many cases of rape were not known due to societal problems in 
obtaining exact data, there is need for mathematical modeling inter-
vention to give more insight into the situation. The main aim of this 
paper is to mathematically model and study rape and its consequences. 
It is also in our aim to study the possible control measures of the 
problem. 

Formulation of model 

Let us define naive vulnerable population as those vulnerable that 
have no prior knowledge of sex. Knowledgeable vulnerable population 
are those vulnerable that have prior knowledge of sex.The total 
vulnerable girls population is denoted as Nv, and is divided into sub 
populations of susceptible naive Sn, infected naive In,susceptible 
knowledgeable Sk and infected knowledgeable Ik. Hence the total pop-
ulation of naive girls is Nv = Sn + In + Sk + Ik. 

The total rapist population is denoted by NR and is subdivided into 
susceptible rapist population SR and infective rapist population IR. Also, 
we have NR = SR + IR. 

All recruitment into vulnerable class are assumed to be via suscep-

tible naive vulnerable population through birth and/or immigration at a 
rate λv. The susceptible vulnerable naive girls population is increased by 
naive infected individuals that recovered without becoming knowl-
edgeable at a rate γn. It is decreased by natural deathrate ϕv and force of 
infection Λv, following effective contacts with rapist. The force of 
infection from rapists to vulnerable girls is modeled to be Λv = abIR

Nh
. 

Where b is the force of infection of susceptible vulnerable girls per 
contact with a rapist and a is the contact rate of the rapist. dSn

dt =

λv − ϕnSn + γnIn − ΛvSn − αnSn. 
The susceptible vulnerable knowledgeable population is generated 

by the recovered naive that became knowledgeable at the rate βn and 
susceptible naive that grow and became knowledgeable without being 
raped at the rate αn. It also increased by knowledgeable infected in-
dividuals that recovered at a rate γk. It is decreased by natural death rate 
ϕv and force of infection Λv = abIR

Nv
. The dynamics is given as; dSk

dt =

αnSn − ϕvSk + γkIk − ΛvSk + βnIn. 
The population of vulnerable infected naive girls is generated by the 

population of vulnerable susceptible naive girls that are raped.It is 
decreased by the recovered infected naive that becomes either knowl-
edgeable or maintains naivety. It is also decreased by natural death at a 
rate ϕv and rape related death δn. dIn

dt = ΛvSn − (γn + βn + δn + ϕv)In. 
The population of vulnerable infected knowledgeable girls is 

generated from the population of vulnerable susceptible knowledgeable 
girls that are raped.It is decreased by the recovered infected knowl-
edgeable girls. It is also decreased by natural death at a rate ϕv and rape 
related death δk. dIk

dt = ΛvSk − (γk + δk + ϕv)Ik. 
The population of susceptible rapist is increased by social problems 

that cause sexual violence at the rate λR. It decreases by effective contact 
rate with vulnerable knowledgeable infected girls with force of infection 
ΛR = τkIk

NR 
and natural death rate ϕR. the dynamics is given as; dSR

dt =

λR − ϕRSR − ΛRSR. 
The population of the infective rapist is increased by susceptible 

rapist that became rapist at a rate ΛR and it is decreased by natural death 
rate ϕR and rate at which the rapist is being caught δR. The dynamics is 
given as; dIR

dt = ΛRSR − (ϕR + δR)IR. 
It follows from the above derivations and assumptions that, the 

model is given by the following system of nonlinear ODE, and the 
meaning of parameters is given in Table 1. 

The model is given by the following: 

Table 1 
Description of the parameters.  

Parameter Description   

λv  recruitment rate into vulnerable population   
β  infection contact rate   

ϕv  natural death in vulnerable population   
αv  rate at which vulnerable becomes knowledgeable   

Λn ,Λk  rate at which susceptible becomes infected in naive and 
knowledgeable populations respectively   

γn , γk  rate at which infected becomes susceptible in naive and 
knowledgeable populations respectively   

βn  rate at which infected naive becomes susceptible 
knowledgeable   

σn ,σk  rape related death in naive and knowledgeable populations 
respectively   

λR  recruitment rate into rapist population   
ΛR  rate at which susceptible becomes infected in rapist 

population   
ϕR  natural death in rapist population   
σR  rate at which the rapist is been caught    
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dSn

dt
= λv − ϕvSn + γnIn − ΛvSn − αnSn,

dIn

dt
= ΛvSn − (γn + βn + δn + ϕv)In,

dSk

dt
= αnSn − ϕvSk + γkIk − ΛvSk + βnIn,

dIk

dt
= ΛvSk − (γk + δk + ϕv)Ik,

dSR

dt
= λR − ϕRSR − ΛRSR,

dIR

dt
= ΛRSR − (ϕR + δR)IR.

(1)  

Analysis of the model 

In this chapter, mathematical analysis of the model are carried out. 
Boundedness, equilibrium solutions, basic reproduction ratio and global 
stability analyses of the equlibria are shown. 

Boundedness 

Since we have two distinct populations; vulnerable girls and rapist, 
we show the boundedness in respect of each population as follows; 

Let Nv represents the total population of the vulnerable girls, then 

Nv = Sn + In + Sk + Ik,

dNv

dt
⩽λv − ϕvNv.

(2) 

Solving the differential inequality, we get 

Nv(t)⩽
λv

ϕv
+ Ce− ϕvt. (3)  

at t = 0 

Nv(t)⩽
λv

ϕv
+ C. (4) 

Therefore, 

Nv(t)⩽
λv

ϕv
[1 − e− ϕvt] + Nv(0)e− ϕvt. (5)  

as t→∞ 

Nv(t)⩽
λv

ϕv
. (6) 

Hence Nv(t) is bounded above. 
The same procedure applies to NR(t), where NR(t) is the population of 

rapist. We will see that as t→∞, 

NR(t)⩽
λR

ϕR
. (7)  

Equilibrium solutions 

We have two important equilibrium solutions; Rape-free equilibrium 
and endemic equilibrium (See Fig. 1). 

i. Rape-free equilibrium; In = Ik = IR = 0. Then,the system is 
reduced to; 

dSn

dt
= λv − ϕvSn − αnSn,

dSk

dt
= αnSn − ϕvSk,

dSR

dt
= λR − ϕRSR.

(8) 

Setting the above system to zero, we find the following equilibrium 
solution; 

E0 = {S0
n , 0, S

0
k ,0, S

0
R,0} where, 

S0
n =

λv

ϕv + αn
,

S0
k =

λvαn

ϕv(ϕv + αn)
,

S0
R =

λR

ϕR
.

(9) 

ii. Endemic equilibrium. 
Setting (1) to zero, we find the following equilibrium solution; E1 =

{S1
n , I

1
n ,S

1
k , I

1
k ,S

1
R, I

1
R}, where,   

Fig. 1. The schematic diagram of the governing model. The vulnerable female compartments are represented in ash colour, while the rapist compartments are 
portrayed in red colour. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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where;A = ab
Nv
, B = γn + βn + δn + ϕv, C = γk + δk + ϕv,D = τk

NR
, E =

ϕR + δR, and IR can be found by solving the following quadratic equa-
tion; 

(EϕRγnγkA2 − ECϕRγnA2 − EϕRγkBA2 + ECBA2 + EDA2βnλv)I2
R +

(ACBEϕvϕR − ABEϕvϕRγk − ACEϕvϕRγn + ABCEϕvϕR − ABEαnγkϕR +

ABCEαnϕR + ADEαn + ABDEλv − DA2βnλv)IR + (BCEϕRϕ2
v +

BCEαnϕRϕv − ADϕn − ABDλv) = 0. 

Basic reproduction ratio 

Here, basic reproduction ratio is defined as the number of rapes 
performed by a single rapist in a completely vulnerable girls’ popula-
tion. Let F represents the non-negative matrix for the new rape case and 
V represents the matrix for the transition terms, then 

F =

⎛

⎝
ΛvSn
ΛvSk
ΛRSR

⎞

⎠ (11)  

and 

Am,n =

⎛

⎝
BIn
CIk
EIR

⎞

⎠

The Jacobian matrix with respect to F and V are respectively given as; 

∂F =

⎛

⎝
0 0 ASn
0 0 ASk
0 DSR 0

⎞

⎠

and 

∂V =

⎛

⎝
B 0 0
0 C 0
0 0 E

⎞

⎠

Therefore; 

∂FV − 1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ASkSR

B2 0 0

0
ASkSR

C2 0

0 0
ASkSR

E2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

The spectral radius of the above matrix is 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ASkSR(

1
B2 +

1
C2 +

1
E2)

√
. 

At rape-free equilibrium, we define the basic reproduction number 
as: 

R0 = A
λvλR

ϕR(ϕv + αn)

(
1

(γn + βn + δn + ϕv)
2 +

1
(γk + δk + ϕv)

2 +
1

(ϕR + δR)
2

)

.

(12)  

Global stability analysis 

In this section, global stability analyses of both Rape-free equilibrium 
(RFE)and endemic equilibrium (EE)are carried out. The following the-
orems give the results; 

Theorem 3.1. The RFE, E0, is globally-asymptotically stable (GAS) 

whenever, Sn <
S0

n
2 and SR <

S0
R
2 . 

Proof. Consider the following Lyapunov function; V(Sn, In,Sk, Ik,SR, IR)
= g(Sn

S0
n
) + In + g(Sk

S0
k
) + Ik + g(SR

S0
R
) + IRwhere g(x) = x − 1 − lnx. Therefore; 

V̇ =(1 −
S0

n

Sn
)Ṡn + İn +(1 −

S0
k

Sk
)Ṡk + İk +(1 −

S0
R

SR
)ṠR + İR

=(1 −
S0

n

Sn
)(λv − ϕvSn + γnIn − ΛvSn − αnSn)+ΛvSn − (γn +βn +δn +ϕv)In

+(1 −
S0

k

Sk
)(αnSn − ϕvSk + γkIk − ΛvSk +βnIn)+ΛvSk − (γk +δk +ϕv)Ik

+(1 −
S0

R

SR
)(λR − ϕRSR − ΛRSR)+ΛRSR − (ϕR +δR)IR

= λv − ϕvSn + γnIn − ΛvSn − αnSn − (
S0

n

Sn
)(λv − ϕvSn + γnIn − ΛvSn − αnSn)

+ΛvSn − (γn +βn +δn +ϕv)In +αnSn − ϕvSk + γkIk − ΛvSk +βnIn

− (
S0

k

Sk
)(αnSn − ϕvSk + γkIk − ΛvSk +βnIn)+ΛvSk − (γk +δk +ϕv)Ik +λR

− ϕRSR − ΛRSR − (
S0

R

SR
)(λR − ϕRSR − ΛRSR)+ΛRSR − (ϕR +δR)IR

⩽λv +ϕvS0
n +AIRS0

n +αnS0
n − λv

S0
n

Sn
+λR − λR

S0
R

SR
+ϕRS0

R +DIKS0
R

= 2λv − λv
S0

n

Sn
+λvSn +(ϕvS

0
n +AIRS0

n +αnS0
n − λv) − λvSn +2λR

− λR
S0

R

SR
+λRSR +(ϕRS0

R +DIKS0
R − λR) − λRSR

= λv(2 −
S0

n

Sn
)+λR(2 −

S0
R

SR
)

(13)  

□ 

S1
n =

λvB
ϕvB + αnB − γnAIR + BAIR

,

I1
n =

λvA ∗ IR

ϕvB + αnB − γnAIR + BAIR
,

S1
k =

C(αn + λvB + βnλvAIR)

(ϕvB + αnB − γnAIR + BAIR)(Cϕv − γkAIR + ACIR)
,

I1
k =

AIR(αn + λvB + βnλvAIR)

(ϕvB + αnB − γnAIR + BAIR)(Cϕv − γkAIR + ACIR)
,

S1
R =

λR(ϕvB + αnB − γnAIR + BAIR)(Cϕv − γkAIR + ACIR)

ϕR(ϕvB + αnB − γnAIR + BAIR)(Cϕv − γkAIR + ACIR) + DAIR(αn + λvB + βnλvAIR)
.

(10)   
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Theorem 3.2. The EE, E1, is globally-asymptotically stable (GAS) when-
ever, L1 < L2. 

Proof. Consider the following Lyapunov function; V(Sn, In,Sk, Ik,SR, IR)
= (Sn − S*

n − S*
nlog Sn

S*
n
) + (In − I*

n − I*
nlog In

I*
n
) + (Sk − S*

k − S*
klog Sk

S*
k
) +

(Ik − I*
k − I*

klog Ik
I*
k
) + (SR − S*

R − S*
Rlog SR

S*
R
) + (IR − I*

R − I*
Rlog IR

I*
R
). 

Therefore; 

V̇ =
Sn − S*

n

Sn
Ṡn +

In − I*
n

In
İn +

Sk − S*
k

Sk
Ṡk +

Ik − I*
k

Ik
İk +

SR − S*
R

SR
ṠR +

IR − I*
R

IR
İR

(14) 

Substituting the values of Ṡn, İn, Ṡk, İk, ṠR and İR, we get;  

where 

L1=λv+γnIn+ΛvSn+λnSn+γkIk+βnIn+ΛvSk+λR+ΛRSR

L2=
(Sn − S*

n)
2

Sn
(ϕv+Λv+αn)+

S*

S
(λv+γnIn)+

(In − I*
n)

2

In
((γn+βn+δn+ϕv)+

I*
n

In
ΛvSn

+
(Sk − S*

k)
2

Sk
(ϕv+Λv)+

S*
k

Sk
(λnSn+γkIk+βnIn)+

(Ik − I*
k)

2

Ik
(γk+δk+

I*
k

Ik
ΛvSk

+
(SR − S*

R)
2

SR
(ΛR − ϕR)+

S*
R

SR
λR+

(IR − I*
R)

2

IR
(ϕR+δR)+

I*
R

IR
ΛRSR

(16)  

□ Therefore; if 

L1 = L2, V̇ = 0,if L1 > L2, V̇ > 0 and if L1 < L2, V̇ < 0. 
We now present the conditions under which the rape activity will 

persist. W need to have; 

ΛvSn − (γn + βn + δn + ϕv)In > 0,
ΛvSk − (γk + δk + ϕv)In > 0,
ΛRSR − (δR + ϕR) > IR > 0.

(17) 

From this, we obtain; 

Sn

In
>

γn + βn + δn + ϕv

Λv
,

Sk

Ik
>

γk + δk + ϕv

Λv
,

SR

IR
>

ϕR + δR

ΛR
.

(18) 

But, Sn(t) will increase if 

λv + γnIn > (ϕv +Λv + αn)Sn. (19) 

Also, 

αnSn − ϕvSk + γkIk − ΛvSk + βnIn > 0, SR <
λR

ϕR + ΛR
. (20) 

Rearranging, we get the following 

(
γn + βn + δn + ϕv

Λv
+ βn)(

γn + δn + ϕv

ϕv(γn + δn + ϕv) + Λv(δn + ϕv)
) >

Sk

Ik
. (21)  

Sensitivity analysis 

In this portion, the concept of sensitivity analysis is employed to 
discover the robust significance of the generic parameters that are pre-
sent in the raping-induced state variables E1 and the basic reproduction 
number. Further, with the aid of parameter values from reliable as-
sumptions, both analytic and numerical values of the various parameters 
in R0 are obtained. The analytic expressions obtained can be used to 
shed some light on how to control the onset of the raping in variant 
localities, if and only if the dynamics follow model (1). R0 is a quantity of 

V̇ =
Sn − S*

n

Sn
(λv − ϕvSn − ΛvSn − αnSn + γnIn) +

In − I*
n

In
(ΛvSn − (γn + βn + δn + ϕv)In)

+
Sk − S*

k

Sk
(αnSn − (ϕv + Λv)Sk + γkIk + βnIn) +

Ik − I*
k

Ik
(ΛvSk − (γk + δk + ϕv)Ik

+
SR − S*

R

SR
(λR + (ΛR − ϕR)SR) +

IR − I*
R

IR
(ΛRSR − (ϕR + δR)IR)

V̇ =
Sn − S*

n

Sn
(λv − (ϕv + Λv + αn)(Sn − S*

n) + γnIn) +
In − I*

n

In
(ΛvSn − (γn + βn + δn + ϕv)(In − I*

n))

+
Sk − S*

k

Sk
(λnSn − (ϕv + Λv)(Sk − S*

k) + γkIk + βnIn) +
Ik − I*

k

Ik
(ΛvSk − (γk + δk + ϕv)(Ik − I*

k))

+
SR − S*

R

SR
(λR + (ΛR − ϕR)(SR − S*

R)) +
IR − I*

R

IR
(ΛRSR − (ϕR + δR)(IR − I*

R))

= −
(Sn − S*

n)
2

Sn
(+(ϕv + Λv + αn) + λv + γnIn) −

S*

S
(λv + γnIn) −

(In − I*
n)

2

In
((γn + βn + δn + ϕv) + ΛvSn −

I*
n

In
ΛvSn

−
(Sk − S*

k)
2

Sk
(ϕv + Λv) + λnSn + γkIk + βnIn −

S*
k

Sk
(λnSn + γkIk + βnIn) −

(Ik − I*
k)

2

Ik
(γk + δk + ϕv) + ΛvSk −

I*
k

Ik
ΛvSk

−
(SR − S*

R)
2

SR
(ΛR − ϕR) + λR −

S*
R

SR
λR −

(IR − I*
R)

2

IR
(ϕR + δR) + ΛRSR −

I*
R

IR
ΛRSR

= L1 − L2

(15)   

I.A. Baba et al.                                                                                                                                                                                                                                  



Results in Physics 22 (2021) 103917

6

which lowering the number to less than unity is considered as the major 
way of curtailing and aborting the spread of the victimization. The 
sensitivity index technique is used to measure the most sensitive pa-
rameters in the model, those with positive sign are considered as highly 
and proportionally sensitive for increasing the value of R0 while those 
with negative sign are less sensitive for the decrease of R0 and the other 
category are neutrally sensitive (with zero relative sensitivity). It is 
popularly known that, the cause of raping transmission is associated 
directly with the basic reproduction number R0, and the prevalence of 
the raping is associated with the endemic equilibrium point E1. For the 
state variables, we compute the sensitivity indices as follows; 

ϒXi
Pi

=
∂Xi

∂Pi
×

Pi

Xi
, (22)  

where Xi denotes the equilibrium points at the endemic state and Pi are 
the associated parameters in Xi. In a similar way, the elasticity indices of 
R0 to the associated parameters in the model are defined as: 

ϒR0
Pi

=
∂R0

∂Pi
×

Pi

R0
, (23)  

where R0 denotes the basic reproduction ratio and Pi is as stated above. 
Thus, after some computation we reach:   

The numerical values that display the relative significance of pa-
rameters in R0 are stated in Table 2. Based on the displayed results in 
Table 2, it can be seen that, λv and λR possess a strong influence on the 

stability of the raping and have a very close relation. Hence, increasing 
λv and λR by 1%,R0 will get an influencing increase by 1%. Parameters 
with positive relation are λv, λR, αn, δk while those with negative relation 
are γn,βn,δn,ϕR,ϕv,γk. A negative relation shows that an increase in the 
values of those parameters will help in the alleviation of the brutality of 
the raping rate. While a positive relation shows that an increase in the 
values of those parameters will significantly influence the occurrences of 
the raping en mass. Fig. 2 displays the numerical signs in Table 2. In 
Fig. 2, the strong parameters to easily cause the rapid spread of the 
raping are shown. 

Optimal control 

The aim of the control strategy is to decrease the number of both 
vulnerable susceptible population, infected population and infecting 
populations. Let the control functions; 

u1(t) ∈ {0, u1(t)max} be the rate at which naive population are pre-
vented from becoming susceptible to rape. 

u2(t) ∈ {0, u2(t)max} be the rate at which susceptible vulnerable naive 
population are prevented from being raped. 

u3(t) ∈ {0, u3(t)max} be the rate at which knowledgeable population 
are prevented from becoming susceptible to rape. 

u4(t) ∈ {0, u4(t)max} be the rate at which susceptible vulnerable 

knowledgeable population are prevented from being raped. 
u5(t) ∈ {0, u5(t)max} be the rate at which people are prevented from 

becoming susceptible rapists. 
u6(t) ∈ {0, u6(t)max} be the rate at which susceptible rapists are 

prevented from actualising their dreams. 

ϒλv = 1,

ϒλR = 1,

ϒδR = 0,

ϒδk = δk
(
− 2 (γk + δk + ϕv)

− 3
− 2 (ϕR + δk)

− 3 )(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )− 1
,

ϒϕR = ϕ2
R(ϕv + αn)×

(

− 2
AλvλR

(ϕR + δk)
3ϕR(ϕv + αn)

−
AλvλR

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )

ϕ2
R(ϕv + αn)

)

×

A− 1λ− 1
v λ− 1

R

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )− 1
,

ϒϕv = ϕvϕR(ϕv + αn)×

(

− 2
AλvλR

(γk + δk + ϕv)
3ϕR(ϕv + αn)

−
AλvλR

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )

ϕR(ϕv + αn)
2

)

×

A− 1λ− 1
v λ− 1

R

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )− 1
,

ϒαn = −
αn

ϕv + αn
,

ϒγn = −
2γn(

(γn + βn + δn + ϕn)
− 2

+ (γk + δk + ϕv)
− 2

+ (ϕR + δk)
− 2 )

(γn + βn + δn + ϕn)
3,

ϒβn = −
2βn

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )
(γn + βn + δn + ϕn)

3,

ϒδn = −
2δn

(
(γn + βn + δn + ϕn)

− 2
+ (γk + δk + ϕv)

− 2
+ (ϕR + δk)

− 2 )
(γn + βn + δn + ϕn)

3,

ϒγk = −
2γk(

(γn + βn + δn + ϕn)
− 2

+ (γk + δk + ϕv)
− 2

+ (ϕR + δk)
− 2 )

(γk + δk + ϕv)
3 .

(24)   
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Compute the optimal control functions (u1u2, u3, u4, u5, u6) that 
would minimize both the vulnerable girls and rapist populations, and at 
the same time minimize the cost of applying the preventive and reha-
bilitation strategies.So, we consider the optimal control problem of the 
form,  

Subject to the equation, 

dSn

dt
= λv − ϕnSn + γnIn − ΛvSn − αnSn − u1Sn,

dIn

dt
= ΛvSn − (γn + βn + δn + ϕv)In − u2In,

dSk

dt
= αnSn − ϕvSk + γkIk − ΛvSk + βnIn − u3Sk,

dIk

dt
= ΛvSk − (γk + δk + ϕv)Ik − u4In,

dSR

dt
= λR − ϕRSR − ΛRSR − u5SR,

dIR

dt
= ΛRSR − (ϕR + δR)IR − u6IR.

(26) 

Three functions u1, u3andu5 reresent preventive strategies, while the 
remaining three u2, u4andu6 represent rehabilitation strategies. These 
control functions are assumed to be L∞(0,T) functions belonging to a set 
of admissible controls, U = (u1,…,u6) ∈ (L∞(0,T))6

: u1min,…,u6min⩽u1(t)
,…,u6(t)⩽u1max,…,u6max. 

Where 0⩽u1min,…,u6min⩽u1max,…,u6max⩽1. The constants C1,C2,C3,

Table 2 
The elasticity indices for R0 = 0.8086 to the parameters of the model.  

Parameters Baseline value Elasticity index 

λv  9.3614× 10− 5  + 1.00000  

λR  0.4478  + 1.00000  
δR  2.0138× 10− 4  0.00000  

δk  3.2084× 10− 4  − 0.05950  

ϕR  0.0668  − 1.0464  
ϕv  1.6728× 10− 5  − 0.01060  

αn  0.0022  − 0.99250  
γn  0.0805  − 0.02230  
βn  0.0106  − 0.00290  
δn  5.7341× 10− 5  − 0.00002  

γk  3.2084× 10− 4  − 1.86570   

Fig. 2. Plot diagram for elasticity index values.  

min(u1 ,…,u6)∈UJ(u1, u2, u3, u4, u5, u6) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Sn(T) + In(T) + Sk(T) + Ik(T) + SR(T) + IR(T),

+

∫ T

0
(c1U2

1(t) + c2U2
2(t) + c3U2

3(t) + c4U2
4(t) + c5U2

5(t) + c6U2
6(t) + Sn(t) + In(t)

+Sk(t) + Ik(t) + SR(t) + IR(t)),

(25)   
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C4,C5,C6 are weighted cost associated with the use of controls u1,…, u6 
respectively. 

Existence and characterization of the optimal control 

In this section, we discuss the existence of the optimal control and 
then construct the Hamiltonian of the optimal control problem to derive 
the first order necessary conditions for the optimal control. 

Existence of optimal control 

To show the existence of the optimal control for the problem under 
consideration, we notice that the set of admissible controls U is by 
definition close and bounded. It is also convex since [u1min, u1max] ×

[u2min, u2max] × … × [u6min, u6max] is convex in R6. It is obvious that there 
is an admissible set (u1,…, u6) for the problem. Hence, the existence of 
the optimal control comes as a direct result from Filippove-Cesari the-
orem. We therefore, have the following result: 

Theorem 4.1. Consider the optimal control problem above. Then, there 
exist optimal controls (u*

1,…, u*
6) and a corresponding optimal states 

(S*
n +I*

n +S*
k +I*

k +S*
R +I*

R) that minimizes the objective function J(u1,…, u6)

over set of admissible controls U. 

Proof. To prove the existence of the optimal controls, it is important to 
verify the following,  

1. The set of controls and corresponding state variables is non empty.  
2. The admissible set U is convex and closed. 
3. The right hand side of the state system is bounded by a linear func-

tion in the state and control variables.  
4. The integrand of the objective functional L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…, u6) is 

convex on the set U. The hessian matrix of L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…, u6) on 
U is done by; 

M =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

2C1 0 0 0 0 0
0 2C2 0 0 0 0
0 0 2C3 0 0 0
0 0 0 2C4 0 0
0 0 0 0 2C5 0
0 0 0 0 0 2C6

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Sp(M) = {2C1, 2C2, 2C3, 2C4, 2C5, 2C6} ∈ R*
+, 

then,L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…, u6) is strictly convex in U.  
5. There exists constant w1 > 0 and p > 1 such that the integrand 

L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…, u6) of the objective functional satisfies 
LSn ,In ,Sk ,Ik ,SR ,IR (u1,…,u6)⩾w1(u1,…, u6)

p 

L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…,u6) = c1U2
1(t) + c2U2

2(t) + c3U2
3(t) + c4U2

4(t) +
c5U2

5(t) + c6U2
6(t) + Sn(t) + In(t) + Sk(t) + Ik(t) + SR(t) + IR(t). 

⩾min(c1,…, c6)(U2
1(t) + U2

2(t) + U2
3(t) + U2

4(t) + U2
5(t) + U2

6(t))
Let w1 = min(c1,…, c6), then we have, 
L(Sn ,In ,Sk ,Ik ,SR ,IR (u1,…,u6)⩾w1(u1,…, u6)

2 

□ 

Characterization of optimal control 

In this subsection, we derive the first order necessary conditions for 
the existence of optimal control, by constructing the Hamiltonian H and 
applying the Pontryagin’s maximum principle.Let x(t) =

[(Sn, In, Sk, Ik, SR, IR]T, U(t) = [u1,…, u6]
Tandλ(t) = [λ1, …, λ6]. Let us 

denote g(u(t), x(t)) to be the integrand of the objective function. Then we 
have, 

H = H(u(t), x(t), λ(t)) Then, 
H = g(u(t), x(t)) + λT(t)x(t)) = c1u2

1(t) + c2u2
2(t) + c3u2

3(t) +

c4u2
4(t) + c5u2

5(t) + c6u2
6(t) + Sn(t) + In(t) + Sk(t) + Ik(t) + SR(t) +

IR(t) + λ1(λv − ϕnSn + γnIn − ΛvSn − αnSn) + λ2(ΛvSn − (γn + βn + δn +

ϕv)In) + λ3(αnSn − ϕvSk + γkIk − ΛvSk + βnIn) + λ4(ΛvSk − (γk + δk +

ϕv)Ik) + λ5(λR − ϕRSR − ΛRSR) + λ6(ΛRSR − (ϕR + δR)IR). 

Let u* = [u*
1,…, u*

6] be the optimal control and x*(t) =

[S*
n(t), I

*
n(t), S

*
k(t), I

*
k(t), S

*
R(t), I

*
R(t)]

T be the corresponding optimal tra-
jectory. Then there exists λ(t) ∈ R6 such that the first order necessary 
conditions for the existence of optimal control are given by the equa-
tions; 

∂H(t)
∂u

= 0,

∂x(t)
∂t

=
∂H
∂λ

,

∂λ(t)
∂t

= −
∂H
∂x

.

(27) 

The optimality conditions: 

[
∂H(t)
∂u1

]u(t)=u*(t) = 0,

[
∂H(t)
∂u2

]u(t)=u*(t) = 0,

[
∂H(t)
∂u3

]u(t)=u*(t) = 0,

[
∂H(t)
∂u4

]u(t)=u*(t) = 0,

[
∂H(t)
∂u5

]u(t)=u*(t) = 0,

[
∂H(t)
∂u6

]u(t)=u*(t) = 0.

(28) 

Simplifying, we get 

u*
1 = min{u1max,max{0,

Sn(t)λ1(t)
2c1

}},

u*
2 = min{u2max,max{0,

In(t)λ2(t)
2c2

}},

u*
3 = min{u3max,max{0,

Sk(t)λ3(t)
2c3

}},

u*
4 = min{u4max,max{0,

Ik(t)λ4(t)
2c4

}},

u*
5 = min{u5max,max{0,

SR(t)λ5(t)
2c5

}},

u*
6 = min{u6max,max{0,

IR(t)λ6(t)
2c6

}}.

(29) 

The co-state equations are; 

∂λ1(t)
∂t

= −
∂H(t)
∂Sn

,

∂λ2(t)
∂t

= −
∂H(t)

∂In
,

∂λ3(t)
∂t

= −
∂H(t)
∂Sk

,

∂λ4(t)
∂t

= −
∂H(t)

∂Ik
,

∂λ4(t)
∂t

= −
∂H(t)
∂SR

,

∂λ6(t)
∂t

= −
∂H(t)

∂IR
.

(30) 

Which when simplified lead to 
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Fig. 3. Profiles of the (a) susceptible naive and (b) infected naive with and without control.  

Fig. 4. Profiles of the (a) susceptible knowledgeable and (b) infected knowledgeable with and without control.  

Fig. 5. Profiles of the (a) susceptible rapist and (b) infected rapist with and without control.  
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Fig. 6. Profiles of each of the state variables of the model.  
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Fig. 7. Dynamical behaviour of the state variables with some varying values of the parameters.  
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dλ1(t)
dt

= − 1 + (λ1 − λ2)Λv + λ1(γn − ϕv) − λ3αn,

dλ2(t)
dt

= − 1 + (λ1 − λ2)γn + λ2(δn + ϕv) + (λ2 − λ3)βn,

dλ3(t)
dt

= − 1 + (λ3 − λ4)Λv + λ3ϕv,

dλ4(t)
dt

= − 1 + (λ4 − λ3)γk − λ4(δk + ϕv),

dλ4(t)
dt

= − 1 + (λ5 − λ6)ΛR + λ5ϕR,

dλ6(t)
dt

= − 1 + λ6(ϕR − δR).

(31) 

The transversality conditions are 

λ1(T) = … = λ6(T) = 1. (32) 

Remark:  

1. The Hamiltonian function H is strongly convex in the control 
variables.  

2. The right-hand sides of the state and co-state equations are Lipschitz 
continuous.  

3. The set of the admissible controls U is convex. 

The effect of the optimal control can clearly be seen from Figs. 3–5. It 
can be seen that when no any control measure is observed the number of 
both infected and susceptible individuals will escalate in both cases. On 
the other hand, adopting the available control measures optimally, will 
drastically reduce the populations. 

Numerical simulation 

This is the position in which we get a deep insight into the complex 
behavior of the model. The present section provides the model’s nu-
merical simulations while using the biological parameters as previously 
mentioned. We used the Euler technique to get the proposed model 
solution and obtain the graphical results based on parameters that are 
taken as variables. Susceptible Sn(t), infectious In(t),Sk(t), infectious Ik(t)
,SR(t), infectious IR(t) populations are investigated with different values 
of the parameters. In Fig. 6, the outlook profiles of each of the state 
variables have been depicted. Since All recruitment into vulnerable class 
are assumed to be via susceptible naive vulnerable population through 
birth and/ or immigration at a rate λν, we depicted the Fig. 7a-b with an 
increasing values of lambda. One can easily see that, the Sn class is 
decreasing while the In class is increasing. Similarly, it can be noted 
from Fig. 7c-d that, Sk class is increasing whereas the Ik is increasing at 
almost constant rate. Furthermore, the population of susceptible rapist is 
increased by social problems that cause sexual violence at the rate λR. 
These classes are therefore plotted by varying the values of λR. From 
Fig. 7e-f, at an increasing values of λR the SR class is decreasing while the 
IR class is increasing with a slight rate of decreasing. 

In the absence of an exact solution for the proposed model, we need 
to establish an approximate solutions to show the behaviour of the 
model. To this aim, we employ one of the effective numerical method 
called Euler method. The method is as follows: Assume that a well-posed 
initial-value condition is given by 

dy
dt

= f (t, y) and y(a) = χ a⩽t⩽b. (33) 

A sequence of approximation point (t,w) ≈ (t, y(t)) is established by 
EM to the exact solutions of ODE by ti+1 = ti +h and wi+1 = wi + hf(ti,wi)

, i = 0,1,…,N − 1, and t0 = a,w0 = α,h = b− a
N . %% The initial conditions 

are Sn(0) = 900, In(0) = 300, Sk(0) = 300, Ik(0)197, SR(0) = 200, IR(0)
= 100 and the initial values of the parameters that have been used in 
carrying out the numerical results are as described in Table 2. 

Summary and conclusion 

A six compartmental model has been presented to gain more insight 
into the dynamics of Rape. Our model studied the future population by 
taking into account the dynamic factors, such as demographic, eco-
nomic, and socio-cultural factors. 

Various analyses were carried out; such as boundedness, finding 
equilibrium solutions and computation of the basic reproduction ratio 
(defined as the number of rapes performed by a single rapist in a 
completely vulnerable girls’population). Two equilibria were computed; 
Rape-free equilibrium and endemic equilibrium. Global stability ana-
lyses of the equilibria were carried out using Lyapunov function. To 
discover the robust significance of the generic parameters that are pre-
sent in the raping-induced state variables and the basic reproduction 
number, sensitivity analysis was carried out. 

Six time dependent control strategies were then applied to every 
compartment of the model. These strategies can broadly be taken by two 
entities; government and parents. Existence and characterization of the 
optimal control functions were shown. Many simulation results were 
given for sensitivity analysis as well as to show the significance of the 
control strategies. 

Finally, Numerical simulations were carried out to get a deep insight 
into the complex behaviour of the model. Euler technique was used to 
get the proposed model solution and obtain the graphical results based 
on parameters that are taken as variables. 

The result has shown that effectiveness of various control and 
intervention measures by the government to the vulnerable population 
together with good parental and environment discipline to the non- 
impoverished population are enough to reduce to the barest minimum 
the spread of Rape in the population. 
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