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A B S T R A C T

Several deadly epidemics that have recognized as serious problems all over the world in the last few decades.
Lassa hemorrhagic fever, coronavirus, dengue fever, malaria, and HIV are well-known deadly diseases in
humans. In this research, we analysed the dynamics of the canine distemper virus (CDV) and rabies epidemics
in the red fox population of the northern region of Italy with the help of time-fractional models. We performed
our analysis in the new generalized Caputo non-classical derivative sense with the application of the Predictor–
Corrector algorithm. We used the data of northern Italy for simulations and estimated the endemic equilibrium
points for both CDV and rabies models. Also, we presented the local stability of disease-free equilibrium points.
Some theorems are mentioned for the purpose of existence and uniqueness analysis. Our results are perfect
for giving an idea of the dynamics of the CDV and rabies epidemic in northern Italy. The dynamics of the
given solutions are specified with the help of necessary graphical simulations. The projected algorithm is
so effective in finding the solutions of complex dynamical systems. By this study, we give an idea of how
applied mathematics is directly connected to biological studies. The major scientific aim of this study is to
understand the outbreaks of CDV and rabies on the population of the red foxes by using the texture of fractional
mathematical models.
Introduction

Since 2006, an epidemic known as canine distemper virus (CDV)
has been recognized in the population of red fox (Vulpes vulpes) in
Alpine regions of north and north-eastern Italy. This virus has affected
various areas of northern Italy [1]. In 2008, the population of wild
red foxes was subjected to a epidemic of rabies in the region of Udine
near to the border with Slovenia. In 1970s and 1980s, the north-
eastern territories were infected by rabies and early in 1991 to 1995,
linked [2] to infections in Austria and Slovenia. In these infected areas,
in 1989 to 2004 [2,3] oral rabies vaccine was used to immunize the
red fox population. Since 1997, Italy had been sorted as free from
rabies and before 2008, the last confirmed case of rabies was recognized
in a fox on the Slovenia border in the end of 1995. CDV belongs to
Paramyxoviridae virus family, has a big host spectrum [3] and proof
of infection has been founded in mammalian species relating to three
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various orders, Artiodactyla, Primates and Carnivora [4–6]. The rabies
virus belongs to Rhabdoviridae virus family, can infect all mammalian
species. In Western Europe, fox rabies has vanished. There are so many
countries including Austria, Germany, Sweden, Norway and Spain etc.
that have been announced wildlife rabies-free, with dotted imported
cases in humans and home animals. There are limited studies available
on CDV but some papers related to rabies virus have been given by
researchers [7–11]. There is very bounded knowledge on the endemic
distribution of the population of fox in northern Italy. These two
epidemics have been probably recorded in rural and forested regions in
the mountainous and hilly Alpine and Pre-Alpine areas, despite some
cases of distemper recorded in urbanized regions. To utilize the role of
optimal control techniques, a complete knowledge of the disease trans-
mission structure is necessary. The transmission rate of disease must be
recorded to find the vaccine amount needed to control the outbreaks of
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disease [7]. These informations are limited for CDV and the technique
of estimates has been criticized for rabies [12,13]. CDV and rabies have
the common host in the affected areas and have some similar epidemi-
ological natures. In the vaccination campaigns, a fox was classified safe
if the test given an antibody titre ≥ 0.5 IU/ml [14,15]. Some other
informations related to vaccination campaign can be studies in [1]. Up
to 2010 December, by the laboratory evaluations in 319 (10.7%) animals
out of the population of 2967 samples, the symptoms of the CDV was
detected in north-eastern Italy regions. In which a large amount of
82% (262∕319) of positive samples were founded from red foxes (V.
vulpes), followed by martens (Martes foina) (5∕319, 1.6%) and badgers
(Meles meles) (52∕319, 16.3%). Analysing foxes alone, throughout the
complete sampling period (from 2006 to 2010), 55% of the samples were
contracted from animals record dead. Reported case data of CDV in
wildlife in north-eastern Italy in the span of 2006–2010 can be seen in
Fig. 1.

Since last few decades, there are lots of biological models or epi-
demic models that have been studied via fractional derivatives. Thou-
sand of researchers have used the non-integer order derivatives for
solving the complex phenomena. The dynamics which cannot be sim-
ulated by classical derivatives, can be formulated by variable-order
derivatives more effectively. Also, the crossover behaviour of the dy-
namical models can only be best described using the non-integer order
operators. Some recent uses of fractional derivatives in mathematical
epidemiology can be studied [16–21]. A study on swimming of motile
gyrotactic micro-organisms and nano-particles in flow of blood via
anisotropically tapered arteries is given in [22]. A study on Coronavirus
cases in India via fractional mathematical model is proposed in [23].
A fractional mathematical framework of mosaic epidemic in plants is
organized in [24]. An effective study on COVID-19 cases with vaccine
availability is proposed in [25]. Marin et al. in [26] considered a study
on double porosity dynamics for micropolar bodies. Kumar et al. [27],
proposed an ecological study by using a recent version of Caputo
type fractional derivative. A study on solutions of a non-integer order
chickenpox models is organized in [28]. Solution of a non-linear model
of Rabies epidemic via Caputo–Fabrizio variable-order derivative is
reminded in [29].

In fractional calculus, so many various kinds of fractional derivative
definitions have been defined by mathematicians and applied in differ-
ent parts of science. Non-integer order derivatives are very useful to
study the complex dynamics. Atangana–Baleanu and Caputo–Fabrizio
are one of the mostly used non-classical derivatives [30–36]. One more
fractional order derivative have been introduced which is named as
new generalized Caputo type variable-order derivative given in [37].

In this study, we utilize the dynamics of canine distemper virus
(CDV) and rabies epidemic via new modified from of Caputo type
variable-order derivative. We used two non-linear models to study the
dynamics of CDV and rabies epidemic given by Nouvellet et al. [1].
We used the numerical data of Northern Italy for graphical simulations.
Spread of rabies in wildlife carnivores in the span of 2008 and 2010 can
bee seen in Fig. 2.

This paper is distributed in seven sections. After giving the brief
introduction related to CDV and rabies epidemic, we give some im-
portant definitions and results in Section 2. In Section 3, we give
the brief description of CDV and rabies model followed by fractional
models. We also calculated the endemic equilibrium points along with
the local stability of disease-free equilibrium points for both models.
In Section 4, analysis on the existence and uniqueness are verified.
Solution of the both models is given in Section 5. All results are
simulated in Section 6. A conclusion finishes the study.

Preliminaries

Here, we remind a group of few important definitions and results
for the fulfilment of our fractional structural analysis.
2

Definition 1 ([35]). The Caputo fractional-order derivative of  ∈ 𝐶𝑑
−1

is defined as

𝐷𝜇
𝑡  (𝑡)

=

{ 𝑑𝜛𝐹 (𝑡)
𝑑𝜁𝜛 , 𝜇 = 𝜛 ∈ N

1
𝛤 (𝜛−𝜇) ∫

𝑡
0 (𝑡 − 𝜗)𝜛−𝜇−1(𝜛) (𝜗) 𝑑𝜗, 𝜛 − 1 < 𝜇 < 𝜛𝜛 ∈ N.

(1)

Definition 2 ([38]). The generalized form of Riemann-type fractional-
order derivative, 𝑅𝐷𝜇,𝜌

𝑐+ , of order 𝜇 > 0 is defined by:

(𝑅𝐷𝜇,𝜌
𝑐+

)(𝜁 ) =
𝜌𝜇−𝑛+1

𝛤 (𝑛 − 𝜇)

(

𝜁1−𝜌 𝑑
𝑑𝜁

)𝑛

∫

𝜁

𝑐
𝑠𝜌−1(𝜁𝜌 − 𝑠𝜌)𝑛−𝜇−1(𝑠)𝑑𝑠,

𝜁 > 𝑐,
(2)

where 𝜌 > 0, 𝑐 ≥ 0, and 𝑛 − 1 < 𝜇 ≤ 𝑛.

Definition 3 ([38]). The modified form of Caputo fractional-order
derivative, 𝐶𝐷𝜇,𝜌

𝑑+
, of order 𝜇 > 0 is given by:

𝐶𝐷𝜇,𝜌
𝑑+

)(𝜉) =
(

𝑅𝐷𝜇,𝜌
𝑑+

[

(𝑥) −
𝑛−1
∑

𝜛=0

(𝜛)(𝑑)
𝜛!

(𝑥 − 𝑑)𝜛
])

(𝜉), 𝜉 > 𝑑, (3)

here 𝜌 > 0, 𝑑 ≥ 0, and 𝑛 = ⌈𝜇⌉.

efinition 4 ([37]). The new generalization of Caputo-type non-integer
order derivative operator, 𝐷𝜇,𝜌

𝑑+
, of order 𝜇 > 0 is described as:

𝐷𝜇,𝜌
𝑑+

)(𝜉) =
𝜌𝜇−𝑛+1

𝛤 (𝑛 − 𝜇) ∫

𝜉

𝑑
𝑠𝜌−1(𝜉𝜌 − 𝑠𝜌)𝑛−𝜇−1

(

𝑠1−𝜌 𝑑
𝑑𝑠

)𝑛
(𝑠)𝑑𝑠, 𝜉 > 𝑑,

(4)

where 𝜌 > 0, 𝑑 ≥ 0, and 𝑛 − 1 < 𝜇 ≤ 𝑛.

Lemma 1 ([39]). If 0 < 𝜇 < 1 and 𝜂 is an integer (non-negative), then
there exists the positive constants 𝜇,1 and 𝜇,2 only dependent on 𝜇, s.t

(𝜂 + 1)𝜇 − 𝜂𝜇 ≤ 𝜇,1(𝜂 + 1)𝜇−1,

and

(𝜂 + 2)𝜇+1 − 2(𝜂 + 1)𝜇+1 + 𝜂𝜇+1 ≤ 𝜇,2(𝜂 + 1)𝜇−1.

Lemma 2 ([39]). Consider 𝜆𝑞,𝜛 = (𝜛 − 𝑞)𝜇−1(𝑞 = 1, 2,… , 𝜛 − 1) &
𝜆𝑞,𝜛 = 0 for 𝑞 ≥ 𝜛,𝜇,𝑀, ℎ, 𝑇 > 0, 𝛼ℎ ≤ 𝑇 & 𝛼 is a positive integer.
Let ∑𝑞=𝜛

𝑞=𝛼 𝜆𝑞,𝜛 |𝑒𝑞| = 0 for 𝑘 > 𝜛 ≥ 1. If

|𝑒𝜛 | ≤ 𝑀ℎ𝜇
𝜛−1
∑

𝑞=1
𝜆𝑞,𝜛 |𝑒𝑞| + |𝛽0|, 𝜛 = 1, 2,… , 𝛼,

then

|𝑒𝑚| ≤ |𝛽0|, 𝛼 = 1, 2,…

where  is a positive constant independent of 𝛼 & h.

Model description

CDV model

CDV epidemic first recognized in domesticated dogs not directly
observed in the population of wild red foxes. CDV infection transmitted
between dogs via aerosolised respiratory excretions and the same route
is detected in foxes. Nouvellet et al. in [1] proposed an idea of a math-
ematical model to justify the structure of CDV in ordinary derivative
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Fig. 1. Reported cases of CDV in wildlife in north-eastern Italy in the span of 2006–2010.
Source: Cited from [1].
sense. In this model, the CDV infection is defined by the help of 5
compartments which are as follows:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑆′ = 𝑏𝑁1 − 𝑑𝑆 − 𝑔𝑆 𝑁
𝐾

− 𝛽𝐶𝐷𝑆(𝐼1 + 𝐼2),

𝐸′ = −𝑑𝐸 − 𝑔𝐸𝑁
𝐾

+ 𝛽𝐶𝐷𝑆(𝐼1 + 𝐼2) − 𝜎1𝐶𝐷𝐸,

𝐼 ′1 = −𝑑𝐼1 − 𝑔𝐼1
𝑁
𝐾

+ (1 − 𝑓 )𝜎1𝐶𝐷𝐸 − 𝜎2𝐶𝐷𝐼1,

𝐼 ′2 = −𝑑𝐼2 − 𝑔𝐼2
𝑁
𝐾

+ 𝑓𝜎1𝐶𝐷𝐸 − 𝛼𝐶𝐷𝐼2,

𝑅′ = −𝑑𝑅 − 𝑔𝑅𝑁
𝐾

+ 𝜎2𝐶𝐷𝐼1,

(5)

where 𝑁1 = 𝑆 + 𝑅, 𝑁 = 𝑆 + 𝐸 + 𝐼1 + 𝐼2 + 𝑅 and 𝑔 = 𝑏 − 𝑑.
The basic reproduction number for the above model is given as [1]

0 =
𝛽𝐶𝐷𝜎1𝐶𝐷𝐾

(𝑏 + 𝜎1𝐶𝐷)

[

𝑓
(𝑏 + 𝛼𝐶𝐷)

+
(1 − 𝑓 )

(𝑏 + 𝜎2𝐶𝐷)

]

. (6)

In the model (5), compartment 𝑆 is for susceptible individuals, 𝐸
denoted the exposed individuals at rate 𝛽𝐶𝐷, class 𝐼2 is stand for
those CDV infectious foxes which are suffering from a firm form of
CDV and will not get recovery. The other infectious foxes which have
mild infection and can recover at rate 𝜎2𝐶𝐷 are noted 𝐼1 and 𝑅 is the
compartment of recovered individuals. The brief description of all other
necessary parameters is given in Table 1.

Local stability of disease free equilibrium for CDV

Theorem 1. The disease free equilibrium, 0, of the given system is locally
asymptotically unstable if  > 1 and stable if  < 1.
3

0 0
Proof. To establish the linear stability of equilibrium points of model,
we establish the following Jacobian matrix (see Eq. (7) as given in
Box I.)
The Jacobian matrix formulated at the disease-free equilibrium point
𝐸0 is specified by the matrix given below, where in the absence of
the disease, the infected components of the model are considered to
be zero. (See Eq. (8) as given in Box II.)

Then, the eigenvalues of this matrix are 𝜆1 = −𝑑 − 𝑔𝑁
𝐾 − 𝛼𝐶𝐷, 𝜆2 =

𝜆4 = −𝑑 − 𝑔𝑁
𝐾 , 𝜆3 = 𝜆5 = −𝑑 − 𝑔𝑁

𝐾 − 𝜎𝐶𝐷 and the eigenvalues of the
matrix 𝐽 (𝐸0) which is obtained by deleting the first row and the first
column of 𝐽0 as well as its last row and the last column. □

In epidemiology view point, the meaning of this theorem is that the
disease cannot attacks on the population if the infected subpopulations
are in the region of attraction of the disease free-equilibrium point
whenever 0 < 1.

Existence of endemic equilibria for CDV
The endemic equilibrium (EE), of the governing model is the steady-

state where the epidemic expands and adheres in a population, that
is, when at least one of the infected classes of the governing system is
non-empty. Let 𝛯∗ = (𝑆∗, 𝐸∗, 𝐼∗1 , 𝐼

∗
2 , 𝑅

∗) be EE solution of the governing
model. Equating the right-hand side of governing model to zero, the EE
yields Eq. (9) as given in Box III where 𝑁2 = 𝐼1 + 𝐼2, = +𝐾3𝛼 𝑑2 +
𝐾3𝑑3 +2𝐾2𝑁𝛼 𝑑𝑔+3𝐾2𝑁𝑑2𝑔+𝐾𝑁2𝛼 𝑔2 +3𝐾𝑁2𝑑𝑔2 +𝑁3𝑔3, and, the
total human population in terms of EE can now be written by

∗ ∗ ∗ ∗ ∗ ∗
𝑁 = 𝑆 + 𝐸 + 𝐼1 + 𝐼2 + 𝑅 . (10)
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Fig. 2. Reported cases of rabies in wildlife carnivores in the span of 2008 and 2010.
Source: Cited from [1].
𝐽 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝑑 − 𝑔𝑁
𝐾 − 𝛽𝐶𝐷(𝐼1 + 𝐼2) 0 𝛽𝐶𝐷𝐼2𝑆 𝛽𝐶𝐷𝐼1𝑆 0

𝛽𝐶𝐷(𝐼1 + 𝐼2) −𝑑 − 𝑔𝑁
𝐾 − 𝜎𝐶𝐷 𝛽𝐶𝐷𝐼2𝑆 𝛽𝐶𝐷𝐼1𝑆 0

0 (1 − 𝑓 )𝜎𝐶𝐷 −𝑑 − 𝑔𝑁
𝐾 − 𝜎𝐶𝐷 0 0

0 𝑓𝜎𝐶𝐷 0 −𝑑 − 𝑔𝑁
𝐾 − 𝜎𝐶𝐷 0

0 0 𝜎𝐶𝐷 0 −𝑑 − 𝑔𝑁
𝐾

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(7)

Box I.
𝐽 (𝐸0) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝑑 − 𝑔𝑁
𝐾 0 0 0 0

0 −𝑑 − 𝑔𝑁
𝐾 − 𝜎𝐶𝐷 0 0 0

0 (1 − 𝑓 )𝜎𝐶𝐷 −𝑑 − 𝑔𝑁
𝐾 − 𝜎𝐶𝐷 0 0

0 𝑓𝜎𝐶𝐷 0 −𝑑 − 𝑔𝑁
𝐾 − 𝛼𝐶𝐷 0

0 0 𝜎𝐶𝐷 0 −𝑑 − 𝑔𝑁
𝐾

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(8)

Box II.
Fractional derivatives are always become a suitable choice to study
the complex dynamics of epidemiological models. There are various
type of fractional derivatives have been used by researchers to study
different epidemic models. In this study, we are using generalized-form
of Caputo type fractional derivative to study the dynamics of given
CDV and rabies model. The main reason to use this derivatives in this
study is that, it has a extra parameter 𝜌 along with the fractional-order
variable 𝜇, which can help us to study the different behaviours of given
models much clearly. So the generalization of the given CDV model in
4

the sense of generalized Caputo variable-order operator is as follows:
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

𝐶𝐷𝜇,𝜌
𝑡 𝑆 = 𝑏𝑁1 − 𝑑𝑆 − 𝑔𝑆 𝑁

𝐾
− 𝛽𝐶𝐷𝑆(𝐼1 + 𝐼2),

𝐶𝐷𝜇,𝜌
𝑡 𝐸 = −𝑑𝐸 − 𝑔𝐸𝑁

𝐾
+ 𝛽𝐶𝐷𝑆(𝐼1 + 𝐼2) − 𝜎1𝐶𝐷𝐸,

𝐶𝐷𝜇,𝜌
𝑡 𝐼1 = −𝑑𝐼1 − 𝑔𝐼1

𝑁
𝐾

+ (1 − 𝑓 )𝜎1𝐶𝐷𝐸 − 𝜎2𝐶𝐷𝐼1,

𝐶𝐷𝜇,𝜌
𝑡 𝐼2 = −𝑑𝐼2 − 𝑔𝐼2

𝑁
𝐾

+ 𝑓𝜎1𝐶𝐷𝐸 − 𝛼𝐶𝐷𝐼2,

𝐶𝐷𝜇,𝜌
𝑡 𝑅 = −𝑑𝑅 − 𝑔𝑅𝑁 + 𝜎2𝐶𝐷𝐼1.

(11)
⎩

𝐾
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𝑆∗ =
𝐾𝑏𝑁1

𝐾𝑁2 𝛽𝐶𝐷 +𝐾𝑑 +𝑁𝑔
,

𝐸∗ =

(

𝐾𝑁1 𝑁2 𝑏𝛽𝐶𝐷 −𝐾𝑁2 𝛽𝐶𝐷 𝜎1𝐶𝐷 −𝐾𝑑𝜎1𝐶𝐷 −𝑁𝑔𝜎1𝐶𝐷
)

𝐾

𝐾2𝑁2 𝛽𝐶𝐷 𝑑 +𝐾𝑁𝑁2 𝛽𝐶𝐷 𝑔 +𝐾2𝑑2 + 2𝐾𝑁𝑑𝑔 +𝑁2𝑔2
,

𝐼∗1 = −
(−1 + 𝑓 ) 𝜎1𝐶𝐷𝐾
𝐾𝑑 +𝐾𝜎2 +𝑁𝑔

,

𝐼∗2 =
𝐾2𝑓𝜎1𝐶𝐷

(

𝐾𝑁1 𝑁2 𝑏𝛽𝐶𝐷 −𝐾𝑁2 𝛽𝐶𝐷 𝜎1𝐶𝐷 −𝐾𝑑𝜎1𝐶𝐷 −𝑁𝑔𝜎1𝐶𝐷
)

𝐾3𝑁2 𝛼 𝛽1 𝑑 +𝐾3𝑁2 𝛽𝐶𝐷 𝑑2 +𝐾2𝑁𝑁2 𝛼𝐶𝐷 𝛽𝐶𝐷 𝑔 + 2𝐾2𝑁𝑁2 𝛽𝐶𝐷 𝑑𝑔 +𝐾𝑁2𝑁2 𝛽𝐶𝐷 𝑔2 +
,

𝑅 = −
𝐾2𝜎1𝐶𝐷 𝜎2𝐶𝐷 (−1 + 𝑓 )

𝐾2𝑑2 +𝐾2𝑑𝜎2𝐶𝐷 + 2𝐾𝑁𝑑𝑔 +𝐾𝑁𝑔𝜎2𝐶𝐷 +𝑁2𝑔2
,

(9)

Box III.
T
t
e

E
E
E

𝑁

able 1
arameter values for CDV.
Parameter Description Values References

𝑏 Birth rate per capita 0.00274 [7]
𝑑 Per capita death rate 0.00137 [7]
𝑔 Rate of population growth 0.00137 [7]
𝐾 Fox carrying capacity 1∕km2 [40–42]
𝛽𝐶𝐷 Transmission rate 0.13 [1]
𝜎1
𝐶𝐷 Infection rate 0.1 [3,4,6,43]

𝜎2
𝐶𝐷 Recovery rate 0.1 [4,43]

𝑓 Proportion of foxes that die from CDV 0.5 [3,44]
𝛼𝐶𝐷 Mortality rate 0.1 [4,43]

where 𝐶𝐷𝜇,𝜌
𝑡 is the notation of generalized Caputo type fractional-order

derivative operator of order 𝜇 with the significance of extra parameter
𝜌.

Rabies model

Rabies infection is transmitted between foxes when an infected fox
bite to an uninfected fox. Rabies epidemic is meditated in slobber and
the bite injury gives the entry to the virus into muscle tissue from
where it transmigrates to the nervous system. Which means that a near
interaction between susceptible and infectious foxes is necessary for
virus transmission. In [1], Nouvellet also proposed a model for rabies
infection which is as follows:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑆′ = 𝑏𝑁1 − 𝑑𝑆 − 𝑔𝑆 𝑁
𝐾

− 𝛽𝑅𝑏𝑆𝐼 − 𝜈𝑆,

𝐸′ = −𝑑𝐸 − 𝑔𝐸𝑁
𝐾

+ 𝛽𝑅𝑏𝑆𝐼 − 𝜎𝑅𝑏𝐸,

𝐼 ′ = −𝑑𝐼 − 𝑔𝐼 𝑁
𝐾

+ 𝜎𝑅𝑏𝐸 − 𝛼𝑅𝑏𝐼,

𝑉 ′ = −𝑑𝑉 − 𝑔𝑉 𝑁
𝐾

+ 𝜈𝑆.

(12)

here 𝑁1 = 𝑆 + 𝑉 , 𝑁 = 𝑆 + 𝐸 + 𝐼 + 𝑉 and 𝑔 = 𝑏 − 𝑑.
The basic reproduction number for the above system is given as [1]

0 =
𝛽𝑅𝑏𝜎𝑅𝑏𝐾

(𝑏 + 𝜎𝑅𝑏)(𝑏 + 𝛼𝑅𝑏)
. (13)

In model (12), the rabies virus is distributed in four classes. 𝑆 is for
susceptible class, exposed individuals are contain in 𝐸 class at rate 𝛽𝑅𝑏,
𝐼 is for infected individuals at rate 𝜎𝑅𝑏 and 𝑉 is for those susceptible
foxes which may become vaccinated versus rabies at rate 𝜈. The brief
description of all parameter values for the given model (12) is given in
Table 2.

Local stability for rabies
In accordance with Theorem 1, we derive the local stability for
5

rabies as equation shown in Box IV
then evaluate the Jacobian matrix at DFE (𝐸0)

𝐽 (𝐸0) =

⎛

⎜

⎜

⎜

⎜

⎝

−𝑄 − 𝑣 0 −𝛽𝑅𝐵𝑆0 0
0 −𝑄 − 𝜎𝑅𝐵 𝛽𝑅𝐵𝑆0 0
0 𝜎𝑅𝐵 −𝑄 − 𝛼𝑅𝐵 0
𝑣 0 0 −𝑄

⎞

⎟

⎟

⎟

⎟

⎠

where 𝑄 = 𝑑 − 𝑔𝑁
𝐾 .

Hence the eigenvalues of the above matrix are:

𝜆1 = −𝑄,

𝜆2 = −𝑄 − 1
2
𝛼𝑅𝐵 − 1

2
𝜎𝑅𝐵 + 1

2

√

4𝑆0𝛽𝑅𝐵𝜎𝑅𝐵 + 𝛼2𝑅𝐵 − 2𝛼𝑅𝐵𝜎𝑅𝐵 + 𝜎2𝑅𝐵 ,

𝜆3 = −𝑄 − 1
2
𝛼𝑅𝐵 − 1

2
𝜎𝑅𝐵 − 1

2

√

4𝑆0𝛽𝑅𝐵𝜎𝑅𝐵 + 𝛼2𝑅𝐵 − 2𝛼𝑅𝐵𝜎𝑅𝐵 + 𝜎2𝑅𝐵 ,

𝜆4 = −𝑄 − 𝑣.

he epidemiological consequence of this theorem is that if the infec-
ious sub-populations are at the region of interaction of the disease-free
quilibrium point whenever 0 < 1, the disease will not enter the

community.

Existence of endemic equilibria rabies
The endemic equilibrium, of the governing model is the steady-state

where the epidemic expands and adheres in a population, that is, when
at least one of the infectious classes of the governing system is non-
empty. Let 𝛯∗∗ = (𝑆∗, 𝐸∗, 𝐼∗, 𝑉 ∗) be EE solution of the governing model.
quating the right-hand side of governing system to zero, the EE yields
q. (14) as given in Box V and, the total human population in terms of
E can now be written by
∗ = 𝑆∗ + 𝐼∗ + 𝑉 ∗. (15)

The generalization of given rabies model (12) in the generalized Caputo
sense is given as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐶𝐷𝜇,𝜌
𝑡 𝑆 = 𝑏𝑁1 − 𝑑𝑆 − 𝑔𝑆 𝑁

𝐾
− 𝛽𝑅𝑏𝑆𝐼 − 𝜈𝑆,

𝐶𝐷𝜇,𝜌
𝑡 𝐸 = −𝑑𝐸 − 𝑔𝐸𝑁

𝐾
+ 𝛽𝑅𝑏𝑆𝐼 − 𝜎𝑅𝑏𝐸,

𝐶𝐷𝜇,𝜌
𝑡 𝐼 = −𝑑𝐼 − 𝑔𝐼 𝑁

𝐾
+ 𝜎𝑅𝑏𝐸 − 𝛼𝑅𝑏𝐼,

𝐶𝐷𝜇,𝜌
𝑡 𝑉 = −𝑑𝑉 − 𝑔𝑉 𝑁

𝐾
+ 𝜈𝑆,

(16)

where 𝐶𝐷𝜇,𝜌
𝑡 is the notation of generalized form of Caputo variable-

order derivative operator for non-classical order 𝜇 with the significance
of extra variable 𝜌.

Analysis for existence and uniqueness

In this part, we simulate the analysis for existence and uniqueness
solution for the given models by the utilization of the properties of fixed
point results. Let us write the system (11) and (16) in a general bounded
kernel form for smooth representation given as follows:
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T
P

𝐽 =

⎛

⎜

⎜

⎜

⎜

⎝

−𝑑 − 𝑔𝑁
𝐾 − 𝛽𝑅𝐵𝐼 − 𝑣 0 −𝛽𝑅𝐵𝑆 0
𝛽𝑅𝐵𝐼 −𝑑 − 𝑔𝑁

𝐾 − 𝜎𝑅𝐵 𝛽𝑅𝐵𝑆 0
0 𝜎𝑅𝐵 −𝑑 − 𝑔𝑁

𝐾 − 𝛼𝑅𝐵 0
𝑣 0 0 −𝑑 − 𝑔𝑁

𝐾

⎞

⎟

⎟

⎟

⎟

⎠

Box IV.
𝑆∗ =
𝐾2𝛼𝑅𝑏 𝑑 +𝐾2𝛼𝑅𝑏 𝜎𝑅𝑏 +𝐾2𝑑2 +𝐾2𝑑𝜎𝑅𝑏 +𝐾𝑁𝛼𝑅𝑏 𝑔 + 2𝐾𝑁𝑑𝑔 +𝐾𝑁𝑔𝜎𝑅𝑏 +𝑁2𝑔2

𝐾2𝛽𝑅𝑏 𝜎𝑅𝑏
,

𝐼∗ =
(𝜎𝑅𝑏

(

𝐾𝑑 +𝐾𝜎𝑅𝑏 +𝑁𝑔
)

𝛽𝑅𝑏 𝐾2)𝐸∗

𝐾𝛽𝑅𝑏
(

𝐾2𝛼 𝑑 +𝐾2𝛼 𝜎𝑅𝑏 +𝐾2𝑑2 +𝐾2𝑑𝜎𝑅𝑏 +𝐾𝑁𝛼𝑅𝑏 𝑔 + 2𝐾𝑁𝑑𝑔 +𝐾𝑁𝑔𝜎𝑅𝑏 +𝑁2𝑔2
) ,

𝑉 ∗ =
𝜈
(

𝐾2𝛼𝑅𝑏 𝑑 +𝐾2𝛼𝑅𝑏 𝜎𝑅𝑏 +𝐾2𝑑2 +𝐾2𝑑𝜎𝑅𝑏 +𝐾𝑁𝛼𝑅𝑏 𝑔 + 2𝐾𝑁𝑑𝑔 +𝐾𝑁𝑔𝜎𝑅𝑏 +𝑁2𝑔2
)

𝐾𝛽𝑅𝑏 𝜎𝑅𝑏 (𝐾𝑑 +𝑁𝑔)
,

(14)

Box V.
t

𝑇

f

able 2
arameter values for rabies.
Parameter Description Values References

𝑏 Birth rate per capita 0.00274 [7]
𝑑 Per capita death rate 0.00137 [7]
𝑔 Growing rate of population 0.00137 [7]
𝐾 Fox carrying capacity 1∕km2 [40–42]
𝛽𝑅𝑏 Transmission rate 0.28 [1]
𝜎𝑅𝑏 Viral incubation rate 0.0357 [7]
𝜈 Vaccination rate 0.006 [1]
𝛼𝑅𝑏 Mortality rate 0.2 [7]

For CDV

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐶𝐷𝜇,𝜌
𝑡 𝑆(𝑡) = 1(𝑡, 𝑆),

𝐶𝐷𝜇,𝜌
𝑡 𝐸(𝑡) = 2(𝑡, 𝐸),

𝐶𝐷𝜇,𝜌
𝑡 𝐼1(𝑡) = 3(𝑡, 𝐼1),

𝐶𝐷𝜇,𝜌
𝑡 𝐼2(𝑡) = 4(𝑡, 𝐼2)

𝐶𝐷𝜇,𝜌
𝑡 𝑅(𝑡) = 5(𝑡, 𝑅),

(17)

with the initial constraints 𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝐼1(0) = 𝐼10 , 𝐼2(0) = 𝐼20 ,
and 𝑅(0) = 𝑅0. For rabies

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐶𝐷𝜇,𝜌
𝑡 𝑆(𝑡) = 1(𝑡, 𝑆),

𝐶𝐷𝜇,𝜌
𝑡 𝐸(𝑡) = 2(𝑡, 𝐸),

𝐶𝐷𝜇,𝜌
𝑡 𝐼(𝑡) = 3(𝑡, 𝐼),

𝐶𝐷𝜇,𝜌
𝑡 𝑉 (𝑡) = 4(𝑡, 𝑉 ),

(18)

with the initial constraints 𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝐼(0) = 𝐼0, and 𝑉 (0)
= 𝑉0.

Now we give the analysis for 𝑆(𝑡) and for rest of the equations for
both models, these calculations will be as it is.

First recall the initial value problem (IVP)

𝐶𝐷𝜇,𝜌
𝑡 𝑆(𝑡) = 1(𝑡, 𝑆), (19a)

𝑆(0) = 𝑆0. (19b)

The equivalent Volterra Caputo type integral equation of given IVP is

𝑆(𝑡) = 𝑆(0) +
𝜌1−𝜇

𝛤 (𝜇) ∫

𝑡

0
𝜃𝜌−1(𝑡𝜌 − 𝜃𝜌)𝜇−11(𝜃, 𝑆)𝑑𝜃. (20)

Now, to prove the existence of solution we are going with following
analysis.
6

Theorem 2 ([30,38] Existence). When 0 < 𝜇 ≤ 1, 𝑆0 ∈ R, 𝑇 ∗ > 0, and
𝐾 > 0. Establish 𝐺 ∶= {(𝑡, 𝑆) ∶ 𝑡 ∈ [0, 𝑇 ∗], |𝑆 − 𝑆0| ≤ 𝐾} and define
he function 1 ∶ 𝐺 → R be continuous. Further, giving 𝑀 ∶= sup(𝑡,𝑆)∈𝐺
|1(𝑡, 𝑆)| and

=

⎧

⎪

⎨

⎪

⎩

𝑇 ∗, 𝑖𝑓𝑀 = 0,

𝑚𝑖𝑛{𝑇 ∗,
(

𝐾𝛤 (𝜇 + 1)𝜌𝜇

𝑀

)

1
𝜇 } 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(21)

Then, there exists a function 𝑆 ∈ 𝐶[0, 𝑇 ] that satisfies the IVP (19a) and
(19b).

Lemma 3 ([30,38]). By assuming the result of Theorem 2, the given
function 𝑆 ∈ 𝐶[0, 𝑇 ] is a solution of the IVP (19a) and (19b) iff, it satisfies
the non-linear Volterra integral equation (20).

Theorem 3 ([30,38] Uniqueness). Consider 𝑆(0) ∈ R, 𝑇 ∗ > 0 𝑎𝑛𝑑 𝐾 > 0.
Here taking 0 < 𝜇 ≤ 1 𝑎𝑛𝑑 𝑚 = ⌈𝜇⌉. By defining the set 𝐺 as given in
Theorem 2 and also taking the function 1 ∶ 𝐺 → R be continuous with
satisfying the Lipschitz condition for the second variable, i.e.

|1(𝑡, 𝑆1) −1(𝑡, 𝑆2)| ≤ 𝐿|𝑆1 − 𝑆2|,

or some constant 𝐿 > 0 independent of 𝑡, 𝑆1, 𝑎𝑛𝑑 𝑆2. Then, a unique
solution 𝑆 ∈ 𝐶[0, 𝑇 ] exists for the IVP (19a) and (19b).

Solution of the projected model using Predictor–Corrector algo-
rithm

Now to find the numerical solution of both CDV and Rabies models,
we are applying the recent form Predictor–Corrector method proposed
in [37] with some necessary changes. As we have already concern that
the advantage of using this new modified version of Caputo derivative
in the simulation is that one can predict more calculations in the
practical interpretations with the uses of double parameters 𝜇 and 𝜌.
In most of the P-C algorithm in other fractional derivative sense, there
always be a single fractional order parameter for the simulations but
in our case we have two parameter which will help us to study the
nature for given numerical data. After deriving the solution of the given
models, we will also write the results on the stability of the given
algorithm. For this requirement, here first we perform the derivation
for the susceptible class 𝑆(𝑡) of the CDV model (11) and then we will
generalize the Predictor and Corrector equations for each classes of
CDV and rabies models respectively. The related Volterra-type integral
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𝑆
f

t
m
b

F

w

F

equation (see Ref. [37] for its origin) for the first equation of the model
(11) is

𝑆(𝑡) = 𝑆(0) +
𝜌1−𝜇

𝛤 (𝜇) ∫

𝑡

0
𝜃𝜌−1(𝑡𝜌 − 𝜃𝜌)𝜇−11(𝜃, 𝑆)𝑑𝜃. (22)

Because the model exists a unique solution for both models on the
interval [0, 𝑇 ]. Now we are splitting the interval [0, 𝑇 ] into 𝑁 disparate
subintervals {[𝑡𝑘, 𝑡𝑘+1], 𝑘 = 0, 1,… , 𝑁 − 1} using the mesh points
{

𝑡0 = 0,
𝑡𝑘+1 = (𝑡𝜌𝑘 + ℎ)1∕𝜌, 𝑘 = 0, 1,… , 𝑁 − 1,

(23)

where ℎ = 𝑇 𝜌

𝑁
. Now, for deriving the approximating terms 𝑆𝑘, 𝑘 =

0, 1,… , 𝑁 , let us consider that we have previously calculated the ap-
proximating terms 𝑆𝑗 ≈ 𝑆(𝑡𝑗 )(𝑗 = 1, 2,… , 𝑘), and we want to calculate
the approximation 𝑆𝑘+1 ≈ 𝑆(𝑡𝑘+1) by means of the integral equation

𝑆(𝑡𝑘+1) = 𝑆(0) +
𝜌1−𝜇

𝛤 (𝜇) ∫

𝑡𝑘+1

0
𝜃𝜌−1(𝑡𝜌𝑘+1 − 𝜃𝜌)𝜇−11(𝜃, 𝑆)𝑑𝜃, (24)

if we take 𝑧 = 𝜃𝜌, we get

𝑆(𝑡𝑘+1) = 𝑆(0) +
𝜌−𝜇

𝛤 (𝜇) ∫

𝑡𝜌𝑘+1

0
(𝑡𝜌𝑘+1 − 𝑧)𝜇−11(𝑧1∕𝜌, 𝑆(𝑧1∕𝜌))𝑑𝑧. (25)

That is

𝑆(𝑡𝑘+1) = 𝑆(0) +
𝜌−𝜇

𝛤 (𝜇)

𝑘
∑

𝑗=0
∫

𝑡𝜌𝑘+1

𝑡𝜌𝑗

(𝑡𝜌𝑘+1 − 𝑧)𝜇−11(𝑧1∕𝜌, 𝑆(𝑧1∕𝜌))𝑑𝑧. (26)

For approximating the right-side of Eq. (26), we apply the trapezoidal
quadrature formula with respect to the weight mapping (𝑡𝜌𝑘+1 − 𝑧)𝜃−1,
by substituting the map- 1(𝑧1∕𝜌, 𝑆(𝑧1∕𝜌)) by its piecewise linear inter-
polants with nodes assigned at the 𝑡𝜌𝑗 (𝑗 = 0, 1,… , 𝑘 + 1), then we get

∫

𝑡𝜌𝑘+1

𝑡𝜌𝑗

(𝑡𝜌𝑘+1 − 𝑧)𝜇−11(𝑧1∕𝜌, 𝑆(𝑧1∕𝜌))𝑑𝑧

≈ ℎ𝜇

𝜇(𝜇 + 1)

[ (

(𝑘 − 𝑗)𝜇+1 − (𝑘 + 1 − 𝑗)𝜇(𝑘 − 𝑗 − 𝜇)
)

1(𝑡𝑗 , 𝑆(𝑡𝑗 ))

+
(

(𝑘 − 𝑗 + 1)𝜇+1 − (𝑘 − 𝑗 + 1 + 𝜇)(𝑘 − 𝑗)𝜇
)

1(𝑡𝑗+1, 𝑆(𝑡𝑗+1))
]

.

(27)

Now fixing the above given approximation terms in to Eq. (26), we
simulate the formula of corrector term for 𝑆(𝑡𝑘+1), 𝑘 = 0, 1,… , 𝑁 − 1,

𝑆(𝑡𝑘+1) ≈ 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+11(𝑡𝑗 , 𝑆(𝑡𝑗 ))

+
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
1(𝑡𝑘+1, 𝑆(𝑡𝑘+1)),

(28)

where

𝑎𝑗,𝑘+1 =
{

𝑘𝜇+1 − (𝑘 − 𝜇)(1 + 𝑘)𝜇 𝑖𝑓 𝑗 = 0,
(2 − 𝑗 + 𝑘)𝜇+1 + (𝑘 − 𝑗)𝜇+1 − 2(1 − 𝑗 + 𝑘)𝜇+1 𝑖𝑓 𝑘 ≥ 𝑗 ≥ 1.

(29)

Now for obtaining the predictor term 𝑆𝑃 (𝑡𝑘+1), we are using the
one-step Adams–Bashforth algorithm to the Caputo integral equation
(25). In this view, by shifting the map- 1(𝑧1∕𝜌, 𝑆(𝑧1∕𝜌)) by the kernel
1(𝑡𝑗 , 𝑆(𝑡𝑗 )) at each integral in Eq. (26), we calculate

𝑆𝑃 (𝑡𝑘+1) ≈ 𝑆(0) +
𝜌−𝜇

𝛤 (𝜇)

𝑘
∑

𝑗=0
∫

𝑡𝜌𝑗+1

𝑡𝜌𝑗

(𝑡𝜌𝑘+1 − 𝑧)𝜇−11(𝑡𝑗 , 𝑆(𝑡𝑗 ))𝑑𝑧

= 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]1(𝑡𝑗 , 𝑆(𝑡𝑗 )).

(30)

Now shifting the 𝑆(𝑡𝑘+1) shown in right-side of (28) by 𝑆𝑃 (𝑡𝑘+1), our
P-C algorithm, for finding the approximating terms 𝑆 ≈ 𝑆(𝑡 ), is
7

𝑘+1 𝑘+1
completely evaluated by the equation

𝑆𝑘+1 ≈ 𝑆(0)+
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+11(𝑡𝑗 , 𝑆𝑗 )+

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
1(𝑡𝑘+1, 𝑆𝑃

𝑘+1), (31)

where 𝑆𝑗 ≈ 𝑆(𝑡𝑗 ), 𝑗 = 0, 1,… , 𝑘, and the predictor quantity 𝑆𝑃
𝑘+1 ≈

𝑃 (𝑡𝑘+1) is established in Eq. (30) with the weights 𝑎𝑗,𝑘+1 being speci-
ied by the view of Eq. (29).

So Eqs. (30) and (31) are the Predictor and Corrector algorithms for
he susceptible class of the CDV system (11), respectively. By the same
anner, we can derive the algorithms for the other equations of the

oth CDV and rabies systems, which are as follows.

or CDV system (11):

𝑆𝑘+1 ≈ 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+11(𝑡𝑗 , 𝑆𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
1(𝑡𝑘+1, 𝑆𝑃

𝑘+1),

𝐸𝑘+1 ≈ 𝐸(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+12(𝑡𝑗 , 𝐸𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
2(𝑡𝑘+1, 𝐸𝑃

𝑘+1),

𝐼1𝑘+1 ≈ 𝐼1(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+13(𝑡𝑗 , 𝐼1𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
3(𝑡𝑘+1, 𝐼1𝑃𝑘+1),

𝐼2𝑘+1 ≈ 𝐼2(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+14(𝑡𝑗 , 𝐼2𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
4(𝑡𝑘+1, 𝐼2𝑃𝑘+1),

𝑅𝑘+1 ≈ 𝑅(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+15(𝑡𝑗 , 𝑅𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
5(𝑡𝑘+1, 𝑅𝑃

𝑘+1),

(32)

here

𝑆𝑃 (𝑡𝑘+1) ≈ 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]1(𝑡𝑗 , 𝑆(𝑡𝑗 )),

𝐸𝑃 (𝑡𝑘+1) ≈ 𝐸(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]2(𝑡𝑗 , 𝐸(𝑡𝑗 )),

𝐼1
𝑃 (𝑡𝑘+1) ≈ 𝐼1(0) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]3(𝑡𝑗 , 𝐼1(𝑡𝑗 )),

𝐼2
𝑃 (𝑡𝑘+1) ≈ 𝐼2(0) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]4(𝑡𝑗 , 𝐼2(𝑡𝑗 )),

𝑅𝑃 (𝑡𝑘+1) ≈ 𝑅(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]5(𝑡𝑗 , 𝑅(𝑡𝑗 )).

(33)

or rabies system (16):

𝑆𝑘+1 ≈ 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+11(𝑡𝑗 , 𝑆𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
1(𝑡𝑘+1, 𝑆𝑃

𝑘+1),

𝐸𝑘+1 ≈ 𝐸(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+12(𝑡𝑗 , 𝐸𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
2(𝑡𝑘+1, 𝐸𝑃

𝑘+1),

𝐼𝑘+1 ≈ 𝐼(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+13(𝑡𝑗 , 𝐼𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
3(𝑡𝑘+1, 𝐼𝑃𝑘+1),

𝑉𝑘+1 ≈ 𝑉 (0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+14(𝑡𝑗 , 𝑉𝑗 ) +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
4(𝑡𝑘+1, 𝑉 𝑃

𝑘+1),

(34)
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Fig. 3. Nature of the CDV model classes at distinct fractional order values 𝜇.
b
p

𝑆

here

𝑆𝑃 (𝑡𝑘+1) ≈ 𝑆(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]1(𝑡𝑗 , 𝑆(𝑡𝑗 )),

𝐸𝑃 (𝑡𝑘+1) ≈ 𝐸(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]2(𝑡𝑗 , 𝐸(𝑡𝑗 )),

𝐼𝑃 (𝑡𝑘+1) ≈ 𝐼(0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]3(𝑡𝑗 , 𝐼(𝑡𝑗 )),

𝑉 𝑃 (𝑡𝑘+1) ≈ 𝑉 (0) +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑗=0
[(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇]4(𝑡𝑗 , 𝑉 (𝑡𝑗 )).

(35)
8

Stability results

Theorem 4. Consider that 1(𝑡, 𝑆) follows the Lipschitz property and
𝑆𝑗 (𝑗 = 1,… , 𝑘 + 1) are the approximations of Predictor–Corrector algo-
rithms (32) and (33). Then, the proposed approximation scheme is stable
conditionally.

Proof. Let 𝑆0, 𝑆𝑗 (𝑗 = 0,… , 𝑘 + 1) and ̃𝑆𝑃
𝑘+1 (𝑘 = 0,… , 𝑁 − 1)

e perturbations of 𝑆0, 𝑆𝑗 𝑎𝑛𝑑 𝑆𝑃
𝑘+1, respectively. Then, the following

erturbation equations are obtained by using Eqs. (32) and (33)

𝑃
𝑘+1 = 𝑆0 +

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 1)

𝑘
∑

𝑏𝑗,𝑘+1(1(𝑡𝑗 , 𝑆𝑗 + 𝑆𝑗 ) −1(𝑡𝑗 , 𝑆𝑗 )), (36)

𝑗=0
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w

Fig. 4. Nature of the CDV model classes at distinct fractional order values 𝜇.
i

|

w

here 𝑏𝑗,𝑘+1 = [(𝑘 + 1 − 𝑗)𝜇 − (𝑘 − 𝑗)𝜇],

̃𝑆𝑘+1 = 𝑆0 +
𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)
(1(𝑡𝑘+1, 𝑆𝑃

𝑘+1 +
̃𝑆𝑃
𝑘+1) −1(𝑡𝑘+1, 𝑆𝑃

𝑘+1))+

𝜌−𝜇ℎ𝜇

𝛤 (𝜇 + 2)

𝑘
∑

𝑗=0
𝑎𝑗,𝑘+1(1(𝑡𝑗 , 𝑆𝑗 + 𝑆𝑗 ) −1(𝑡𝑗 , 𝑆𝑗 )).

(37)

Using the Lipschitz property, we get

|

̃𝑆𝑘+1| ≤ 𝜂0 +
𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 2)

(

|

̃𝑆𝑃
𝑘+1| +

𝑘
∑

𝑎𝑗,𝑘+1|𝑆𝑗 |

)

, (38)
9

𝑗=1
where 𝜂0 = max0≤𝑘≤𝑁{|𝑆0| +
𝜌−𝜇ℎ𝜇𝑚1𝑎𝑘,0
𝛤 (𝜇 + 2)

|𝑆0|}. Also, from Eq. (3.18)
n [39] we derive

̃𝑆𝑃
𝑘+1| ≤ 𝜁0 +

𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 1)

𝑘
∑

𝑗=1
𝑏𝑗,𝑘+1|𝑆𝑗 |, (39)

here 𝜁0 = max0≤𝑘≤𝑁{|𝑆0|+
𝜌−𝜇ℎ𝜇𝑚1𝑏𝑘,0
𝛤 (𝜇 + 1)

|𝑆0|}. Substituting |

̃𝑆𝑃
𝑘+1| from

Eq. (39) into Eq. (38) results

|

̃𝑆𝑘+1| ≤ 𝛼0 +
𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 2)

(

𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 1)

𝑘
∑

𝑏𝑗,𝑘+1|𝑆𝑗 | +
𝑘
∑

𝑎𝑗,𝑘+1|𝑆𝑗 |

)

, (40)

𝑗=1 𝑗=1
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Fig. 5. Nature of the rabies model classes at distinct fractional order values 𝜇.
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t

≤ 𝛼0 +
𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 2)

𝑘
∑

𝑗=1

(

𝜌−𝜇ℎ𝜇𝑚1
𝛤 (𝜇 + 1)

𝑏𝑘+1,𝑗 + 𝑎𝑘+1,𝑗

)

|𝑆𝑗 |, (41)

≤ 𝛼0 +
𝜌−𝜇ℎ𝜇𝑚1𝜇,2
𝛤 (𝜇 + 2)

𝑘
∑

𝑗=1
(𝑘 − 𝑗 + 1)𝜇−1|𝑆𝑗 |, (42)

where 𝛼0 = max{𝜂0 +
𝜌−𝜇ℎ𝜇𝑚1𝑎𝑘+1,𝑘+1

𝛤 (𝜇 + 2)
𝜁0}. 𝐶𝜇,2 is a positive constant

depends only on 𝜇 (Lemma 1) and ℎ is taken to be necessarily small.
Using Lemma 2 gives | ̃𝑆𝑘+1| ≤ 𝛼0 which finishes the requirement. □

Results discussion

In this section, we do the all necessary graphical simulations to show
the behaviour of the projected models respect to the time variable.
First we perform the analysis for given fractional CDV model (11) and
then we analysis the graphical results for rabies model. The necessary
parameter weights utilized in the graphical simulations of CDV model
are as follows:

To show that the physical constants given in the table are valid for
the given model, we perform various plots at different values of the
given derivative operator. Along with the above parameter values, we
assume the initial values for each classes of model (11). Let 𝑆(0) =
3, 𝐸(0) = 2, 𝐼1(0) = 1, 𝐼2(0) = 1 𝑅(0) = 0. In the group of Fig. 3,
we show the graphical results for all given classes of CDV model at
distinct fractional order values 𝜇 at the fixed value of parameter 𝜌 = 1.2.
Fig. 3(a) demonstrate the dynamics of susceptible population of fox, in
3(b) nature of exposed population, in 3(c) behaviour of fox population
which are underlying in the class of strong infection of CDV, in 3(d),
10

infectious with mild symptoms and 3(e) is for recovered population
against to the time-variable 𝑡. We observe that the infection is under
control and graphs are specified the disease free equilibrium condition.
In our simulations, we have the extra parameter 𝜌 which effects can be
measure from the group of Fig. 4. In Fig. 4, we fixed the fractional order
parameter 𝜇 and change the value of extra parameter 𝜌. We observed
that the parameter 𝜌 playing an important role to simulate the graphs.
For the real-data based values, we can observe the graphs more clearly
by the help of different values of the parameter 𝜌 and 𝜇. This is the
benefit to use generalized Caputo fractional derivative that we can do
the graphical simulations of complex dynamics easily and much clarity.

Now we perform the analysis for given rabies model (16) by the
help of real parameter weights given in Table 2. For the initial values
of all four classes of rabies model, we choose 𝑆(0) = 3, 𝐸(0) = 2, 𝐼(0) = 1
nd 𝑉 (0) = 0.

In the group of Fig. 5, we show the graphical results for all given
classes of rabies system at various values of 𝜇 of given operator at
the fixed value of parameter 𝜌 = 1. In Fig. 5(a), we demonstrate
the structure of susceptible population of foxes for rabies epidemic, in
5(b) nature of exposed population is captured. In Fig. 5(c) behaviour
of fox population infected by rabies is shown and 5(d) is for those
susceptible foxes which may vaccinated against rabies with respect to
the time variable 𝑡. In Fig. 6, we fixed the fractional order parameter
𝜇 and change the value of extra parameter 𝜌. We observed that the
parameter 𝜌 playing an important role to show the nature of given
abies model. For the given real-data based values, we can establish the
raphs more clearly by the help of different values of the parameter 𝜌
nd 𝜇. From the all above simulations, we can say that our numerical
ethod worked good to study the dynamics of both epidemic models.
ll plots are very clear to observe the dynamics of CDV and rabies.
he proposed fractional mathematical models make a good connection
o the dynamics of the given epidemics.
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Fig. 6. Nature of the rabies model classes at distinct fractional order values 𝜇.
Conclusion

In the last decades, many deathly epidemics have appeared all over
the world. In this article, we have studied the structure of the Canine
distemper virus and the Rabies epidemic by the time-fractional models.
We have performed our analysis by the application of a new general-
ized Caputo type non-classical derivative with the application of the
Predictor–Corrector algorithm. We have used the data of northern Italy
for simulations. We have estimated the endemic equilibrium points
for both CDV and rabies models. We have also presented the local
stability of disease-free equilibrium points. We have established the
stability of the mentioned numerical framework by the applications
of some specific lemmas. Some theorems are also mentioned for the
purpose of existence and uniqueness analysis. Our results are perfect
to give an idea of the dynamics of the CDV and rabies epidemic in
northern Italy. The dynamical behaviour of the given solutions has been
justified with the meaning of graphs. Our simulations give the essence
of generalizing the classical order model into a fractional system. The
projected scheme is so strong in finding the solutions of complex
dynamical systems. In this paper, we have demonstrated an example
that how the applied mathematics is directly connected to biological
studies. So, our study exemplifies the applications of the mathematical
schemes while analysing real word problems.

CRediT authorship contribution statement

Pushpendra Kumar: Conceptualization, Investigation, Formal anal-
ysis, Visualization, Resources, Writing - original draft. Vedat Suat
11

Erturk: Conceptualization, Investigation, Software, Writing - review &
editing. Abdullahi Yusuf: Conceptualization, Investigation, Software,
Writing - review & editing. Kottakkaran Sooppy Nisar: Investigation,
Formal Analysis, Writing - review & editing. Sayed F. Abdelwahab:
Investigation, Formal Analysis, Funding acquisition, Writing - review
& editing.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability statement

The data used in this study are mentioned/available in the manusc-
ript.

Acknowledgments

Taif University Researchers Supporting Project number (TURSP-
2020/51), Taif University, Taif, Saudi Arabia.

References

[1] Nouvellet P, Donnelly CA, De Nardi M, Rhodes CJ, De Benedictis P, Citterio C,
et al. Rabies and canine distemper virus epidemics in the red fox population of
northern Italy (2006–2010). PLoS One 2013;8(4):e61588.

[2] De Benedictis P, Gallo T, Iob A, Coassin R, Squecco G, Ferri G, et al. Emergence
of fox rabies in north-eastern Italy. Eurosurveillance 2008;13(45):19033.

[3] Williams ES, Barker IK. Infectious diseases of wild mammals. John Wiley & Sons;

2008.

http://refhub.elsevier.com/S2211-3797(21)00416-2/sb1
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb1
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb1
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb1
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb1
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb2
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb2
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb2
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb3
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb3
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb3


Results in Physics 25 (2021) 104281P. Kumar et al.
[4] Greene CE. Canine distemper. Infect Dis Dog Cat 1998;9–22.
[5] Martella V, Elia G, Buonavoglia C. Canine distemper virus. Vet Clin North Am

Small Anim Pract 2008;38(4):787–97.
[6] Van Moll P, Alldinger S, Baumgärtner W, Adami M. Distemper in wild carnivores:

An epidemiological, histological and immunocytochemical study. Vet Microbiol
1995;44(2–4):193–9.

[7] Anderson RM, Jackson HC, May RM, Smith AM. Population dynamics of fox
rabies in Europe. Nature 1981;289(5800):765–71.

[8] Bacon PJ. Population dynamics of rabies in wildlife. Academic Press; 1985.
[9] Murray JD, Stanley EA, Brown DL. On the spatial spread of rabies among foxes.

Proc R Soc Lond [Biol] 1986;229(1255):111–50.
[10] Russell CA, Smith DL, Waller LA, Childs JE, Real LA. A priori predic-

tion of disease invasion dynamics in a novel environment. Proc R Soc B
2004;271(1534):21–5.

[11] Smith GC, Wilkinson D. Modeling control of rabies outbreaks in red fox
populations to evaluate culling, vaccination, and vaccination combined with
fertility control. J Wildl Dis 2003;39(2):278–86.

[12] Rhyan J, Deng M, Wang H, Ward G, Gidlewski T, McCollum M, et al. Foot-and-
mouth disease in North American bison (Bison bison) and elk (Cervus elaphus
nelsoni): Susceptibility, intra-and interspecies transmission, clinical signs, and
lesions. J Wildl Dis 2008;44(2):269–79.

[13] Rhyan J, Spraker T. Emergence of diseases from wildlife reservoirs. Vet Pathol
2010;47(1):34–9.

[14] De Benedictis P, De Battisti C, Dacheux L, Marciano S, Ormelli S, Salomoni A,
et al. Lyssavirus detection and typing using pyrosequencing. J Clin Microbiol
2011;49(5):1932–8.

[15] De Benedictis P, Mancin M, Cattoli G, Capua I, Terrregino C. Serologi-
cal methods used for rabies post vaccination surveys: An analysis. Vaccine
2012;30(38):5611–5.

[16] Abboubakar H, Kumar P, Erturk VS, Kumar A. A mathematical study of a
tuberculosis model with fractional derivatives. Int J Model Simul Sci Comput
2021.

[17] Kumar P, Erturk VS, Abboubakar H, Nisar KS. Prediction studies of the epidemic
peak of coronavirus disease in Brazil via new generalised Caputo type fractional
derivatives. Alex Eng J 2021.

[18] Kumar P, Rangaig NA, Abboubakar H, Kumar S. A malaria model with Caputo-
Fabrizio and Atangana-Baleanu derivatives. Int J Model Simul Sci Comput
2020.

[19] Kumar P, Suat Erturk V. The analysis of a time delay fractional COVID-19 model
via Caputo type fractional derivative. Math Methods Appl Sci 2020;1–14.

[20] Nabi KN, Abboubakar H, Kumar P. Forecasting of COVID-19 pandemic: From
integer derivatives to fractional derivatives. Chaos Solitons Fractals 2020;110283.

[21] Nabi KN, Kumar P, Erturk VS. Projections and fractional dynamics of COVID-19
with optimal control strategies. Chaos Solitons Fractals 2021;110689.

[22] Bhatti MM, Marin M, Zeeshan A, Ellahi R, Abdelsalam SI. Swimming of motile gy-
rotactic microorganisms and nanoparticles in blood flow through anisotropically
tapered arteries. Front Phys 2020;8:95.
12
[23] Kumar P, Erturk VS. A case study of Covid-19 epidemic in India via new gen-
eralised Caputo type fractional derivatives. Math Methods Appl Sci 2021;1–14,
https://doi.org/10.1002/mma.7284.

[24] Kumar P, Erturk VS, Almusawa H. Mathematical structure of mosaic disease using
microbial biostimulants via Caputo and Atangana-Baleanu derivatives. Results
Phys 2021;104186.

[25] Kumar P, Erturk VS, Murillo-Arcila M. A new fractional mathematical modelling
of COVID-19 with the availability of vaccine. Results Phys 2021;104213.

[26] Marin M, Vlase S, Paun M. Considerations on double porosity structure for
micropolar bodies. Aip Adv 2015;5(3):037113.

[27] Kumar P, Erturk VS. Environmental persistence influences infection dynamics
for a butterfly pathogen via new generalised Caputo type fractional derivative.
Chaos Solitons Fractals 2021;144:110672.

[28] Qureshi S, Yusuf A. Modeling chickenpox disease with fractional derivatives:
From Caputo to Atangana-Baleanu. Chaos Solitons Fractals 2019;122:111–8.

[29] Aydogan SM, Baleanu D, Mohammadi H, Rezapour S. On the mathematical model
of rabies by using the fractional Caputo–Fabrizio derivative. Adv Difference Equ
2020;2020(1):1–21.

[30] Erturk VS, Kumar P. Solution of a COVID-19 model via new generalized
Caputo-type fractional derivatives. Chaos Solitons Fractals 2020;110280.

[31] Gao W, Veeresha P, Baskonus HM, Prakasha D, Kumar P. A new study of
unreported cases of 2019-nCOV epidemic outbreaks. Chaos Solitons Fractals
2020;109929.

[32] Kilbas A. Theory and applications of fractional differential equations.
[33] Miller KS, Ross B. An introduction to the fractional calculus and fractional

differential equations. Wiley; 1993.
[34] Oldham K, Spanier J. The fractional calculus theory and applications of

differentiation and integration to arbitrary order. Elsevier; 1974.
[35] Podlubny I. Fractional differential equations: an introduction to fractional deriva-

tives, fractional differential equations, to methods of their solution and some of
their applications. Elsevier; 1998.

[36] Rudolf H. Applications of fractional calculus in physics. world scientific; 2000.
[37] Odibat Z, Baleanu D. Numerical simulation of initial value problems with

generalized Caputo-type fractional derivatives. Appl Numer Math 2020.
[38] Katugampola UN. Existence and uniqueness results for a class of generalized

fractional differential equations. 2014, arXiv preprint arXiv:1411.5229.
[39] Li C, Zeng F. The finite difference methods for fractional ordinary differential

equations. Numer Funct Anal Optim 2013;34(2):149–79.
[40] Holmala K, Kauhala K. Ecology of wildlife rabies in Europe. Mammal Rev

2006;36(1):17–36.
[41] Meriggi A, Rosa P. Factors affecting the distribution of fox dens in northern Italy

(Fattori influenzanti la distribuzione delle tane di volpe (Vulpes vulpes) in Italia
settentrionale) Hystrix Ital J Mammal 1991.

[42] Pandolfi M, Forconi P, Montecchiari L. Spatial behaviour of the red fox (Vulpes
vulpes) in a rural area of central Italy. Ital J Zool 1997;64(4):351–8.

[43] Budd J. In: Davis JW, Karstad LH, Trainor DO, editors. Distemper. Infectious
diseases of wild mammals. The Iowa State University Press. Ames, Iowa; 1981.

[44] Krakowka S, Koestner A. Age-related susceptibility to infection with canine
distemper virus in gnotobiotic dogs. J Infect Dis 1976;134(6):629–32.

http://refhub.elsevier.com/S2211-3797(21)00416-2/sb4
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb5
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb5
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb5
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb6
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb6
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb6
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb6
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb6
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb7
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb7
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb7
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb8
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb9
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb9
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb9
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb10
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb10
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb10
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb10
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb10
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb11
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb11
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb11
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb11
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb11
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb12
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb13
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb13
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb13
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb14
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb14
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb14
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb14
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb14
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb15
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb15
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb15
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb15
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb15
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb16
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb16
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb16
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb16
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb16
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb17
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb17
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb17
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb17
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb17
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb18
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb18
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb18
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb18
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb18
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb19
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb19
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb19
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb20
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb20
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb20
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb21
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb21
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb21
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb22
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb22
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb22
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb22
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb22
https://doi.org/10.1002/mma.7284
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb24
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb24
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb24
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb24
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb24
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb25
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb25
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb25
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb26
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb26
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb26
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb27
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb27
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb27
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb27
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb27
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb28
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb28
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb28
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb29
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb29
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb29
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb29
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb29
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb30
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb30
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb30
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb31
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb31
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb31
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb31
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb31
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb33
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb33
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb33
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb34
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb34
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb34
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb35
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb35
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb35
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb35
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb35
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb36
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb37
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb37
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb37
http://arxiv.org/abs/1411.5229
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb39
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb39
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb39
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb40
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb40
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb40
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb41
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb41
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb41
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb41
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb41
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb42
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb42
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb42
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb43
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb43
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb43
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb44
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb44
http://refhub.elsevier.com/S2211-3797(21)00416-2/sb44

	A study on canine distemper virus (CDV) and rabies epidemics in the red fox population via fractional derivatives
	Introduction
	Preliminaries
	Model description
	CDV model
	Local stability of disease free equilibrium for CDV
	Existence of endemic equilibria for CDV

	Rabies model
	Local Stability for rabies
	Existence of endemic equilibria Rabies


	Analysis for existence and uniqueness
	Solution of the projected model using Predictor–Corrector algorithm
	Stability results

	Results Discussion
	Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability statement
	Acknowledgments
	References


