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ABSTRACT
Lump solutions are empirical rational function solutions found in
all directions in space. One of the essential solutions to both lin-
ear and nonlinear partial differential equations is lump solutions.
The current work studies a class of lump interaction phenomena
to the generalized (3 + 1)-dimensional nonlinear-wave equation
with time-dependent-coefficient. Variable-coefficient nonlinear par-
tial differential equations offer us with more real aspects in the
inhomogeneities of media and nonuniformities of boundaries than
their counterparts constant-coefficient in many physical cases. The
Hirota bilinear form is the fundamental concept that has been used
to derive the novel lump-periodic and breather wave solutions. The
acquired solutions are constructed using symbolic computations
called Maple. The physical characteristics of the acquired solutions
are shownwith three-dimensional and contour plots in order to shed
more light on the acquired novel solutions.
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1. Introduction

In the last few decades, the study of both the creation and interaction of localized waves,
including plasma physics, fluid dynamics, Bose-Einstein condensates and photonics, has
been a central activity in nonlinear physics. Solitons are the most representative and ideal
testbed among various forms of nonliner localized waves to investigate nonlinear wave
interactions due to their intrinsic particle-like properties during propagation [1,2]. The elas-
tic and nonlinear interaction of solitons defined by the focal one-dimensional nonlinear
partial differential equations (NPDEs) is a generic and important case study for various fields
of research. The potential collision of solitons with different velocities does not alter their
final shape or velocity after interaction in this conservative and integral system, and their
key physical properties remain unchanged. The interaction-induced displacement in loca-
tion and phase change is usually independent of the relative phases of the solitons in the
envelope. However, the dynamics of collisions in the interaction region depend strongly on
the relative phases. At the central collision point, the wave magnitude then evolves from
the sumof the amplitudes of the two solitons to their difference, respectively. Awide range
of theoretical explanations, numerical simulations and experimental observations of such
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interactions with solitons and their possible synchronization have already been reported
[3–5].

In addition to solitons, because of the salient complications of breather synchronization
related to their self-oscillating properties, breather solutions to the NPDEs are also use-
ful examples for investigating nonlinear wave interactions. The phase-sensitive breather
interactions are now widely studied from this point of view [6–10]. More particularly,
when group velocity and temporal phase of breathers are perfectly synchronized, breather
molecules can be formed for co-propagative breathers, whereas the phase-sensitive colli-
sion approach exhibits different dynamic behaviors for counter propagating breathers. In
the sense of rogue wave creation, two of them have been analyzed in depth, namely cases
of amplification and extinction that look like soliton collides. The interactions mentioned
above are completely explained by the NPDEs’s breather solutions. However, it has been
recently discovered that the two-breather collision provides an unusual third configuration
for unique phases, none of the above-mentioned instances, leading to a peak amplitude
equal to the single breather amplitude at the central point of the collision before or after
the collision.

It is well understood that interaction solutions between nonlinear phenomena can be
represented by lump solutions and soliton solutions [11]. Many scholars have researched
in the past few decades on soliton and lump solutions as well as the other types of
integrable equations [12–16]. There are also lump solutions for certain nonintegrable equa-
tions [17–19]. In addition, the presence of interaction solutions between lumps and other
forms of exact solutions to the nonlinear integrable equations is shown in different studies
[20–25]. It is important to note, however, that numerous approaches have been used vehe-
mently to construct interaction phenomena for NPDEs, especially for equations of constant
coefficients. In certain cases, values are assigned to these constant coefficients to guaran-
tee the existence of solutions. Nevertheless, it can be noticed that, treating such interaction
phenomena with variable coefficients are dealt with by very scholars. So, in order to build
many other physical characteristics and features, it is of great importance to study sev-
eral other equations with variable coefficients since very few can be found. Motivated by
this, we aim to use novel suited algorithms to draw the necessary constraints on these
variable-coefficients that produce lump periodic and breather complexiton wave solutions
to the generalized variable-coefficient (3 + 1)-dimensional nonlinear-wave equation given
by [26,27]

σ(t)χ2
x + σ(t)χχxx + k(t)χxxxx +�(t)χxx + η(t)χyy + μ(t)χzz + χxt = 0, (1)

whereχ is thewave-amplitude function of x, y, z and t. The parameter σ(t) is the coefficient
of thenonlinear terms, k(t)and�(t)are the coefficients of thedispersion terms. Theparam-
eters η(t), μ(t) are the coefficients of the dispersionless terms. Nonlinearity ariseswhen the
change of the output is not proportional to the change of the input. Dispersionmeans that
waves of different wavelength propagate at different phase velocities. The phase velocity
of a wave is the rate at which the wave propagates in some medium. This is the velocity at
which the phase of any one frequency component of the wave travels. Studies have shown
that when the dispersion effect and nonlinear effect of the medium reach a stable equi-
librium, the pulse can maintain its shape and velocity in the form of solitons during the
transmission process [28,29]. Equation (1) demonstrates the waves pressure in admixture
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liquid and gas bubbles taking into consideration the viscosity of liquid and the heat transfer
[26].

Inserting

χ(x, y, z, t) = 2(lnφ(x, y, z, t))xx (2)

into (1), by considering σ(t) = k(t), provides the following bilinear form:

12(μ(t)(φφzz − φ2z )− η(t)φ2y − φx(φt +�(t)φx)+ k(t)(3φ2xx − 4φxφxxx)+ φ(η(t)φyy

+ φxt +�(t)φxx + k(t)φxxxx)) = 0. (3)

Equation (3) may be written in Hirota’s bilibear operators as

12(DxDt + k(t)D4
x +�(t)D2

x + η(t)D2
y + μ(t)D2

z )φ · φ = 0. (4)

The Hirota operators Dx , Dy , Dz , Dt are defined by [30,31]

Dm
x D

n
y (φ(x, y) · ψ(x′, y′)) =

(
∂

∂x
− ∂

∂x′

)m (
∂

∂y
− ∂

∂y′

)n

φ(x, y) · ψ(x′, y′)|x = x′, y = y′.

(5)

2. Lump-periodic solution

In this section, the lump-periodic solutions to Equation (1) is presented.
Consider the following trial solution to Equation (3) [32,33]:

φ(x, y, z, t) = a1(t) cosh (ξ1)+ a2(t) cos (ξ2)+ a3(t) cosh (ξ3) , (6)

where ξ1 = c3(t)+ c1y + c2z + x, ξ2 = c6(t)+ c4y + c5z + x, ξ3 = c9(t)+ c7y + c8z + x.
Substituting Equation (6) into (3), provides an equation in powers of cos(·), cosh(·).

Equating each summation of the same power of cos(·), cosh(·) to zero, provides a set of
algebraic equations. Solving the system of equation, gives the following set of solutions: (I):
When

c1 = c7, c2 = c8, a2(t) = 0, a3(t) = a1(t), c3(t)

=
∫ (−2c28μ(t)− 2c27η(t)− c′9(t)− 8k(t)− 2�(t)

)
dt + q1,

we have

φI(x, y, z, t)

= a1(t) cosh

×
(∫ (−2c28μ(t)− 2c27η(t)− c′9(t)− 8k(t)− 2�(t)

)
dt + c7y + c8z + q1 + x

)

+ a1(t) cosh (c9(t)+ c7y + c8z + x) .
(7)
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Thus,

χ I(x, y, z, t) =
(
12
((

a1(t) cosh
( ∫ (

− 2c28μ(t)− 2c27η(t)− c′9(t)− 8k(t)− 2�(t)
)
dt

+ c7y + c8z + q1 + x
)

+ a1(t) cosh
(
c9(t)+ c7y + c8z + x

))2
−
(
a1(t) sinh

( ∫ (
− 2c28μ(t)− 2c27η(t)− c′9(t)− 8k(t)− 2�(t)

)
dt

+ c7y + c8z + q1 + x
)

+ a1(t) sinh
(
c9(t)+ c7y + c8z + x

))2))/
×
(
a1(t) cosh

( ∫ (
− 2c28μ(t)− 2c27η(t)− c′9(t)− 8k(t)− 2�(t)

)
dt

+ c7y + c8z + q1 + x
)

+ a1(t) cosh (c9(t)+ c7y + c8z + x)
)2
.

(8)
(II): When

c1 = c7, c2 = c8, a2(t) = 0, a3(t) = q2a1(t), c3(t)

=
∫ (

c28(−μ(t))+ c27(−η(t))− 4k(t)−�(t)
)
dt + q3,

c9(t) = ∫
(c28(−μ(t))+ c27(−η(t))− 4k(t)−�(t))dt + q4, we get

φII(x, y, z, t)

= a1(t) cosh

×
(∫ (−c28μ(t)+ c27(−η(t))− 4k(t)−�(t)

)
dt + c7y + c8z + q3 + x

)

q2a1(t)+ cosh
(∫ (−c28μ(t)+ c27(−η(t))− 4k(t)−�(t)

)
dt + c7y + c8z + q4 + x

)
.

(9)
Thus,

χ II(x, y, z, t) =
(
12
((

a1(t) cosh
( ∫ (

− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)
)
dt

+ c7y + c8z + q3 + x
)

+ q2a1(t) cosh

×
( ∫ (

− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)
)
dt

+ c7y + c8z + q4 + x
))

2

−
(
a1(t) sinh

( ∫ (
− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)

)
dt
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+ c7y + c8z + q3 + x
)

+ q2a1(t) sinh

×
( ∫ (

− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)
)
dt + c7y

+ c8z + q4 + x
))2))/

×
(
a1(t) cosh

( ∫ (
− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)

)
dt

+ c7y + c8z + q3 + x
)

q2a1(t)+ cosh
( ∫ (

− c28μ(t)+ c27(−η(t))− 4k(t)−�(t)
)
dt

+ c7y + c8z + q4 + x
))2

. (10)

(III): When

c7 = c4, c8 = c5, a1(t) = 0, a3(t) = −ia2(t), c6(t)

=
∫ (

c25(−μ(t))+ c24(−η(t))− 2k(t)−�(t)
)
dt + q5,

c9(t) = ∫
(−c25μ(t)+ c24(−η(t))+ 2k(t)−�(t))dt + q6, we reach

φIII(x, y, z, t)

= a2(t) cos
(∫ (−c25μ(t)+ c24(−η(t))− 2k(t)−�(t)

)
dt + c4y + c5z + q5 + x

)

− ia2(t) cosh
(∫ (−c25μ(t)+ c24(−η(t))+ 2k(t)−�(t)

)
dt + c4y + c5z + q6 + x

)
.

(11)
Thus,

χ III(x, y, z, t)

=
(
12
((

a2(t)
(

− cos
( ∫ (

− c25μ(t)+ c24(−η(t))− 2k(t)−�(t)
)
dt

+ c4y + c5z + q5 + x
))

− ia2(t) cosh
( ∫ (

− c25μ(t)+ c24(−η(t))+ 2k(t)−�(t)
)
dt

+ c4y + c5z + q6 + x
))(

a2(t) cos
( ∫ (

− c25μ(t)+ c24(−η(t))− 2k(t)−�(t)
)
dt

+ c4y + c5z + q5 + x
)

− ia2(t) cosh
( ∫ (

− c25μ(t)+ c24(−η(t))+ 2k(t)−�(t)
)
dt

+ c4y + c5z + q6 + x
))

−
(
a2(t)

(
− sin

( ∫ (
− c25μ(t)+ c24(−η(t))− 2k(t)−�(t)

)
dt

+ c4y + c5z + q5 + x
))

− ia2(t) sinh
( ∫ (

− c25μ(t)+ c24(−η(t))+ 2k(t)−�(t)
)
dt

+ c4y + c5z + q6 + x
))2))/
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(
a2(t) cos

( ∫ (
− c25μ(t)+ c24(−η(t))− 2k(t)−�(t)

)
dt + c4y + c5z + q5 + x

)

− ia2(t) cosh
( ∫ (

− c25μ(t)+ c24(−η(t))+ 2k(t)−�(t)
)
dt + c4y + c5z + q6 + x

))2
.

(12)

3. Breather wave solution

In this section, some family of breather wave solutions to Equation (1) are presented.
Consider the following trial solution to Equation (3) [32,33]:

η(x, y, t) = eξ1 + p2(t)e
ξ3 + p1(t) cos (ξ2) , (13)

where ξ1 = −a1(m0y + n0(t)+ n1z + x), ξ2 = a0(r0(t)+ r1z + s0y + x), ξ3 = a1(m0y
+ n0(t)+ n1z + x). Plugging Equation (13) into (3), provides the a nonlinear equation in
powers of exp(·), cos(·). Equating each summation of the same power of exp(·), cos(·)
to zero, provides a set of algebraic equations. Solving the system of equation, gives the
following set of solutions:

(I): r1 = n1, s0 = m0, n0(t) = ∫
(3a20k(t)− a21k(t)+ μ′(t)

a1μ(t)
− m2

0η(t)− n21μ(t)

−�(t))dt + q7, p1(t) = q8
μ(t) ,

p2(t) = − a20q
2
8

4(a21μ(t)
2)
, r0(t) = ∫

(a20k(t)− 3a21k(t)− m2
0η(t)− n21μ(t)−�(t))dt + q9,

we reach

φI(x, y, z, t) =
q8 cos

(
a0
(∫ (

a20k(t)− 3a21k(t)− m2
0η(t)− n21μ(t)−�(t)

)
dt

+m0y + n1z + q9 + x))

μ(t)

+ e
−a1

(∫ (
3a20k(t)−a21k(t)+ μ′(t)

a1μ(t)
−m2

0η(t)−n21μ(t)−�(t)
)
dt+m0y+n1z+q7+x

)

− a20q
2
8e

a1
(∫ (

3a20k(t)−a21k(t)+ μ′(t)
a1μ(t)

−m2
0η(t)−n21μ(t)−�(t)

)
dt+m0y+n1z+q7+x

)

4a21μ(t)
2

.

(14)
Thus,

χ I(x, y, z, t) =
(
12
((

− a20q
2
8e
�1

4a21μ(t)
2

+ q8 cos (�2)

μ(t)
+ e−�1

)

×
(

−a20q
2
8e
�1

4μ(t)2
− a20q8 cos (�2)

μ(t)
+ a21e

−�1

)

(
−
(

− a20q
2
8e
�1

4a1μ(t)2
− a0q8 sin (�2)

μ(t)
− a1e

−�1

)2 ))/

− a20q
2
8e
�1

4a21μ(t)
2

+ q8 cos (�2)

μ(t)
+ e−�1

)2
,

(15)
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where�1 = a1(
∫
(3a20k(t)− a21k(t)+ μ′(t)

a1μ(t)
− m2

0η(t)− n21μ(t)−�(t))dt + m0y + n1z +
q7 + x) and�2 = a0(

∫
(a20k(t)− 3a21k(t)− m2

0η(t)− n21μ(t)−�(t))dt + m0y + n1z + q9
+ x).

(II): When r1 = n1, s0 = m0, n0(t) = ∫
(3a20k(t)− a21k(t)− q10μ(t)

a1
− m2

0η(t)− n21μ(t)−
�(t))dt + q11, p1(t) = q12eq10

∫
μ(t)dt , p2(t) = − a20q

2
12(e

q10
∫
μ(t)dt)2

4a21
, r0(t) = ∫

(a20k(t)

− 3a21k(t)− m2
0η(t)− n21μ(t)−�(t))dt + q13, we get

φII(x, y, z, t)

= e
−a1

(∫ (
3a20k(t)−a21k(t)−

q10μ(t)
a1

−m2
0η(t)−n21μ(t)−�(t)

)
dt+m0y+n1z+q11+x

)

q12e
q10(

∫
μ(t)dt) cos

(
a0

(∫ (
a20k(t)− 3a21k(t)− m2

0η(t)− n21μ(t)−�(t)
)
dt

+m0y + n1z + q13 + x))

− a20q
2
12e

a1
(∫ (

3a20k(t)−a21k(t)−
q10μ(t)

a1
−m2

0η(t)−n21μ(t)−�(t)
)
dt+m0y+n1z+q11+x

)
+2q10(

∫
μ(t)dt)

4a21
.

(16)
Thus,

χ II(x, y, z, t) =
(
2
((

−a20q12 cos (�5) e
q10(

∫
μ(t)dt) − 1

4
a20q

2
12e

�4 + a21e
−�3

)

×
(

−a20q
2
12e

�4

4a21
+ q12 cos (�5) e

q10(
∫
μ(t)dt) + e−�3

)

−
(

−a0q12 sin (�5) e
q10(

∫
μ(t)dt) − a20q

2
12e

�4

4a1
− a1e

−�3

)2
⎞
⎠
⎞
⎠

/(
−a20q

2
12e

�4

4a21
+ q12 cos (�5) e

q10(
∫
μ(t)dt) + e−�3

)2

,

(17)

where �3 = a1(
∫
(3a20k(t)− a21k(t)− q10μ(t)

a1
− m2

0η(t)− n21μ(t)−�(t))dt + m0y + n1z
+ q11 + x),
�4 = a1(

∫
(3a20k(t)− a21k(t)− q10μ(t)

a1
− m2

0η(t)− n21μ(t)−�(t))dt + m0y + n1z
+ q11 + x)+ 2q10(

∫
μ(t)dt),

�5 = a0(
∫
(a20k(t)− 3a21k(t)− m2

0η(t)− n21μ(t)−�(t))dt + m0y + n1z + q13 + x).

4. Physical interpretation

A lump solution is a rational function solution which is real analytic and decays in all
directions of space variables. It’s collision phenomena with periodic and breather waves
solutions is presented in this study. Variable-coefficient nonlinear partial differential equa-
tions offer with us more real aspects in the inhomogeneities of media and nonuniformities
of boundaries than their counterparts constant-coefficient in many physical cases.

To share more information on the physical features of the reported results in this study,
under the choice of good parameters’ values, the numerical simulations are performed via
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Figure 1. The 3D and contour profiles of solution (8).

Figure 2. The 3D profiles of solution (8).

the 3-dimensional and contour graphs. All the figures were plotted withing the intervals
{−10 ≤ z ≤ 10, −10 ≤ t ≤ 10}. The effect of the time variable t on the wave propagation
can be clearly seen in Figures 1– 9.

Figures 1,3,5 and 2,4,6 display the collision phenomena between lump and periodic
wave solution when the coefficients of the nonlinear, dispersion relation, dispersionless
relation terms and other variable-coefficients involved in the solution are considered to be
cos(t). Under (a), (d) x = y = −3, (b), (e) x = y = 0 and (c), (f) x = y = 3. In Figures 1, 3,5,
it can be seen that when x and y get bigger the wave speed increases with some break-
ages. Figures 2,4,6 display some periodic short shock-wave. The wave propagation tends
to flatten toward z-axis as x and y get larger.

Figures 7,9 and 8,9 display the excitation for breather waves (that is collision between
lump and singular periodic wave alongside one solitary wave solutions) in a dimensional
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Figure 3. The 3D and contour profiles of solution (10).

Figure 4. The 3D and contour profiles of solution (10).

lattice when the coefficients of the nonlinear, dispersion relation, dispersionless relation
terms andother variable-coefficients involved in the solution are considered to be et. Under
(a), (d) x = y = −2, (b), (e) x = y = 0 and (c), (f) x = y = 2.Wehavemore clear vision of the
wave propagation when the variable-coefficients are at cos(t).
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Figure 5. The 3D and contour profiles of solution (12).

Figure 6. The 3D and contour profiles of solution (12).

Furthermore, the reported solutions in this study have some other physical meanings,
for instance, the hyperbolic sine arises in the gravitational potential of a cylinder and the
calculation of the Roche limit. The hyperbolic cosine function is the shape of a hanging
cable (the so-called CATENARY) [34].
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Figure 7. The 3D and contour profiles of solution (15).

Figure 8. The 3D profiles of solution (15).

5. Concluding remarks

By applying the Hirota bilinear form theory, we have successfully developed lump-
periodic and breather wave solutions to the generalized (3 + 1)-dimensional nonlinear-
wave equation with variable-coefficients. Numerical simulation was carried out using
3-dimensional and contour plots to demonstrate the physical characteristics of the solu-
tions presented. The findings obtained have shown that arbitrary functions, i.e. nonlinear
coefficients of velocity components in fluids or electrostatic wave potential in plasma,
have a major impact on wave behavior and can be used in various branches of sci-
ence, especially in fluid dynamics, to investigate the understanding of complex physical
phenomena. It is worth mentioning that all the reported solutions have satisfied the
original equation. Jian-Guo et al. [27] reported the lump solutions, interaction between
lump and one solitary wave, interaction between lump and two solitary wave by using
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Figure 9. The 3D and contour profiles of solution (17).

the test functions; ξ = ζ 2 + ς2 + α9(t), ξ = ζ 2 + ς2 + α9(t)+ α14(t)eα10x+α11y+α12z+α13(t),
ξ = ζ 2 + ς2 + α9(t)+ α14(t)eα10x+α11y+α12z+α13(t) + α15(t)e−α10x−α11y−α12z−α13(t), respec-
tively, where ζ = α1x + α2y + α3z + α4(t) and ς = α5x + α6y + α7z + α8(t). In this
study, we report the lump-periodic and breather wave solutions by using the test
functions;φ(x, y, z, t) = a1(t) cosh(ξ1)+ a2(t) cos(ξ2)+ a3(t) cosh(ξ3), where ξ1 = c3(t)+
c1y + c2z + x, ξ2 = c6(t)+ c4y + c5z + x, ξ3 = c9(t)+ c7y + c8z + x andη(x, y, t) = eξ1 +
p2(t)eξ3 + p1(t) cos(ξ2), where ξ1 = −a1(m0y + n0(t)+ n1z + x), ξ2 = a0(r0(t)+ r1z + s0
y + x), ξ3 = a1(m0y + n0(t)+ n1z + x), respectively. Lump-periodic is a collision phenom-
ena between lump, periodic and singular periodic wave solutions. Breather wave is a
collision between lump and singular periodic wave alongside one solitary wave solutions.

The results presented in this article are new to the best of our knowledge and have not
previouslybeen submitted to the literature. These findingsmaybehelpful inunderstanding
the propagation processes in fluidmechanics for nonlinearwaves and enriching the variety
of higher dimensional nonlinear wave field dynamics. Therefore, the analysis given in this
workwould certainly be helpful in order to establish similar solutions to the other physically
relevant nonlinear equations.
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