
Journal of Geometry and Physics 170 (2021) 104385
Contents lists available at ScienceDirect

Journal of Geometry and Physics

www.elsevier.com/locate/geomphys

Lie symmetry analysis of two dimensional weakly singular 

integral equations

S. Pashayi a, S. Shahmorad a, M.S. Hashemi b, M. Inc c,d,e,∗
a Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, 5166616471, Iran
b Department of Mathematics, Basic Science Faculty, University of Bonab, P.O. Box 55513-95133, Bonab, Iran
c Biruni University, Department of Computer Engineering, Istanbul, Turkey
d Firat University, Science Faculty, Department of Mathematics, 23119 Elazig, Turkey
e Department of Medical Research, China Medical University Hospital, China Medical University, Taichung, Taiwan

a r t i c l e i n f o a b s t r a c t

Article history:
Received 7 August 2021
Received in revised form 8 September 2021
Accepted 16 September 2021
Available online 30 September 2021

Keywords:
Symmetry groups
Weakly singular integral equation
Infinitesimal generator
Prolongation

In this paper, symmetry groups of a two-dimensional weakly singular integral equation are 
discussed. A new method is proposed for the prolongation formula of the given equations. 
Using the introduced prolongation formula, we derive the symmetry groups and invariant 
solutions of the above-mentioned weakly singular integral equation wherever possible. In 
order to solve the extracted determining equation, a special approach is proposed. The 
symmetry groups for different types of the free terms are presented.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Modeling many problems in engineering and physics leads to integral equations. Comparing with the plentiful literature 
concerned with the analysis of one-dimensional integral equations, the analysis of analytical methods for two-dimensional 
integral equations with weakly singular kernels has established more recently and is not so well extended, specially in the 
nonlinear case. In this paper we consider a two-dimensional weakly singular integral (WSI) equation of the formˆ ˆ

D

ϕ(t, s)[
(y − s)2 − (x − t)2

]α dtds = f (x, y), 0 < α < 1, (1.1)

where the domain D is a triangular area bounded by the straight lines s = 0, t − x ± (s − y) = 0, f (x, y) is a given smooth 
function and ϕ(x, y) is an unknown function to be determined.

Equation of the form can be deduced from some mixed boundary value problems resulting in different branches of 
applied sciences e.g., heat transfer, mechanics, electrostatics, diffraction, scattering of waves and etc.

One of the most systematic and successful approaches to deal with differential equations is the Lie symmetry method. 
This method can be used for solving Various types of ordinary [4,6,22,1], partial [7,19,16,29,20,18,15,12] and fractional 
differential equations [11,14,28,30,10,9,8] that are obtained from mathematical modeling of many practical problems in 
applied sciences such as engineering and physics. The method is also used for solving integro-differential equations (see 
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for example [25]). Investigating symmetry groups of integral and integro-differential equations has many difficulties, which 
arises from the non-locality of these equations. Analysis of the Lie symmetry method for nonlocal equations leads to solving 
some algebraic determining equations with same nonlocal property. In literature, direct methods are proposed to solve these 
determining equations [23,13,21,5,24,31,3,23,27]. Beside the Lie symmetry method, there are various techniques in literature 
which are used for different types of differential equations [2,26,17]. But, it is notable that analytical methods for finding 
exact solutions of weakly singular integral equations are very limited.

In the present work, we study an analytical method based on symmetry groups for solving a two-dimensional weakly 
singular integral equation such that the integral term is considered as an independent variable. It is well-known that deriva-
tives of dependent variables in jet space are considered as independent variables. Equations with nonlocal terms, have 
determining equations which includes the variables of jet space addition to some nonlocal variables. These variables are not 
exactly the nonlocal variables of original nonlocal equation.

2. The Lie group of transformations for two-dimensional WSI equation

To discuss the point transformations of the Eq. (1.1), we define the linear and bounded integral operator T : C(D) → C(D)

by

T (ϕ)(x, y) =
ˆ ˆ

D

ϕ(t, s)[
(y − s)2 − (x − t)2

]α dtds, 0 < α < 1. (2.2)

Then, we rewrite Eq. (1.1) in the form

� := T (ϕ) − f = 0. (2.3)

Let us consider the point transformations

x̃ = eεv(x) = x + εξ1(x, y,ϕ) + o(ε2), (2.4)

ỹ = eεv(y) = y + εξ2(x, y,ϕ) + o(ε2),

ϕ̃ = eεv(ϕ) = ϕ + εη(x, y,ϕ) + o(ε2)

with the corresponding infinitesimal generator

v = ξ1(x, y,ϕ)
∂

∂x
+ ξ2(x, y,ϕ)

∂

∂ y
+ η(x, y,ϕ)

∂

∂ϕ
, (2.5)

where we assume that the coefficients are sufficiently smooth functions. We also define the transformations of integration 
variables as

t̃ = eεv(t) = t + εξ1(t, s,ϕ(t, s)) + o(ε2), (2.6)

s̃ = eεv(s) = s + εξ2(t, s,ϕ(t, s)) + o(ε2).

According to the Lie theory, to construct symmetry group, it is sufficient to determine the infinitesimals in (2.4), i.e., 
ξ1(x, y, ϕ), ξ2(x, y, ϕ) and η(x, y, ϕ).

Definition 2.1. The Eq. (1.1) is called invariant under the group of transformations (2.4), if

T̃ (ϕ̃)(x̃, ỹ) = f (x̃, ỹ), T̃ (ϕ̃)(x̃, ỹ) =
ˆ ˆ

D̃

ϕ̃(t̃, s̃)[
( ỹ − s̃)2 − (x̃ − t̃)2

]α dt̃ds̃, (2.7)

whenever Eq. (1.1) holds and D̃ is the image of D under the transformations t → t̃ and s → s̃ given by (2.6). The group of 
transformations is called a point symmetry group for the Eq. (1.1).

We will use the following notations throughout the paper

ξi[x, y] = ξi(x, y,ϕ(x, y)), i = 1,2, (2.8)

η[x, y] = η(x, y,ϕ(x, y)). (2.9)
2
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3. Determining equations for the Eq. (1.1)

To introduce the invariant criterion, it is necessary to determine prolongation of the Eq. (2.3) with additional nonlocal 
variable T (ϕ). We investigate the point transformations of Eq. (1.1) by using (2.4) and (2.6), i.e.,

T̃ (ϕ̃)(x̃, ỹ) = f (x̃, ỹ), (3.10)

where

T̃ (ϕ̃)(x̃, ỹ) =
ˆ ˆ

D̃

ϕ̃(t̃, s̃)[
( ỹ − s̃)2 − (x̃ − t̃)2

]α dt̃ds̃ (3.11)

and D̃ is the image of domain D as in Definition 2.1. Without loss of generality, in this study we set α = 1
2 . If we consider 

t̃ and s̃ as the Lie group transformations of the integration variables t and s, then the Jacobian transformation of (t, s) is 
given by:

J (t, s) = 1 + ε(Dtξ1[t, s] + Dsξ2[t, s]) + o(ε2). (3.12)

Using the transformations in (3.11) and applying (2.4) and (2.6) yields

T̃ (ϕ̃)(x̃, ỹ) =
ˆ ˆ

D

ϕ̃(t̃, s̃)√
( ỹ − s̃)2 − (x̃ − t̃)2

J (t, s)dtds

=
ˆ ˆ

D

(ϕ(t, s) + εη[t, s])(1 + ε(Dtξ1[t, s] + Dsξ2[t, s]))√
(y + εξ2[x, y] − s − εξ2[t, s])2 − (x + εξ1[x, y] − t − εξ1[t, s])2

dtds

=
ˆ ˆ

D

ϕ(t, s) + εη[t, s] + εϕ(t, s)(Dtξ1[t, s] + Dsξ2[t, s])√
(y − s)2 − (x − t)2

√
1 + 2ε (y−s)(ξ2[x,y]−ξ2[t,s])−(x−t)(ξ1[x,y]−ξ1[t,s])

(y−s)2−(x−t)2

dtds. (3.13)

By the fact that 1
(1+x)β

≈ 1 + βx when x → 0, we get

T̃ (ϕ̃)(x̃, ỹ) ≈
ˆ ˆ

D

ϕ(t, s) + εη[t, s] + εϕ(t, s)(Dtξ1[t, s] + Dsξ2[t, s])√
(y − s)2 − (x − t)2

dtds

+
ˆ ˆ

D

ϕ(t, s)√
(y − s)2 − (x − t)2

×

ε
(y − s)(ξ2[x, y] − ξ2[t, s]) − (x − t)(ξ1[x, y] − ξ1[t, s])

(y − s)2 − (x − t)2
dtds

=
ˆ ˆ

D

ϕ(t, s)√
(y − s)2 − (x − t)2

dtds+

ε

[ˆ ˆ

D

η[t, s] + ϕ(t, s)(Dtξ1[t, s] + Dsξ2[t, s])√
(y − s)2 − (x − t)2

dtds +
ˆ ˆ

D

ϕ(t, s)√
(y − s)2 − (x − t)2

×

(y − s)(ξ2[x, y] − ξ2[t, s]) − (x − t)(ξ1[x, y] − ξ1[t, s])
(y − s)2 − (x − t)2

dtds

]
+ o(ε2). (3.14)

Hence, the prolongation of the nonlocal variable T (ϕ) with point transformations (2.4) can be written as

T̃ (ϕ̃)(x̃, ỹ) = T (ϕ)(x, y) + εPT (ϕ)(x, y) + o(ε2), (3.15)

where

PT (ϕ)(x, y) =
ˆ ˆ

D

η[t, s] + ϕ(t, s)(Dtξ1[t, s] + Dsξ2[t, s])√
(y − s)2 − (x − t)2

dtds

+
ˆ ˆ

D

ϕ(t, s)√
(y − s)2 − (x − t)2

×

(y − s)(ξ2[x, y] − ξ2[t, s]) − (x − t)(ξ1[x, y] − ξ1[t, s])
(y − s)2 − (x − t)2

dtds. (3.16)
3
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Therefore, the prolongation formula for the original equation takes the form

PrT v = v + PT (ϕ)
∂

∂T (ϕ)
(3.17)

and the invariance criterion for the Eq. (2.3) is obtained as

PrT v(�)

∣∣∣�=0
= 0. (3.18)

Rewriting the invariance criterion (3.18) based on (2.3) implies

PrT v(T (ϕ) − f ) = − fxξ1 − f yξ2 + PT (ϕ) = 0, (3.19)

where ξ1 and ξ2 are defined by (2.8). It is notable that the extracted prolongation formula (3.17) differs from the introduced 
one in [25]. Because the original problem is in a different class of equations.

It is remarkable that the introduced point transformations convert a WSI equation to another WSI equation of the same 
type. Hence, we can write

− fxξ1 − f yξ2 + PT (ϕ) = c(x, y)(T (ϕ) − f ), (3.20)

where c(x, y) is an arbitrary function. If we set

PT (ϕ) = b(x, y)T (ϕ) + φ(x, y), (3.21)

for some arbitrary functions b(x, y) and φ(x, y), then the variational splitting of (3.21) takes the form

ηϕ[t, s] + Dtξ1[t, s] + Dsξ2[t, s]
+ (y − s)(ξ2[x, y] − ξ2[t, s]) − (x − t)(ξ1[x, y] − ξ1[t, s])

(y − s)2 − (x − t)2
= b(x, y), (3.22)

and using (3.21) in Eq. (3.20) yields

− fxξ1 − f yξ2 + cf = (c − b)T (ϕ) + φ. (3.23)

Differentiating Eq. (3.23) w.r.t. T (ϕ) gives b = c, and so

− fxξ1 − f yξ2 + cf = φ. (3.24)

Due to the singularity of Eq. (3.16), we consider the infinitesimal functions

ξ1 = c1x + c2, ξ2 = c1 y + c3, (3.25)

for some arbitrary constants c1, c2 and c3. By using (3.25) in (3.22), we find

ηϕ[t, s] = b(x, y) − 3c1, (3.26)

where the left side is in terms of t and s while the right side is in terms of x and y, therefore b(x, y) = b must be a 
constant. Integration of (3.26) with respect to ϕ , yields

η = (b − 3c1)ϕ + h(x, y), (3.27)

for an arbitrary function h(x, y). By substituting (3.27) in (3.16) and combining with (3.21), one can get

φ(x, y) =
ˆ ˆ

D

h(t, s)√
(y − s)2 − (x − t)2

dtds, (3.28)

and so, Eq. (3.24) can be rearranged as

− fxξ1 − f yξ2 + bf =
ˆ ˆ

D

h(t, s)√
(y − s)2 − (x − t)2

dtds. (3.29)

In addition to the results (3.25) and (3.27), we obtain the main differential equation

− fx(c1x + c2) − f y(c1 y + c3) + bf =
ˆ ˆ

D

h(t, s)√
(y − s)2 − (x − t)2

dtds, (3.30)

for the symmetries analysis of Eq. (1.1).
4



S. Pashayi, S. Shahmorad, M.S. Hashemi et al. Journal of Geometry and Physics 170 (2021) 104385
4. Symmetries of the Eq. (1.1) for different forms of f (x, y)

In this section, we investigate the Lie symmetries of the Eq. (1.1) for different choices of f (x, y) and obtain corresponding 
exact solutions in possible cases.

Case 1. Let c2 = c3 = h = b = 0 and c1 �= 0. Then from Eq. (3.30), we have

−xfx − yf y = 0, (4.31)

which have the solution

f (x, y) = F
( y

x

)
. (4.32)

In this case, the infinitesimal functions take the forms

ξ1 = c1x, ξ2 = c1 y, η = −c1ϕ, (4.33)

with corresponding generator

v = x∂x + y∂y − ϕ∂ϕ. (4.34)

The similarity variables for the infinitesimal generator v can be found by solving the corresponding characteristic 
equation

dx

x
= dy

y
= dϕ

ϕ
. (4.35)

Integration of (4.35) provides the following variable and function

ξ = y

x
, ϕ = y−1g(ξ). (4.36)

Case 2. If we take c1 = h = 0 and b = c2 = c3 �= 0, then Eq. (3.30) reduces to

− fx − f y + f = 0, (4.37)

which have the solution

f (x, y) = F(y − x)ex, (4.38)

with the infinitesimals

ξ1 = c2, ξ2 = c2, η = c2ϕ, (4.39)

with corresponding generator

v = ∂x + ∂y + ϕ∂ϕ. (4.40)

By solving the corresponding characteristic equation

dx

1
= dy

1
= dϕ

ϕ
, (4.41)

the similarity variables

ξ = y

x
, ϕ = e yg(ξ), (4.42)

are obtained.
Case 3. If we set f (x, y) = f (y) and

c1 = c2 = c3 = b, (4.43)

then from Eq. (3.30) yields

−(y + 1) f y + f = 0, (4.44)

with a general solution of the form
5
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f (y) = C(y + 1), (4.45)

for an arbitrary constant C . In this case, the infinitesimal functions and the corresponding generator are determined 
respectively as

ξ1 = c1(x + 1), ξ2 = c1(y + 1), η = 0, (4.46)

and

v = (x + 1)∂x + (y + 1)∂y . (4.47)

Then the characteristic equation for the generator v is given by

dx

x + 1
= dy

y + 1
= dϕ

0
. (4.48)

By solving Eq. (4.48), we arrive at the similarity variables

ξ = y + 1

x + 1
, ϕ = g(ξ). (4.49)

Case 4. For b = 0, c1 = c2 = c3 �= 0 and h(x, y) = c1x, we obtain from Eq. (3.30)

−(x + 1) fx − (y + 1) f y = πxy, (4.50)

which is solved for the function

f (x, y) = −1

2

πx2 y

x + 1
− 1

2

πx2

x + 1
+ πx − π ln(x + 1) +F

(
y + 1

x + 1

)
. (4.51)

In this case, the infinitesimal functions are

ξ1 = c1(x + 1), ξ2 = c1(y + 1), η = c1x, (4.52)

with the corresponding generator

v = (x + 1)∂x + (y + 1)∂y + x∂ϕ. (4.53)

Considering the corresponding characteristic equation

dx

x + 1
= dy

y + 1
= dϕ

x
, (4.54)

we obtain the similarity variables

ξ = y + 1

x + 1
, ϕ = (x − ln(x + 1))g(ξ). (4.55)

Case 5. If we set f (x, y) = const. and b = h = 0, then Eq. (3.30) holds for all values of c1, c2, c3. In this case, the infinitesimal 
functions are given by

ξ1 = c1x + c2, ξ2 = c1 y + c3, η = −c1ϕ, (4.56)

with the corresponding generators

v1 = x∂x + y∂y − ϕ∂ϕ, v2 = ∂x, v3 = ∂y . (4.57)

The similarity variables for the generators v1, v2 and v3 are determined as follows:
• v1 = x∂x + y∂y −ϕ∂ϕ . By solving the corresponding characteristic equation dx

x = dy
y = dϕ

−ϕ , we obtain the similarity 
variables ξ = y

x and ϕ = y−1g(ξ).

• v2 = ∂x . By solving the corresponding characteristic equation dx
1 = dy

0 = dϕ
0 , we obtain the similarity variables y

and ϕ = g(y).
• v3 = ∂y . By solving the corresponding characteristic equation dx

0 = dy
1 = dϕ

0 , we obtain the similarity variables x
and ϕ = g(x).
6
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5. Conclusion

In this work, a specific type of integral equations is investigated by the Lie symmetry method. Prolongation formula 
which plays a significant role in the Lie symmetry theory, is proposed for different types of equations e.g. ordinary differen-
tial equations, partial differential equations, fractional differential equation, but not for weakly singular integral equations. 
We proposed a new prolongation formula for a specific form of two-dimensional weakly singular integral equations for the 
first time. For different special cases of right hand side of this equation, we extracted related Lie symmetries and generators. 
Some exact solutions are reported as well.
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