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Abstract Using illicit drugs has been on growth in all over the world especially in the USA, Europe

and Asia. It is very harmful to society; it is the fourth foremost cause of death in the United States

when taking overdose drug (about the same as motor vehicle crashes). A drug that has a significant

detrimental effect on a population as a whole is heroin, above all illegal substances. This work

discussesthenon-classical mathematical model of White and Comiskey, demonstrating heroin epi-

demics. We present the existence of stable equilibrium numerically & mathematically. We will apply

two methods (i) Adams Bashforth PECE method and (ii) Grunwald-Letnikovmethod (GLM) and

simulate the model using Matlab software package.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The exploitation of illegal drugs is harmful to society. In addi-
tion to the hazards of acquiring and consuming the drug, drug
addicts often pose potential health extorts to the other people,

as they are more vulnerable to illness to which they can then
spread from drug exploitation to others from their immune
system being harmed. Heroin is an illicit opioid that has seri-
ous effects on society. The number of users of heroin is rising

day after day. In explaining how opioid addiction has been
controlled, the figures are critical because it is not frequently
used in high schools, where children are more vulnerable to

peer tension and therefore fall into substance abuse at younger
ones. From pulmonary aggravations to impetuous feticide,
heroin users often have many serious health problems. Com-

mon users of heroin experience poor health as a result of drugs
that weaken their immune systems. In this case, they are more
likely to become ill and spread disease in the community. The
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Fig. 1 A model of the opiate-using career.
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way the medication is used is also risky since it is injected by
needles.

It is extremely expensive and a huge burden on society to

rehabilitate and treat heroin users. In order to ensure that
patients return to a healthy and productive life, medical care
is typically combined with other social services. It is however

difficult to wane addicts off the drug because heroin is precar-
iously addictive. The opioid aids have been formed to intercede
users endure less serious withdrawal symptoms, such medica-

tions are clonidine and buprenorphine, as detoxification is
the first step in recovery.

The concept of fractional calculus (FC) is and its use in dif-
ferent field of science and engineering is much interesting to

researchers [1,2]. Generally, most of the real world problems
can better be studied by the system of fractional differential
equations. Such as, dielectric polarization, viscoelasticity, col-

ored noise, diffusion of heat into semi-infinite, electrode–elec-
trolyte polarization, boundary layer effects in ducts,
electromagnetic waves etc. This is why the researcher are tak-

ing interest into fractional order models. Similarity in the field
of science such as bioengineering, control system, signal pro-
cessing, physics, robotics, chaos theory, physiology biology

[2]. These models have high degree of accuracy for converting
integer order model into fractional order model. In general,
such conversion of models is called a fractional-order model
(FOM) which is very significant to study the exact properties

of real-time behavior. In [3-5], the author(s) used the reproduc-
ing kernel Hilbert space technique to obtain the solution for (i)
integrodifferential algebraic system with temporal two point

BVPs, (ii) first order, two point BVPs for ordinary differential
Equations and (iii) Dirichlet time fractional Diffusion Gordon
type equation in Porous Media. The author of [6,7] has used

the efficient computational /numerical algorithm to obtain
the solution for (i) singular integrodifferential equation using
Dirichlet function type and (ii) fractional order system of

Dirichlet function Types with comparative analysis. Finally,
the author of [8] has used the application of residual power ser-
ies for the solution of fractional order Schrodinger Equation in
one dimensional space. The authors of [9] have used the Her-

mite wavelets method to solve the fractional order COVID-
19 disease model whereas the authors of [10] have used the
Haar wavelet and Adams Bashforth Moulton methods to find

the solution of fractional order Lotka Volterra population. In
[11], the authors have used the two fractional order techniques,
i.e., Adams Bashforth Moulton method and Caputo Fabrizio

to for COVID-19 model. The authors of [12] have imple-
mented the Atangana-Taufik numerical scheme to solve
COVID-19 model in ODEs and FDEs with real data whereas
in [13], the authors have solved HIV-COVID-19 model using

the same technique. In [14], the authors have implemented
the q homotopy analysis transform method to analyze the
ongoing outbreak COVID-19 in India with nonsingular

derivative whereas, the authors of [15,16] have solved the Tele-
graph equation and nonlinear homogeneous time fractional
gas dynamic equation using fractional order homotopy analy-

sis transform method. In [17], the authors have used the Atan-
gana Baleanu Caputo product integration technique to find the
dynamics of immune and tumor cells in immunogenetic tumor

model. The authors of [18] have implemented Atangana
Baleanu Caputo and Caputo Fabrizio fractional order tech-
niques, to solve fifth order evolution equation. In [19], the
authors have used the spectral and hermite wavelet methods
to observe the dynamics of the Lotka-Volterra model. The
authors have shown integer order model is a special case of
fractional order method.

Mathematical models are used in order to determine the
most efficient way to handle the drug, as well as to find how
a drug epidemic could take off and spread through a popula-

tion. Further, we refer to [20] for biological models, involving
chemotax is and nonlinear diffusive mechanism, formulated by
the introduction of reactions coupling growth and death

impacts. Observing the importance of fractional order meth-
ods given above, a fractional mathematical model explaining
the diffusion of heroin, the White and Comiskey model, will
be discussed in this article. We utilize two schemes in this

work, namely; the Adams Bashforth PECE method and the
GL method with binomial coefficients. The model into consid-
eration illustrates the presence of an optimal equilibrium in

which drug use is abolished and the presence of endemic sta-
tionary states in which drug use persists in culture.

2. The White-Comiskey model (WCM)

The WC heroin epidemic model suggests three group of
people- susceptible, S, drug users’ not under treatment, U1,

and drug users’ under-going treatment, U2. The susceptible
group consists of people who have never taken the drug before.
Drug users are the people who start taking the drug (not under

care) and those people who go to medication to combat their
addiction are the drug users receiving treatment.

In the system under consideration all the parameters are
positive in nature. The individual entering in the susceptible

population is denoted by K. The natural death rate of the pop-
ulation is denoted by l, whereas d1 and d2 are the enhanced
removal rate or death rate of drug users and drug user seeking

treatment. The parameters b1 is the possibility to become a
drug user and b3 is the possibility of a drug user in treatment
relapsing to untreated use per unit time p is the portion of drug

users who enters treatment per unit time and the total number
of population is denoted by N, i.e., N ¼ SþU1 þU2. The two
most important parameters in this model are b1andb3. b1is the

tendency of turning a drug user per unit time, and b3 is the ten-
dency that a drug user under medication retrogresses back into
susceptible. When taking the drug to be heroin, from data
gathered in Dublin, it was provided that b1 < b3 [21]. Hence

they obtain that b1 0:02an db3 0:8, assuming that the risk of
backsliding is far greater than the likelihood of plunging into
substance use. It is important to remember that in other coun-

tries, these figures are not expected to differ much.
The compartment flow figure for the model is displayed as

below (see Fig. 1):

The susceptible group can either ‘‘smarten-up” (or die) and
depart, or they can change to drug users. The drug users can
either continue using the drug, ‘‘smarten-up” or die, or enter
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medical treatment. The care of drug users will then either
relapse back into the drug or ‘‘smarten-up” (or die). The model
is given as follows:

dS
dt
¼ K� b1

N
U1S� lS;

dU1

dt
¼ b1

N
U1S� pU1 þ b3

N
U1U2 � lþ d1ð ÞU1;

dU2

dt
¼ pU1 � b3

N
U1U2 � lþ d2ð ÞU2:

8>><
>>: ð1Þ

Here S, U1, U2, N, where N ¼ SþU1 þU2, are the numbers of
susceptible inhabitants, the numbers of untreated drug users,
the number of drug users under medication, and the total pop-

ulation size, respectively.
For details, see White and Comiskey ([21] and reference

therein). Amid these they assume

K ¼ lSþ lþ d1ð ÞU1 þ lþ d2ð ÞU2: ð2Þ
There are few rules of the White and Comisky model briefly

stated below.

� The total population N ¼ S þ U 1 þ U 2ð Þ is supposed to be
of constant size within the modeling period, i.e., Eq. (2).

� During each modeling period, a number of drug users enter
treatment.

� According to research study, people in treatment are using
drugs ([21] and reference therein).

� The population of the drug users who are not in treatment

is infectious to users in treatment and susceptible.
� Susceptible people are not infected by the drug users in
treatment.

� Users in treatment relapse as a result of contact with non-
treatment user ([21] and reference therein).

� Every individual in the population has an equal chance of
encountering any other individual.

� Everyone in the population is thought to be equally suscep-
tible to drug addiction.

� In each modelling period, a proportion of users who are not

in treatment discontinue using drug.

When using (2) in model (1), the model takes the shape

dS
dt
¼ lþ d1ð ÞU1 þ lþ d2ð ÞU2 � b1

N
U1S;

dU1

dt
¼ b1

N
U1S� pU1 þ b3

N
U1U2 � lþ d1ð ÞU1;

dU2

dt
¼ pU1 � b3

N
U1U2 � lþ d2ð ÞU2:

8>><
>>: ð3Þ

Since N ¼ SþU1 þU2 is a constant, we introduce the nor-
malized form as below by setting

x ¼ S
N
, ¼ U1

N
, and z ¼ U2

N
, with xþ yþ z ¼ 1, so (3) becomes

dx
dt
¼ lþ d1ð Þyþ lþ d2ð Þz� b1yx;

dy
dt
¼ b1yx� pyþ b3yz� lþ d1ð Þy;

dz
dt
¼ py� b3yz� lþ d2ð Þz:

8><
>: ð4Þ

Since z ¼ 1� x� y, we may consider the system for x and

y(which is a SI system [22]).

dx
dt
¼ lþ d1ð Þyþ lþ d2ð Þð1� x� yÞ � b1yx;

dy
dt
¼ b1yx� pyþ b3y 1� x� yð Þ � lþ d1ð Þy:

(
ð5Þ

Simplifying (5), we obtain

dx
dt
¼ lþ d2ð Þ 1� xð Þ þ d1 � d2ð Þy� b1yx;

dy
dt
¼ ðb1 � b3Þyx� pyþ ðb3 � l� d1Þy�b3y

2:

(
ð6Þ
The fractional order of system (6) is

da1 x
dta1

¼ lþ d2ð Þ 1� xð Þ þ d1 � d2ð Þy� b1yx;

da2 y
dta2

¼ ðb1 � b3Þyxþ ðb3 � l� d1 � pÞy�b3y
2:

(
ð7Þ
3. Stability of the drug free equilibrium

The drug free equilibrium point can be obtained by placing
system (7) equal to zero.

lþ d2ð Þ 1� xð Þ þ d1 � d2ð Þy� b1yx ¼ 0; ð8Þ

ðb1 � b3Þyx� pyþ ðb3 � l� d1Þy�b3y
2 ¼ 0 ð9Þ

Solving (8), we see that a drug (disease) free equilibrium is
ðxe; yeÞ ¼ ð1; 0Þ. The Jacobian related to the system (7) is

J x; yð Þ ¼ �b1y� ðlþ d2Þ d1 � d2ð Þ � b1x

ðb1 � b3Þy ðb1 � b3Þxþ ðb3 � l� d1 � pÞ�2b3y

� �

So

J xe; yeð Þ ¼ �ðlþ d2Þ d1 � d2ð Þ � b1

0 b1 � p� l� d1

� �

The eigenvalues of this matrix are k1; k2ð Þ ¼ ð� lþ d2ð Þ;
b1 � p� l� d1Þ. k1is clearly less than 1 and if

b1 < pþ lþ d1 or
b1

pþlþd1
ð¼ R0Þ < 1, then the proposed system

is stable and if b1 > pþ lþ d1 or b1
pþlþd1

¼ R0ð Þ > 1, then the

system is unstable.

4. Endemic equilibrium

If we assume b1 > pþ lþ d1, then for positive equilibria, we
use Eq. (9) and obtain

x ¼ p� b3 þ lþ d1ð Þ
ðb1 � b3Þ

þ b3

ðb1 � b3Þ
y;

or

x ¼ �pþ b3 � l� d1ð Þ
ðb3 � b1Þ

� b3

ðb3 � b1Þ
y ð10Þ

or

x ¼
b3 � b1

R0

� �
ðb3 � b1Þ

� b3

ðb3 � b1Þ
y ¼ b3 1� yð Þ

ðb3 � b1Þ
� b1

R0ðb3 � b1Þ
ð10�Þ

Now substituting this value into (8), we obtain

b1b3y
2 þ ðb1 pþ lþ d2 � b3ð Þ þ b3 lþ d1ð ÞÞy

þ ðlþ d2Þð�b1 þ pþ lþ d1Þ ¼ 0

The positive solution is computed as

y ¼
�B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ 4b1b3ðlþ d2Þðb1 � p� l� d1Þ

q
2b1b3

ð10 � �Þ

where

B ¼ b1 pþ lþ d2 � b3ð Þ þ b3 lþ d1ð Þ ¼ b2
1

R0

þ b3ðlþ d1 � b1Þ

Substituting this value in Eq. (10), we get the endemic equi-
librium point. The sign of B depends on the sign of b3. How-
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ever, (10**) is always a unique positive equilibrium solution
i.e., y > 0. The corresponding value of x is given by (10) i.e.,
x > 0 (see Figs. 2–7).
Fig. 2 Showing Suscep

Fig. 4 Showing he

Fig. 3 Showing Su
5. Numerical methods and simulations

Since most of the differential equations of the fractional order
do not have exact analytical solutions, it is therefore important
tible and heroin user.

roin user value.

sceptible value.



Fig. 5 Showing Susceptible and heroin user.

Fig. 6 Showing Susceptible value.

Fig. 7 Showing heroin user value.
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to use approximation and numerical techniques. In order to
overcome the fractional order differential equations, several
analytical and numerical methods were suggested [23–41].

5.1. Adams-Bashforth-Moulton method (ABMM)

The generalized ABMM can be used for approximate solution

of system (7).
Consider the equation [42–45]

Da
t y tð Þ ¼ g t; y tð Þð Þ; 0 � t � T

y kð Þ 0ð Þ ¼ y
ðkÞ
0 ; k ¼ 0; 1; 2; � � � ::m� 1; where m ¼ a½ �: ð11Þ

The equation is equivalent to

y tð Þ ¼
Xm�1

k¼0

y
kð Þ
0

tk

k!
þ 1

C að Þ
Z t

0

t� sð Þa�1
g s; y sð Þð Þds: ð12Þ

Before giving the general structure of fractional order
Adams Bashforth Moulton method, we derive the general

form of differential equation and later changes for fractional
order Adams Bashforth Moulton method.

Let us consider the integer order differential equation
defined by:

dy

dt
¼ g t; y tð Þð Þ ð13Þ

with initial condition is

y 0ð Þ ¼ y0 ð14Þ
Let the system is bounded i.e., [0, T]. Let it be divided into

N equally spaced grid points, i.e.,

h ¼ T

N
; tk ¼ kh; k ¼ 0; 1; 2; 3 � � � :N; ð15Þ

and

yj ¼ yðjÞ; j ¼ 0; 1; 2; � � � ; k: ð16Þ
where yjþ1 approaches are defined as [46 and the references

there in]:

y tjþ1

� � ¼ y tj
� �þ Z tjþ1

tj

g q; y qð Þð Þdq: ð17Þ

The integral (16) can be rewritten asZ tjþ1

tj

g q; y qð Þð Þdq 	 tjþ1 � tj
2

g tjþ1; y tjþ1

� �� �þ g tj; y tj
� �� �� �

:

ð18Þ
Substituting (18) in (17) we obtain:

y tjþ1

� � ¼ y tj
� �þ tjþ1 � tj

2
g tjþ1; y tjþ1

� �� �þ g tj; y tj
� �� �� �

: ð19Þ

Or

yjþ1 ¼ yj þ
tjþ1 � tj

2
g tjþ1; yjþ1

� �þ g tj; yj
� �� �

: ð20Þ

Equation (20) tells us that the system is in implicit form and

it is hard to find the solution. Therefore we have to take ypjþ1

for the first approach of yjþ1 in the form given below:
Z tjþ1

tj

g q; y qð Þð Þdq 	 tjþ1 � tj
� �

g tj; y tj
� �� �

: ð21Þ

Then, by means of applying trapezoidal rule, we can obtain
one step Adams Bashforth Moulton method:

ypjþ1 ¼ yj þ hg tj; y tj
� �� � ð22Þ

So equation (20) takes the form as given below:

yjþ1 ¼ yj þ
h

2
g tjþ1; y

p
jþ1

� �
þ g tj; yj
� �� �

ð23Þ

When we use (22) and (23), we obtain the one step Adams
Bashforth Moulton Method for equation (13). Now we will

explain to formulate the formula for fractional order differen-
tial equation. For this we have to take the lower boundary of
integral to zero to solve fractional system with weight function

tjþ1�
� �a�1

for (12) and the relation is given below:Z tjþ1

0

tjþ1 � q
� �a�1

g qð Þdq 	
Z tjþ1

0

tjþ1 � q
� �a�1

ĝjþ1 qð Þdq ð24Þ

where the piecewise linear interpolation is g qð Þ and has nodes
ĝjþ1. Using standard quadrature method, we can rewrite equa-

tion (24) as given below:Z tjþ1

0

tjþ1 � q
� �a�1

ĝjþ1 qð Þdq ¼
Xj

k¼0

ak;jþ1gðtjÞ ð25Þ

with ak;jþ1, as given below:

ak;jþ1 ¼ ha

a aþ 1ð Þ
naþ1 � n� að Þ nþ 1ð Þa; k ¼ 0

n� jþ 2ð Þaþ1 þ n� jð Þaþ1 � 2 n� jþ 1ð Þaþ1
; 1 6 k 6 j

1; k ¼ jþ 1

8><
>:

ð26Þ

Substituting (24), (25) and (26) in Equation (12), we obtain
one step fractional order Adams Bashforth Moulton corrector

formula.

y tð Þ ¼
Xm�1

k¼0

y
ðkÞ
0

tk

k!

þ 1

CðaÞ
Xj

k¼0

ak;jþ1g tk; ykð Þ þ ajþ1;jþ1g tkþ1; y
p
kþ1

� � !
:

ð27Þ
The predictor formula under the construction of Adams

Bashforth Moulton method can be attain in the following
format:Z tjþ1

0

tjþ1 � q
� �a�1

ĝjþ1 qð Þdq ¼
Xj

k¼0

bk;jþ1gðtjÞ ð28Þ

with bk;jþ1, as given below:

bk;jþ1 ¼ ha

a
jþ 1� kð Þa � j� kð Það Þ ð29Þ

Then the predictor term ypkþ1 for the fractional order Adams

Bashforth Moulton method is given below:

ypkþ1 ¼
Xm�1

k¼0

y
ðkÞ
0

tk

k!
þ 1

CðaÞ
Xj

k¼0

bk;jþ1g tk; ykð Þ
 !

: ð30Þ
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5.1.1. Discretization of Fractional-Order WCM:

xnþ1 ¼ x0 þ ha1

C a1 þ 2ð Þ lþ d2ð Þ 1� xp
nþ1

� �þ d1 � d2ð Þypnþ1 � b1y
p
nþ1x

p
nþ1

� �
þ ha1

C a1 þ 2ð Þ
Xn
j¼0

aj;nþ1 lþ d2ð Þ 1� xj

� �þ d1 � d2ð Þyj � b1yjxj

� �

ynþ1 ¼ y0 þ
ha1

C a1 þ 2ð Þ ðb1 � b3Þypnþ1x
p
nþ1 � pypnþ1 þ ðb3 � l� d1Þypnþ1�b3ðypnþ1Þ2

� �

þ ha1

C a1 þ 2ð Þ
Xn
j¼0

aj;nþ1 ðb1 � b3Þyjxj � pyj þ ðb3 � l� d1Þyj�b3yj
2

� �

where

xp
nþ1 ¼ x0 þ 1

C a1ð Þ
Xn
j¼0

bj;nþ1 lþ d2ð Þ 1� xj

� �þ d1 � d2ð Þyj � b1yjxj

� �
;

and

ypnþ1 ¼ y0 þ
1

C a1ð Þ
Xn
j¼0

bj;nþ1 ðb1 � b3Þyjxj � pyj þ ðb3 � l� d1Þyj�b3yj
2

� �
;

with

aj;nþ1 ¼
na1þ1 � n� a1ð Þ nþ 1ð Þa1 ; j ¼ 0

ðn� jþ 2Þa1þ1 þ n� jð Þa1þ1 � 2 n� jþ 1ð Þa1þ1
; 1 6 j 6 n

1; j ¼ nþ 1

8><
>:

and

bj;nþ1 ¼ ha1

a1
n� jþ 1ð Þa1 � n� jð Þa1ð Þ 0 6 j 6 n:
6. Numerical results

Taking b1 ¼ 0:008, b3 ¼ 0:001, p ¼ 0:04, l ¼ 0:01,d1 ¼ 0:05
and d2 ¼ 0:06. The initial conditions we have used are
xð0Þ ¼ 0:2 ¼ yð0Þ. The following graphs are for predictor–cor-

rector method, which clearly shows the equilibrium points for
different values of a0s.

6.1. Grunwald-Letnikov (GL) method

Definition 1:. If we considern ¼ t�a
h , where a is a real number,

then we can write the GL definition as

aD
a
t g tð Þ½ � ¼ lim

h!0

1

ha
Xn½ �

k¼0

ð�1Þk a

k

� �
g t� khð Þ: ð31Þ

where �½ � means the integer part.
For numerical calculation of the fractional order derivative

we will use the relation (31) derived the GL definition. The
relation for the explicit numerical approximation of a-th
derivative at the points jh j ¼ 1; 2; � � �ð Þ has the following form

[47]:

j�L=hð ÞD
a
tj
g tð Þ½ � 	 1

ha
Xj

k¼0

�1ð Þk a

k

� �
g tj�k

� �
: ð32Þ

where L is the ‘‘memory length”. tj ¼ jh is the time step and

�1ð Þk a
k

� �
are binomial coefficients b

ðaÞ
j ðj ¼ 0; 1; 2 � � �Þ. To cal-

culate we use the following relation
b
ðaÞ
0 ¼ 1; b

ðaÞ
j ¼ ð1� 1þ a

j
ÞbðaÞj�1; j ¼ 1; 2; 3; � � � ð33Þ

Then the general numerical solution of the following frac-
tional order differential equation

aD
a
t y tð Þ½ � ¼ g y tð Þ; tð Þ: ð34Þ

can be written as

y tj
� � ¼ g y tj

� �
; tj

� �
ha �

Xj

k¼m

C
að Þ
j yðtj�kÞ ð35Þ

For the memory expressed by a sum, the principle of ‘‘short
memory” can be used. Then the lower index of the sums in the
relations (35) will be m ¼ 1 for j < L=h and m ¼ j� L=h for

j > L=h, or without using the ‘‘short memory” principle
m ¼ 1 for j.

If g � M, we can determine the memory length L with

required accuracy �,

L 
 M

� Cð1� aÞj j
� �1

a

ð36Þ
6.1.1. Discretization of Fractional-Order WCM:

It is useful to reduce the notation and add the following sub-
stitutions for discretized evaluation purposes.

x ið Þ ¼ xðihÞ; y ið Þ ¼ yðihÞ
Now using the above discretization of system (7), we have

h�a1
Xk
j¼0

Ca1
j x

k�j ¼ lþ d2ð Þ 1� xk�1
� �þ d1 � d2ð Þyk�1

� b1y
k�1xk�1 ð37Þ

h�a2
Xk
j¼0

Ca2
j y

k�j ¼ b1 � b3ð Þyk�1xk

þ b3 � p� l� d1ð Þyk�1�b3y
k�1yk�1 ð38Þ

ð37Þ ) Ca1
0 x

k

¼ ð lþ d2ð Þ 1� xk�1
� �þ d1 � d2 � b1x

k�1
� �

yk�1Þha1

�
Xk
j¼1

Ca1
j x

k�j

xk ¼ ð lþ d2ð Þ 1� xk�1
� �þ d1 � d2 � b1x

k�1
� �

yk�1Þha1

�
Xk
j¼1

Ca1
j x

k�j ð39Þ

ð38Þ ) Ca2
0 y

k

¼ ððb1 � b3Þyk�1xk þ ðb3 � p� l� d1Þyk�1�b3 yk�1
� �2Þha2

�
Xk
j¼1

Ca2
j y

k�j

yk ¼ ð b1 � b3ð Þyk�1xk þ b3 � p� l� d1ð Þyk�1

� b3 yk�1
� �2� �

ha2 �
Xk
j¼1

Ca2
j y

k�j: ð40Þ

With Ca1
0 ¼ 1 , Ca2

0 ¼ 1andCam
i ¼ 1� 1þam

i

� �
Cam

i�1, m ¼ 1; 2.
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7. Numerical results

Taking b1 ¼ 0:008, b3 ¼ 0:001, p ¼ 0:04, l ¼ 0:01, d1 ¼ 0:05
and d2 ¼ 0:06. The initial conditions we use

arexð0Þ ¼ 0:2 ¼ yð0Þ. The following graphs are for GL
method, which clearly shows the equilibrium points for differ-
ent values of a0s.

8. Results and discussion

This work discussed the problem of inspecting the existence

and stability of the nonnegative equilibrium of the model of
heroin epidemics. Three modules of peoples are involved in
this model; susceptible which are vulnerable, heroin users

which are not undergoing treatment, and heroin users under-
going treatment. The system has two equilibrium points, one
is disease(drug) free equilibrium and the other is endemic equi-
librium. We have observed from the plots that both methods

converge to equilibrium points. Both methods are equally
applicable to fractional ordered differential equations. The
methods are applicable in different real-life problems, but pre-

dictor–corrector method is most used for fractional ordered
differential equations due to easy handling. The results
obtained are positive and are approaches to the equilibrium

point. Positivity shows that susceptible and drug users are
never negative.
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