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A B S T R A C T

In this paper, we study the novel exact solutions of the (2 + 1)-dimensional Biswas–Milovic
equation for the description of pulse propagation in optical fiber. We successfully constructed
some important solutions, such as dark, singular, combined dark-singular soliton, singular
periodic wave and rational function solutions, have been analytically obtained using the
extended tanh method. These solutions might play an important role in the engineering and
physics fields. It is shown that the considered method provide a straightforward and powerful
mathematical tool for solving problems in nonlinear optic and other physical phenomena.

. Introduction

Nonlinear partial differential equations (NLPDEs) have aroused great interest due to important role in the modeling of lots
f events in various fields such as physics, civil engineering, mechanics, and economics in the last few decades [1–6]. Many
onlinear complex systems emerging in various branches of science fields such as optical fiber, plasmas physics, magnetized
pace, and hydrodynamics are modeled in the form of nonlinear Schrödinger equations (NLSEs) [7–15]. Some studies in the
iterature based on Schrodinger equations in optics are conservation laws of Biswas–Arshed in fiber-optic transmission [16,17].
he variations of the NLSE are frequently encountered in optics. Some articles about optical soliton solutions for the variations of
LSE are (3+1) dimensional Schrodinger [18], integrable NLSE [19], perturbed NLSE in Kerr media [20], NLSE system with cubic–
uintic–septic nonlinearities [21], non-autonomous NLSE [5], NLSE with anti-cubic nonlinearity [22] etc. Other important equations
n optics are the Chen–Lee–Liu equation [23], complex Ginzburg–Landau equation [24], Kaup–Newell equation [25], Kundu–
ukherjee–Naskar equation [26], Lakshmanan–Porsezian–Daniel equation [27], Radhakrishnan–Kundu–Lakshmanan equation [28],
riki–Biswas equation [29] and Biswas–Milovic equation [30] etc.

In 2010, the Biswas–Milovic (BM) equation, a generalized type of the NLSE, was introduced as follows [30]:

𝑖 (𝑤𝑚)𝑡 + 𝑔 (𝑤𝑚)𝑥𝑥 + ℎ𝐹
(

|𝑤|

2)𝑤𝑚 = 0, 𝑔ℎ > 0 (1)

here 𝑖 is the imaginary unit, the function 𝑤 is a complex-valued function, 𝑚 ≥ 1 is an integer, 𝑔, ℎ are constants, and 𝐹 (|𝑤|

2) is
ontinuously differentiable real-valued function.
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The main objective of the article is to seek new exact solutions of the following (2+1)-dimensional Biswas–Milovic equation [31]
via modified, extended tanh-function (METF) method [32]:

𝑖𝑤𝑡 −
1
2
𝑤𝑥𝑥 − (|𝑤|

2 − 𝐴)𝑤 = 0. (2)

In the literature, there are quite various analytical methods to obtain optical solitons, such as extended, modified auxiliary equation
method [33,34], Kudryashow’s law [35,36], F-expansion method [37,38], sine–Gordon method [39,40], new general extended direct
algebraic method [41] modified extended tanh-function method [42,43], and extended rational sin-cos/sinh-cosh method [44,45].

To our best knowledge, the considered equation has not been solved by the METF method in the literature, and the method mostly
produces novel solutions to the BM equation. Other works about the variants of the BM equations are cubic–quartic optical solitons
of BM equation [46], optical solitons of perturbed BM equation [47], solitons in magneto-optic waveguides [46], optical solitons of
BM equation with spatio-temporal dispersion [48], group analysis and conservation laws of time fractional BM equation [49] etc.

The remainder of the paper is organized as follows. The Section 2 contains the description of the METF method. An application
of considered equation by METF method and the figures of the analytical solutions are given in the Section 3. The results and
discussion are given in the Section 4. In Section 5, there is the conclusion part of the study.

2. Description of the method

Let us deal with the general form of the NLPDEs:

𝐹
(

𝑤,𝑤𝑡, 𝑤𝑥, 𝑤tt , 𝑤xx, 𝑤xt ,…
)

= 0, (3)

where 𝑤 = 𝑊 (𝑥, 𝑦, 𝑡).

Step 1. Consider the wave transformation:

𝑤(𝑥, 𝑦, 𝑡) = 𝑊 (𝜉)𝑒𝑖𝜃 , 𝜉 = 𝑥 + 𝑦 + 𝛼𝑡, 𝜃 = 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡, (4)

where 𝜇 is the velocity of the wave. Substituting Eq. (4) into Eq. (3), gives a nonlinear ODE as:

𝐺
(

𝑊 (𝜉),𝑊 ′(𝜉),𝑊 ′′(𝜉),…
)

= 0. (5)

Step 2. The solution of Eq. (5) can be assumed as:

𝑊 (𝜉) = 𝑐0 +
𝑁
∑

𝑛=1
𝑐𝑛𝛹

𝑛(𝜉) +
𝑁
∑

𝑛=1

𝑑𝑛
𝛹 𝑛(𝜉)

, (6)

where 𝑐0, 𝑐𝑛, 𝑑𝑛, (𝑛 = 1, 2,… , 𝑁) are constants to be found (𝑐𝑛 and 𝑑𝑛 should not be zero, simultaneously), 𝑁 is a balancing term to
e determined by balancing the nonlinear term including highest power and the highest derivative in Eq. (5), and 𝛹 (𝜉) is a function
atisfying the following Riccati differential equation:

𝛹 ′(𝜉) = 𝑣 + 𝛹 2(𝜉), (7)

here 𝑣 is a constant. The Eq. (7) has the following solutions that depend on the parameter 𝑣:

(i) If 𝑣 < 0, then

𝛹 (𝜉) = −
√

−𝑣 tanh(
√

−𝑣𝜉),

or

𝛹 (𝜉) = −
√

−𝑣 coth(
√

−𝑣𝜉).

(ii) If 𝑣 = 0, then

𝛹 (𝜉) = −1
𝜉
.

(iii) If 𝑣 > 0, then

𝛹 (𝜉) =
√

𝑣 tan(
√

𝑣𝜉),

or

𝛹 (𝜉) = −
√

𝑣 cot(
√

𝑣𝜉).

tep 3. When Eq. (6) and its necessary derivatives are substituted to Eq. (5) and considering Eq. (7), a polynomial in powers of 𝛹 (𝜉)
re obtained. Collecting the coefficients of the same power of the 𝛹 (𝜉) and equating each coefficients to zero, we derive a system
f algebraic equations for 𝑐0, 𝑐𝑛, 𝑑𝑛 (𝑛 = 1, 2,… , 𝑁), and 𝑣.

tep 4. Finally, the values of the parameters are found by solving the system by the help of Wolfram Mathematica. Substituting the
alues of the parameters to Eq. (6), yields the solutions of the Eq. (3).
2
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3. Application

Let us consider Eq. (2) for constructing exact solutions. Substituting the following traveling wave transformation:

𝑤(𝑥, 𝑦, 𝑡) = 𝑊 (𝜉)𝑒𝑖𝜃 , 𝜉 = 𝑥 + 𝑦 + 𝛼𝑡, 𝜃 = 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡,

nto Eq. (2), we get:
1
2
𝑊 ′′(𝜉) +

(

𝛾 − 1
2
𝛼2

)

𝑊 (𝜉) +𝑊 (𝜉)
(

𝑊 2(𝜉) − 𝐴
)

= 0. (8)

According to the homogeneous balancing principle, one derives 𝑁 = 1 via balancing the terms 𝑊 ′′(𝜉) and 𝑊 3(𝜉) of Eq. (8). So,
he solutions of the Eq. (8) can be assumed in the form:

𝑊 (𝜉) = 𝑐0 + 𝑐1𝛹 (𝜉) +
𝑑1
𝛹 (𝜉)

. (9)

Substituting both Eq. (9) and its second derivative to Eq. (8) and considering Eq. (7) , we get a polynomial in powers of 𝛹 (𝜉).
Collecting the coefficients of the same power of the 𝛹 (𝜉) and equating each coefficients to zero, we derive the following system of
algebraic equations for 𝑐0, 𝑐1, 𝑑1, and 𝑣 ∶

𝑐0𝑐1 = 0,

𝑐31 + 𝑐1 = 0,

𝑐0𝑑1 = 0,

𝑑1

(

−𝛼2

2
+ 3𝑐1𝑑1 + 3𝑐20 − 𝐴 + 𝛾 + 𝑣

)

= 0,

𝑑1𝑣
2 + 𝑑31 = 0,

𝑐0
(

−𝛼2 + 12𝑐1𝑑1 + 2𝑐20 − 2𝐴 + 2𝛾
)

= 0,

𝑐1
(

−𝛼2 + 6𝑐1𝑑1 + 6𝑐20 − 2𝐴 + 2(𝛾 + 𝑣)
)

= 0.

(10)

When the system is solved, the following solution sets are obtained:

Set-1:
{

𝑐0 = 0, 𝑐1 = −𝑖, 𝑑1 = 0, 𝛾 = 1
2
(

𝛼2 + 2𝐴 − 2𝑣
)

}

. (11)

f 𝑣 < 0, then we have the following solutions:

𝑤1(𝑥, 𝑦, 𝑡) = 𝑖
√

−𝑣 tanh
(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴−2𝑣
)

+𝛼𝑥+𝛽𝑦
)

, (12)

r

𝑤2(𝑥, 𝑦, 𝑡) = 𝑖
√

−𝑣 coth
(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴−2𝑣
)

+𝛼𝑥+𝛽𝑦
)

. (13)

f 𝑣 = 0, then we get the solution:

𝑤3(𝑥, 𝑦, 𝑡) =
𝑖𝑒𝑖

(

1
2 𝑡
(

𝛼2+2𝐴−2𝑣
)

+𝛼𝑥+𝛽𝑦
)

𝛼𝑡 + 𝑥 + 𝑦
. (14)

If 𝑣 > 0, then we obtain the solutions:

𝑤4(𝑥, 𝑦, 𝑡) = −𝑖
√

𝑣 tan
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴−2𝑣
)

+𝛼𝑥+𝛽𝑦
)

, (15)

r

𝑤5(𝑥, 𝑦, 𝑡) = −𝑖
√

𝑣 tan
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴−2𝑣
)

+𝛼𝑥+𝛽𝑦
)

. (16)

et-2:
{

𝑐0 = 0, 𝑐1 = −𝑖, 𝑑1 = 0, 𝛾 = 1
2
(

𝛼2 + 2𝐴 − 2𝑣
)

}

. (17)

f 𝑣 < 0, then we have the following solutions:

𝑤6(𝑥, 𝑦, 𝑡) =

⎛

⎜

⎜

⎜

⎝

𝑖
√

−𝑣 tanh
(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

+
𝑖𝑣 coth

(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

√

−𝑣

⎞

⎟

⎟

⎟

⎠

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴+4𝑣
)

+𝛼𝑥+𝛽𝑦
)

, (18)

or

𝑤7(𝑥, 𝑦, 𝑡) =

⎛

⎜

⎜

⎜

𝑖𝑣 tanh
(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

√

−𝑣
+ 𝑖

√

−𝑣 coth
(

√

−𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

⎞

⎟

⎟

⎟

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴+4𝑣
)

+𝛼𝑥+𝛽𝑦
)

. (19)
3
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Fig. 1. 3D plot and 2D contour plot of the dark soliton in Eq. (12) for 𝑡 = 0, 𝑣 = 1, 𝛼 = 1, 𝛽 = 1, 𝐴 = 2.

Fig. 2. 3D plot and 2D contour plot of the dark soliton in Eq. (13) for 𝑡 = 0, 𝑣 = 1, 𝛼 = 1, 𝛽 = 1, 𝐴 = 2.

If 𝑣 = 0, then we get the solution:

𝑤8(𝑥, 𝑦, 𝑡) =
(

𝑖𝑣(𝛼𝑡 + 𝑥 + 𝑦) + 𝑖
𝛼𝑡 + 𝑥 + 𝑦

)

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴+4𝑣
)

+𝛼𝑥+𝛽𝑦
)

. (20)

If 𝑣 > 0, then we obtain the solutions:

𝑤9(𝑥, 𝑦, 𝑡) =
(

−𝑖
√

𝑣 tan
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

− 𝑖
√

𝑣 cot
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
))

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴+4𝑣
)

+𝛼𝑥+𝛽𝑦
)

, (21)

or

𝑤10(𝑥, 𝑦, 𝑡) =
(

−𝑖
√

𝑣 tan
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
)

− 𝑖
√

𝑣 cot
(

√

𝑣(𝛼𝑡 + 𝑥 + 𝑦)
))

𝑒𝑖
(

1
2 𝑡
(

𝛼2+2𝐴+4𝑣
)

+𝛼𝑥+𝛽𝑦
)

. (22)

4. Results and discussion

In this section, we discuss the obtained results. We derive many various solutions such as dark, singular, combined dark-singular
soliton, singular periodic wave and rational function solutions for the considered main equation in Eq. (2) and plot the 2D contour
graphs and 3D graphs of some of the solutions for the appropriate values of the parameters.

For example; the solution in Eq. (12) are plotted in Fig. 1. It yields dark soliton depicting the solitary waves with lower intensity
than the background. The solutions in Eq. (13) and Eq. (18) are respectively illustrated in Figs. 2 and 4. The singular soliton solutions
is a solitary wave with discontinuous derivatives; examples of such solitary waves include compactions, which have finite (compact)
support, and peakons, whose peaks have a discontinuous first derivative. The solutions in Eq. (15) and Eq. (22) are respectively
depicted in Figs. 3 and 5. They are examples of the periodic solitons. Besides, it is reported that there are other obtained examples
of bright soliton (Eq. (14), Eq. (19), and Eq. (20)) periodic soliton solution (Eq. (16) and Eq. (21)).
4



Optik 245 (2021) 167631M. Cinar et al.
Fig. 3. 3D plot and 2D contour plot of the periodic soliton in Eq. (15) for 𝑡 = 0, 𝑣 = −1, 𝛼 = 1, 𝛽 = 1, 𝐴 = 2.

Fig. 4. 3D plot and 2D contour plot of the dark soliton in Eq. (18) for 𝑡 = 0, 𝑣 = 1, 𝛼 = 1, 𝛽 = 1, 𝐴 = 2.

Fig. 5. 3D plot and 2D contour plot of the periodic soliton in Eq. (22) for 𝑡 = 0, 𝑣 = −1, 𝛼 = 1, 𝛽 = 1, 𝐴 = 2.
5
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5. Conclusion

In this study, the METF method based on solutions of the Riccati differential equation is considered for constructing novel soliton
olutions to the (2 + 1) BM equation. The obtained results may be useful in understanding the physical meaning of the examined
odels and other nonlinear physical models. The used approach is a powerful and reliable mathematical tool. The method is a
seful approach to investigate the exact solutions to the models arising in various nonlinear science.
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