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Abstract The aim of this study is to investigate new exact coupled rogue wave solutions
of the coupled nonlinear Schrödinger equation system in a nonlinear left- and right-handed
composite transmission line by the semi-discrete approximation. By means of this approxi-
mation, we found coupled type I and II rogue waves of the above-mentioned equation system.
The solutions obtained are expressed in the form of new coupled rogue wave solutions of
type I and II. This approximation used is efficient, powerful and can be considered as an alter-
native to establish new rogue waves of different types of the Schrödinger equation system
applied in mathematical physics. In addition, in order to display the underlying dynamics of
the coupled type I and II rogue wave solutions obtained, 3D plots are drawn. The computa-
tional results obtained show not only the efficiency and robustness of this approximation, but
also the potential applicability of this technique to other significant nonlinear Schrödinger
equation systems. These results obtained show that coupled rogue waves well exist in the
nonlinear left- and right-handed composite transmission line and that the zones of instability
could also gradually disappear when this line operates mainly at low frequencies.

1 Introduction

Man-made structures like left-handed metamaterials are truly homogeneous, showing a neg-
ative refractive index at special frequency bands in which the effective permittivity ε and
then the permeability μ are jointly negative [1–3]. In reality, several known realizations
of left-handed metamaterials are based on the manipulation of collective right-handed ele-
ments and therefore in a concrete arrangement such a composite material shows both left-
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and right-handed behavior in various frequency bands. In physics, the divergence between
the two is that in left-handed (right-handed) driving, the energy and electromagnetic wave
blocks disseminate in the (same) opposite directions, causing the waves to diffuse toward
rear (forward).

Having mentioned above, practically, the right- and left-handed composite structures are
fully appropriate, providing an opportunity for essential left- and right-handed composite
transmission lines of the models. However, these models are seen primarily as dynamic
networks that can be employed for the representation of various electrical devices and systems
derived from metamaterials, similar to resonators, directional couplers, and antennas [1–4].

Models of nonlinear left- and right-handed transmission lines, containing series and/or
shunt impedance that are either a function of voltages or currents, have similarly captured
attention. Similar structures can be materialized by incorporating diodes, which copy non-
linear capacitors monitored in voltage, into resonant conductive substances (such as for
example split-ring resonators) [5–7]. Thus, these models of nonlinear left- and right-handed
composite transmission lines have been applied in several works considering, for example,
parametric shielding of electromagnetic fields [8], shortwave–wave interaction long [9], or
then soliton formation [10–12]. Note also that experiments in models of nonlinear left- and
right-handed composite transmission lines were carried out (see [13–16]), described by an
efficient nonlinear Schrödinger equation. Previous studies on right-handed transmission line
models have shown that two (or even more) solitons propagating with the same group veloc-
ity can be analyzed for theoretical and experimental results by a system of two (or more)
nonlinear Schrödinger equations [17–21]. They are well known to satisfy the birth of rogue
wave solitons, including a variety of vector solitons.

The theory of transmission lines is a relevant topic in electrical engineering. Lately, coupled
power transmission lines have gained revolutionary attention and have been the subject of
honorable research due to a wide variety of applications in [22–25]. Thus, the nonlinear
waves propagating in the coupled electric transmission lines generally have amplitudes two
to three times greater than that of the neighboring waves [26]. This can greatly contribute to
damage to electronic components.

The nonlinear Schrödinger equation is an essential model in the field of nonlinear science,
particularly in nonlinear waves [27,28]. During the last decades, the nonlinear Schrödinger
equation has been extensively examined. Some exciting nonlinear phenomena have been
noticed, similar to modulational instability [29–31], to solitons [32,33], and rogue waves
[34–39]. As early as 2016, the general coupled nonlinear Schrödinger equation [40] with
the initial boundary value problems was studied [41]. Afterward, many solutions such as in
[42–44] of a coupled nonlinear Schrödinger equation have been unveiled. Graphically, the
dynamic behavior of these solutions has also been discussed [45,46]. Nevertheless, the results
also showed that the excessive behavior of the breather wave fabricates the rogue wave for
the higher-order nonlinear Schrödinger equation. Other nonlinear methods and equations,
such as the Darboux transformation [47–50], generalized Kadomtsev–Petviashvili equation
[51], Ito equation [52], Hirota–Riemann method [53], numerical simulation [54], Hirota
bilinear equation [55,56], generalized breaking soliton equation [57], Hirota method [58],
Kadomtsev–Petviashvili equation [59,60], and coupled Sasa–Satsuma equation [61], also
obtained these solutions of nonlinear waves. In the Konopelchenko–Dubrovnik equation
[62], Davey–Stewartson equation [63], and in [64], the interdependence between solitary
wave solutions is also examined.

For a well-known fact, the evolution of nonlinear fragile deep water waves over time can
be analyzed by the nonlinear Schrödinger equation [65]. Rogue waves, which is one of the
solutions of the Schrödinger nonlinear equation, show two striking characteristics: a behavior
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located both in space and in time, then the existence of a dominant peak, which probably
appears out of nowhere and disappears without keeping a trace. We noticed that rogue waves
are observed in various fields, including deep water [66], plasma [67–69], Bose–Einstein
condensates [70], superfluids [71], and optics [72–74], as condensed in a review article
[75]. The new coupled rogue waves are also a coherent solution of the coupled nonlinear
Schrödinger equation system, one order higher than the usual rogue waves. So it has more
heightened energy and causes more severe catastrophes.

In this work, we have used the continuous medium approximation method, we derive a
system of two coupled nonlinear Schrödinger equations to obtain the coupled rogue waves
propagating backward and forward, with the same speed group, in a model of a nonlinear
left- and right-handed composite transmission line given by [76]. From the discrete block
element model of the nonlinear left- and right-handed composite transmission line of [76], we
obtained a nonlinear lattice equation. First, we present the [76] line model and show that for
some initial amplitudes of the modulated wave packet, rogue waves propagating left-handed
and right-handed can propagate with the same group velocity. Then, we solve the equation of
the nonlinear lattice within the framework of the quasidiscrete (or quasicontinuum) approx-
imation (see, as an example, [15,19,77,78]). The current document could be a major step
toward solving this problem by utilizing or avoiding rogue waves in the nonlinear left- and
right-handed composite electrical transmission line.

This article breaks down as follows. In Sect. 2, we present the left- and right-handed non-
linear composite transmission line model of [76], then the appropriate network equation, the
system of coupled nonlinear Schrödinger equations, the coupled rogue waves solutions and
then we show coupled rogue waves obtained. In Sect. 3, we evaluate the gain of modulation
instability for this type of coupled rogue waves. In Sect. 4, we physically interpret our results.
Finally, we give our conclusion in Sect. 5.

2 Metamaterial nonlinear left- and right-handed composite transmission line model

We consider nonlinear left- and right-handed composite transmission line model given by
[76], consisting of both left- and right-handed elements, as specified in its unit cell circuit in
Fig. 1 [2,4]. The left- and right-handed elements of this nonlinear composite transmission
line model are given as in [76]. In this line model, we assume that it is loaded with a
nonlinear capacitance (CR), while the capacitance (CL) will be assumed to be stationary
and autonomous from voltage [76]. To implement this, it will be necessary to correctly
insert diodes in this model of the composite transmission line (see, as an example, suitable
experiments therefore theoretical work in [10–16]); moreover, we assume in the following
that the shunt capacitor (CR) is nonlinear in this row model. Now consider Kirchhoff’s current
and voltage laws for the unit cell circuit given in Fig. 1 of [76], respectively

In = In+1 + IL + d(CRVn)

dt
, (1)

Vn−1 = Vn + LR
dIn
dt

+Un, (2)

with (IL ) is the current across the inductor (LL) and (Un) is the voltage across the capacitance
(CL). Then, the auxiliary equations (In and Vn) are obtained and give a system similar to Eq.
(3) of [76].
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Fig. 1 Model of the nonlinear left- and right-handed composite transmission line for a unit cell

Gradually further, we currently consider a precise voltage dependence for the nonlinear
capacitor (CR) and then we assume that for reasonably small values of the voltage (Vn),
the function (CR(Vn)) can be approximated via a Taylor expansion as in [76], with (C ′

R0)

and (C ′′
R0) constant values, following the particular form of (CR(V )), on the other hand

(CR0 ≡ CR(V0)) is a constant capacitance corresponding to the bias voltage (V0).
In the following, we will talk in more detail about this approximation, in relation to

the HBV diode, used for example in the experiments described in [13] (because identical
varactor-type diodes were also applied in the experiments of [7]).

Then, by introducing the Taylor approximation of (CR(Vn)) in the following system [76],

LRLLCL
d4(CRVn)

dt4 + LL
d2(CRVn)

dt2 + LRCL
d2Vn
dt2

−LLCL
d2(Vn+1 + Vn−1 − 2Vn)

dt2 + Vn = 0, (3)

and by undertaking some approximations and scale transformations, we get the form of
equation of this nonlinear left- and right-handed transmission line as following

μ
d4V 3

n

dt4 + d4V 2
n

dt4 + d4Vn
dt4 + δ2μ

d2V 3
n

dt2 + δ2 d2V 2
n

dt2 + (1 + δ2)
d2Vn
dt2

−β2 d2(Vn+1 + Vn−1 − 2Vn)

dt2 + δ2Vn = 0, (4)

the parametric constants β, δ, μ and the different frequencies fshu , fser , fRH are the same
as in [76].

Considering the above expressions, fshu and fser , respectively, denote shunt and series
frequencies as well as fRH the characteristic frequency corresponding to the right-handed
part of the circuit unit cell; moreover, let’s also note if fser/ fshu = 1, that is, δ = 1, therefore
the left- and right-handed nonlinear composite transmission line model is ordinarily called
balanced, with the characteristic impedances of the purely left and right transmission lines,
specified as in [2,76].

However, if fser/ fshu > 1, or δ > 1, the left-handed (L H) part of the transmission line
(TL) dominates, because the transmission line has a more formulated left-handed behavior
(the series branch has a capacitive character, and the shunt branch is inductive). In the case,
fser/ fshu < 1, or δ < 1, the right-handed (RH) part of the transmission line (TL) prevails and
the transmission line (TL) has a more pronounced right-handed behavior (the series branch
exhibits an inductive character, however the shunt branch presents a capacitive one).

Currently, it is important to adopt physically appropriate parameter values like those in Eq.
(5) in [76]. For some applications in the microwave frequency range (as examples, microstrip
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lines [2] otherwise structures with loaded coplanar waveguide split-ring resonators [3]; see
also recent work by [78]), significant values of the capacitances and inductances concerned
in the left- and right-handed composite structure are, respectively, of the order of (nH) and
(pF). Now, we apply the values (CL , LL , LR); therefore, the frequencies take the values
( fshu = 14.530GHz), ( fser = 15.920GHz) and ( fRH = 5.030GHz) as in [76]. However,
regarding the parameters engaged with the nonlinear capacitor (CR), we assume that the
large capacitance corresponds to an HBV diode, which is determined by [6,7,76], where the
same form of (C(V )) is also used, but also different parameter values.

We will use the similar values above for our considerations on coupled rogue waves
solutions (we also verified that other values lead to qualitatively similar results to the work
of [30,76]). In the following, let us note that our choice leading to δ > 1, that is to say
that we analyze the case where the transmission line has a more articulated left-handed
character; however, when we still consider the coupled rogue waves (see our results obtained),
this parameter will also take other values, corresponding to the balanced behavior and also
dominated by that of the right-handed.

We now assume coupled waves solutions of Eq. (4) of the form Vn = ε(V1(X, T )e−iθn +
V2(X, T )e−iOn ), where X = ε(−Vgt + x), T = ε2t and for i=1,2, ω4

i + (2β2 cos(qi ) −
2β2 − δ2 − 1)ω2

i + δ2 = 0, the dispersion relation, Vgi = sin(qi )β2ωi

2 cos(qi )β2−2β2−δ2+2ω2
i −1

, the

group velocity.
The nonlinear Schrödinger equation has been well studied in several branches of physics.

In addition, the instability of the solutions has also been well studied in [29,30,76,79–
82,98,99]. Using the semi-discrete approximation similar to the methods in [30,83,84], we
obtain a coupled nonlinear Schrödinger equation system for this nonlinear left- and right-
handed composite transmission line as follows:

⎧
⎨

⎩

i
(

∂V1
∂T

)
+ P1

(
∂2V1
∂X2

)
+ (

Q11 |V1|2 + Q12 |V2|2
)
V1 = 0

i
(

∂V2
∂T

)
+ P2

(
∂2V2
∂X2

)
+ (

Q21 |V2|2 + Q22 |V1|2
)
V2 = 0,

(5)

and with the expressions i1 = −4β2ω1Vg sin(q1) + β2ω2
1 cos(q1) + V 2

g − 6V 2
g ω2

1 −
2β2V 2

g cos(q1), i2 = V 2
g δ2 + 2β2V 2

g , i3 = (4β2ω1 cos(q1) − 4β2ω1 − 2ω1δ
2 +

4ω3
1 − 2ω1), i4 = −4β2ω2Vg sin(q2) + β2ω2

2 cos(q2) + V 2
g − 6V 2

g ω2
2 − 2β2V 2

g cos(q2),

i5 = (4β2ω2 cos(q2) − 4β2ω2 − 2ω2δ
2 + 4ω3

2 − 2ω2).
For the case of q = 1,

P1 = (i1 + i2)

i3
, (6)

Q11 = (−3δ2μω2
1 + 3μω4

1)

(4β2ω1 cos(q1) − 4β2ω1 − 2ω1δ2 + 4ω3
1 − 2ω1)

, (7)

Q12 = (−6δ2μω2
1 + 6μω4

1)

(4β2ω1 cos(q1) − 4β2ω1 − 2ω1δ2 + 4ω3
1 − 2ω1)

, (8)

For the case of q = 2,

P2 = (i4 + i2)

i5
, (9)

Q21 = (−3δ2μω2
2 + 3μω4

2)

(4β2ω2 cos(q2) − 4β2ω2 − 2ω2δ2 + 4ω3
2 − 2ω2)

, (10)
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Q22 = (−6δ2μω2
2 + 6μω4

2)

(4β2ω2 cos(q2) − 4β2ω2 − 2ω2δ2 + 4ω3
2 − 2ω2)

, (11)

2.1 Search for solutions of the coupled nonlinear Schrödinger equation system

Solving this system of Eq. (5) by the similarity transformation, by defining the solutions in
the forms,

V1(X, T ) = ρ(T )U1(A, Z)e[iΦ(X,T )], (12)

V2(X, T ) = ρ(T )U2(A, Z)e[iΦ(X,T )], (13)

with A = A(X, T ), Z = Z(T ) and by setting this first condition (AXX = 0),(
AT + P1(AXΦX ) = 0, ΦT + P1Φ

2
X = 0,

ρT
ρ(T )

+ P1ΦXX = 0, ZT − Q1ρ
2(T ) = 0

)
,

(
P1A2

X − Q1ρ
2(T ) = 0, Q11 = Q12 = Q1 = 1, Q21 = Q22 = Q2 = 1

)
, we get

⎧
⎨

⎩

i ∂U1
∂Z

∂Z
∂T + P1

∂2U1
∂A2

(
∂A
∂X

)2 + ρ2(T )(|U1|2 + |U2|2)U1 = 0

i ∂U2
∂Z

∂Z
∂T + P2

∂2U2
∂A2

(
∂A
∂X

)2 + ρ2(T )(|U2|2 + |U1|2)U2 = 0.
(14)

After this first condition, we identify the system of equation (14) with the Manakov system,

by setting once again a second condition
(

∂Z
∂T = 1, P1

(
∂A
∂X

)2 = 1
)

,
(

P2

(
∂A
∂X

)2 = 1, ρ2(T ) = 2

)

,

we get
⎧
⎨

⎩

i ∂U1
∂Z + ∂2U1

∂A2 + 2(|U1|2 + |U2|2)U1 = 0

i ∂U2
∂Z + ∂2U2

∂A2 + 2(|U2|2 + |U1|2)U2 = 0.
(15)

This Manakov system (15) obtained therefore admits two different forms of coupled rogue
wave solutions, called coupled RWs type I and coupled RWs type II, respectively.

The exact forms of coupled RWs type I solutions are given by:

U1(A, Z) = αe(iθ1)
(

− 1 − i
√

3 + i6 + i7
i8 + i9

)
, (16)

U2(A, Z) = αe(iθ2)
(

− 1 + i
√

3 + i10 + i11

i8 + i9

)
, (17)

with
(
i6 = −6δα

√
3 − 36Zα2

√
3 − 3, i7 = i(36α2Z + 6δα + 5

√
3)

)
,

(
i8 = 12α2δ2 + 8δα

√
3, i9 = 144Z2α4 + 5

)
,

(
i10 = −6δα

√
3 + 36Zα2

√
3 − 3, i11 = i(36α2Z − 6δα − 5

√
3)

)
.

The exact coupled RWs type II solutions are given by:

U1(A, Z) = α
(

− 1 − i
√

3 + F1 + i K1

E

)
e(iθ1), (18)

U2(A, Z) = α
(

− 1 + i
√

3 + F2 + i K2

E

)
e(iθ2), (19)

with:

E = 1 + 4
√

3αδ + 24α2δ2 + 16
√

3α3δ3 + 12α4δ4

+48α4(9 + 8
√

3αδ + 6α2δ2)Z2 + 1728α8Z4, (20)
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F1 = −3(−1 + 6α2δ2 + 4
√

3α3δ3 + 4α2(
√

3 + 12αδ + 6
√

3α2δ2)Z

+24α4(3 + 2
√

3αδ)Z2 + 288
√

3α6Z3), (21)

F2 = 3(1 − 6α2δ2 − 4
√

3α3δ3 + 4α2(
√

3 + 12αδ + 6
√

3α2δ2)Z

−24α4(3 + 2
√

3αδ)Z2 + 288
√

3α6Z3), (22)

K1 = √
3 + 12αδ + 18

√
3α2δ2 + 12α3δ3 + 12α2(9 + 8

√
3αδ + 6α2δ2)Z

+24α4(13
√

3 + 6αδ)Z2 + 864α6Z3, (23)

K2 = −√
3 − 12αδ − 18

√
3α2δ2 − 12α3δ3 + 12α2(9 + 8

√
3αδ + 6α2δ2)Z

−24α4(13
√

3 + 6αδ)Z2 + 864α6Z3. (24)

For more details in solving and obtaining our coupled type I and II rogue waves, see the
works of [30,83,97].

In this area, studies have revealed the existence of modulation instability. In addition, small
disturbances can be amplified exponentially in unstable modulating instability regimes, while
in the stable modulating stability regime the disturbances do not increase. Thus, this property
can be applied to discuss the relationships between modulation instability and nonlinear
excitations for several distinct nonlinear systems.

The solitary wave envelope of the equation system (5) as well as its modulation instability
have been well studied. Modulation instability has been obtained in several branches of
physics, for example in deep water [85,86], in optical fibers [87], in plasmas [88–90], and in
Bose–Einstein condensates [91].

Several types of nonlinear excitations, including the bright soliton, Kuznetsov–Ma
breather, Akhmediev breather, and Peregrine rogue wave, have been obtained, so even higher-
order excitations [92–94].

The distribution on the amplitude of the modulating instability spectrum as well as the
continuous wave background disturbance in the frequency space has been previously ana-
lyzed by Zhao [92,93]. However, rogue wave Peregrine, Kuznetsov–Ma breather, Akhmediev
breather and including bright soliton of the solution of the nonlinear Schrödinger equation
are all clearly applied in terms of modulation instability [92,93].

Thus, with the use of coupled waves, our system of nonlinear Schrödinger equation (5)
leads to coupled solutions more precise that those found by [30,83,92] as follows

V1(X, T ) = ρ(T )αe(iθ1)
(

− 1 − i
√

3

+−6δα
√

3 − 36Zα2
√

3 − 3 + i(36α2Z + 6δα + 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e[iΦ(X,T )],

(25)

V2(X, T ) = ρ(T )αe(iθ2)
(

− 1 + i
√

3

+−6δα
√

3 + 36Zα2
√

3 − 3 + i(36α2Z − 6δα − 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e[iΦ(X,T )],

(26)

V1(X, T ) = ρ(T )α
(

− 1 − i
√

3 + F1 + i K1

E

)
e(iθ1)e[iΦ(X,T )], (27)

V2(X, T ) = ρ(T )α
(

− 1 + i
√

3 + F2 + i K2

E

)
e(iθ2)e[iΦ(X,T )]. (28)
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Accordingly, these coupled rogue wave solutions are Peregrine solitons of the nonlinear
Schrödinger equation system (5), and in experimental coordinates, it can be represented as
follows:

Vn = ε
(
ρ(T )αe(iθ1)

(
− 1 − i

√
3

+−6δα
√

3 − 36Zα2
√

3 − 3 + i(36α2Z + 6δα + 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e[iΦ(X,T )]e(−iθn)

+ρ(T )αe(iθ2)
(

− 1 + i
√

3

+−6δα
√

3 + 36Zα2
√

3 − 3 + i(36α2Z − 6δα − 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e[iΦ(X,T )]e(−i On)

)
,

(29)

Vn = ερ(T )αe[iΦ(X,T )](e(iθ1)
(

− 1 − i
√

3

+−6δα
√

3 − 36Zα2
√

3 − 3 + i(36α2Z + 6δα + 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e(−iθn)

+e(iθ2)
(

− 1 + i
√

3

+−6δα
√

3 + 36Zα2
√

3 − 3 + i(36α2Z − 6δα − 5
√

3)

12α2δ2 + 8δα
√

3 + 144Z2α4 + 5

)
e(−i On)

)
, (30)

Vn = ε
(
ρ(T )α

(
− 1 − i

√
3 + F1 + i K1

E

)
e(iθ1)e[iΦ(X,T )]e(−iθn)

+ρ(T )α
(

− 1 + i
√

3 + F2 + i K2

E

)
e(iθ2)e[iΦ(X,T )]e(−i On)

)
, (31)

Vn = ερ(T )αe[iΦ(X,T )]((
− 1 − i

√
3 + F1 + i K1

E

)
e(iθ1)e(−iθn)

+
(

− 1 + i
√

3 + F2 + i K2

E

)
e(iθ2)e(−i On)

)
, (32)

with:

θn = −nq1 + tω1, (33)

On = −nq2 + tω2, (34)

δ = A + 6pZ , (35)

θ1 = d1A + (2C2
1 + 2C2

2 − d2
1 )Z , (36)

θ2 = d2A + (2C2
1 + 2C2

2 − d2
2 )Z , (37)

the parameters (α = d2 + 3p), (d1 = d2 − 2α), (C1,C2 = ±2α), d2 and p are arbitrary
constants.

Z(T ) = T + Z0, (38)

A = X

√
1

P1
+ A0, (39)

ε is a small parameter, q1 and q2 are the wave numbers, n is the cell number, ρ(T ) is the
amplitude, Z(T ) is the effective propagation distance, A(X, T ) is the similarity variable, Φ

is the phase factor, Z0 and A0 are the integration constants.
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Therefore, the expressions Vn of Eqs. (30) and (32) are the coupled rogue waves of type
I and type II stated in the complex variable, where T and X , respectively, symbolize the
temporal and spatial coordinates.

The evolutions of the initial amplitudes of the modulated packet of waves of the coupled
rogue wave are given as follows

Rr = �(Vn), (40)

Ii = �(Vn), (41)

Abs = | Vn |, (42)

with Rr , Ii , Abs which are, respectively, the real, imaginary, and absolute amplitudes of the
coupled rogue waves.

3 Modulation instability gain

Modulation instability (MI) can be considered to be the only essential phenomenon occurring
when the nonlinear and dispersion terms are frequent in a nonlinear evolution equation or a
system of nonlinear equations. Usually, modulating instability is shown in a nonlinear system
because of the prescribed small perturbations at the continuous wave. We assume that Eq.
(5) has exact rogue wave solutions in the form of two waves,

V1 = V01ei(q1z−ω1t), (43)

V2 = V02ei(q2z−ω2t), (44)

where V01,V02 are the amplitudes. q1 and q2 are the wave numbers, and ω1 and ω2 are
the angular frequencies. Furthermore, supposing that the perturbing solutions of the carrier
waves of the system of Eq. (5) are as follows:

V1 = (V01 + εS1)e
i(q1z−ω1t), (45)

V2 = (V02 + εS2)e
i(q2z−ω2t). (46)

Then, these perturbed solutions [Eq. (45) and Eq. (46)] satisfy the system of coupled
equations below

i
∂S1

∂t
+ P1

(

2iq1
∂S1

∂z
+ ∂2S1

∂z2

)

− (q2
1 P1 + ω1)(V01 + S1)

+Q11V
2
01(S1 + S∗

1 ) + Q12V02V01(S2 + S∗
2 ) = 0, (47)

i
∂S2

∂t
+ P2

(

2iq2
∂S2

∂z
+ ∂2S2

∂z2

)

− (q2
2 P2 + ω2)(V02 + S2)

+Q21V
2
02(S2 + S∗

2 ) + Q22V01V02(S1 + S∗
1 ) = 0, (48)

where S∗
1 and S∗

2 are the conjugate complexes of S1 and S2. Eventually, we assume the
solutions for the perturbed expressions as follows:

S1 = a1e
i(k0z+Ω0t) + a2e

−i(k0z+Ω0t), (49)

S2 = b1e
i(k0z+Ω0t) + b2e

−i(k0z+Ω0t), (50)

where a1, a2, b1 and b2 are constant complex amplitudes, while k0 and Ω0 are, respectively,
the disturbance wave number, and the frequency of low frequencies modulation disturbances.
By introducing Eq. (49) and Eq. (50) into Eq. (47) and Eq. (48), we get a matrix 4 × 4 which
gives us the general reduced solutions of the forms
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Ω01 = 2V 2
01Q11

√
√
√
√

(

−1 − B1

4V 4
01Q

2
11

)

, (51)

Ω02 = −2V 2
01Q11

√
√
√
√

(

−1 − B1

4V 4
01Q

2
11

)

, (52)

Ω03 = 2V 2
02Q21

√
√
√
√

(

−1 − B2

4V 4
02Q

2
21

)

, (53)

Ω04 = −2V 2
02Q21

√
√
√
√

(

−1 − B2

4V 4
02Q

2
21

)

, (54)

with B1 = (2q1P1k0 +k2
0 P1 −q2

1 P1 −ω1)(2q1P1k0 +k2
0 P1 +q2

1 P1 +ω1), B2 = (2q2P2k0 +
k2

0 P2 − q2
2 P2 − ω2)(2q2P2k0 + k2

0 P2 + q2
2 P2 + ω2).

4 Physical interpretation of results

A remarkable property of these type I and II coupled RWs solutions is that they increase
the peak amplitude of the carrier wave propagation at (β = 0.5), (δ = 1.8), (μ = −0.9),
(p = 0.001), (d2 = 0.5) by factors of (0.4, 0.6) that is, when we use the low frequencies in
the line , as shown in Figs. 13 and 25.

The Peregrine soliton [95,96] contributed to obtain these RWs coupled type I and II
solutions of Eq. (5), which are defined by (F1, K1, F2, K2, and E). These RWs coupled
type I and II solutions are localized not only in time but also in space, and the maximum
amplitudes are obtained when the transmission line operates at low frequency, for example
at (δ = 1.8).

If so, it describes new coupled rogue waves comparable to the standard rogue waves, as
the latter is specified by an amplification factor of (3), as shown in Fig. 3 [30] with a perfectly
high amplitude.

Considering the experimental coordinates of (T, X,�(Vn),�(Vn), | Vn |), we can get the
solutions of the new rogue waves coupled in the experimental coordinates, and the shapes
rogue waves coupled with different values of the parameters as shown in Figs. 2 to 25 for the
cases of q = 1, 2, respectively.

In the following, we study the behavior of type I and II coupled rogue waves in the
nonlinear left- and right-handed composite transmission line with the effects of the various
relevant system parameters (β, δ, μ). From Figs. 4, 7, and 10, we notice that the amplitude
(Vn) of type I coupled rogue waves increases when the transmission line operates at low
frequencies (δ > 1), in balanced operation (δ = 1) and decreases when the transmission line
operates at high frequencies (δ < 1). However, for type II coupled RWs, the situation is the
same as for type I coupled RWs; the maximum value of (Vn) increases when running at low
frequency (δ) in the transmission line with (β) constant, as shown in Figs. 16, 19, and 22.
In the case of type I and II coupled RWs, the amplitude of (Vn) will be greater if we go
from high frequency operation to low frequency operation with (β) constant in the two cases
(q = 1) and (q = 2). In order to highlight how the amplitude of type I and II coupled RWs
varies with respect to the system parameters (β, δ, μ), the correlations of the amplitudes of
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Fig. 2 The real amplitude of type I coupled rogue waves in a purely right-handed nonlinear transmission line
with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 3 The imaginary amplitude of type I coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

type I coupled RWs and II on these parameters are illustrated in Figs. 11 to 13 and Figs. 23
to 25.

However, for the two cases of coupled type I and II RWs, the real, imaginary and absolute
amplitude remains practically the same. This same conclusion on the coupled type I and II
RWs is illustrated in Figs. 2 to 25. Structurally, the difference between type I and type II
coupled rogue waves solutions can be explained by the fact that the type I coupled rogue
waves solution is similar to the Peregrine soliton which has two identical coupled peaks of the
same amplitude and several coupled troughs as depicted in Fig. 4, whereas the type II coupled
rogue waves solution has two peaks (large and small) and several coupled troughs. The large
peak faces downward while the small peak faces upward, as shown in Fig. 16. Additional
explanations of coupled rogue waves type I and type II could be explored in these previous
studies ([30,83,97]). Finally, considering the modulation instability, the major information
that can be held back is that the areas of instability appear when the line operates at high
frequencies (see Figs. 26 and 30), at a balanced operation (see Figs. 27 and 31), and low
frequencies operation (see Figs. 28 and 32). However, these areas of instability gradually
disappear when the line mainly operates at low frequencies (see Figs. 29 and 33).
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Fig. 4 The absolute amplitude of type I coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 5 The real amplitude of type I coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 6 The imaginary amplitude of type I coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

5 Conclusion

The propagation of the coupled type I and II rogue waves in the nonlinear left- and right-
handed composite transmission line is more inductive than capacitive by switching from low
to high frequencies operation. Alternatively, in order to enlarge the amplitude of the coupled
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Fig. 7 The absolute amplitude of type I coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 8 The real amplitude of type I coupled rogue waves in a purely left-handed nonlinear transmission line
with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 9 The imaginary amplitude of type I coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

type I and II rogue waves in the nonlinear left- and right-handed composite transmission
line, we should switch from high to low frequencies operation. We also noticed, it is when
(q = 1) or (q = 2), that the amplitude of the coupled type I and II rogue waves is amplified
as (δ) increases namely when we operate at low frequencies.
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Fig. 10 The absolute amplitude of type I coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 11 The absolute amplitude of type I coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 12 The absolute amplitude of type I coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5
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Fig. 13 The absolute amplitude of type I coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 14 The real amplitude of type II coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 15 The imaginary amplitude of type II coupled rogue waves in a purely right-handed nonlinear trans-
mission line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

The type I and II RWs solutions of the nonlinear Schrödinger equation system (5) indicate
that they can be used in the purely right-handed transmission line (high frequency), in the
left- and right-handed composite transmission line (balanced low frequency and high fre-
quency operation) by decreasing (δ). Interesting scientific achievements have been observed
in the hydrodynamic and optical fields, namely the detailed study of the phase properties
of the waves of breathers, the first experimental observation of the periodic breathers in a
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Fig. 16 The absolute amplitude of type II coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 17 The real amplitude of type II coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 18 The imaginary amplitude of type II coupled rogue waves in a nonlinear left- and right-handed
composite transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

channel with water waves, the limitation of the first-order asymptotic equivalence between
these forms of water waves, the question of the stabilization of spatially periodic breathers
within the framework of the nonlinear Schrödinger equation of one-dimensional focusing,
the first observation in a wave reservoir of super rogue waves, the question of the modulation
instability of very localized wave structures on a common basis of the nonlinear Schrödinger
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Fig. 19 The absolute amplitude of type II coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 20 The real amplitude of type II coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 21 The imaginary amplitude of type II coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

equation by [100–107]. So, the current study appears as additional contribution to all these
previous results obtained on the breathers by highlighting that coupled rogue waves can also
propagate in a nonlinear left- and right-handed composite transmission line and that the areas
of instability disappear when this line operates at low frequencies. We believe that this result
could also have a significant impact on the studies of extreme oceanic rogue waves and related
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Fig. 22 The absolute amplitude of type II coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 23 The absolute amplitude of type II coupled rogue waves in a purely right-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 0.5, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 24 The absolute amplitude of type II coupled rogue waves in a nonlinear left- and right-handed composite
transmission line with the parameters of β = 0.5, δ = 1, μ = −0.9, p = 0.001, d2 = 0.5
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Fig. 25 The absolute amplitude of type II coupled rogue waves in a purely left-handed nonlinear transmission
line with the parameters of β = 0.5, δ = 1.8, μ = −0.9, p = 0.001, d2 = 0.5

Fig. 26 Gain curve in a purely right-handed nonlinear transmission line for β = 0.5, δ = 0.5, μ = −0.9,
p = 0.001, d2 = 0.5

Fig. 27 Gain curve in a nonlinear left- and right-handed composite transmission line for β = 0.5, δ = 1,
μ = −0.9, p = 0.001, d2 = 0.5
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Fig. 28 Gain curve in a nonlinear purely left-handed transmission line for β = 0.5, δ = 1.8, μ = −0.9,
p = 0.001, d2 = 0.5

Fig. 29 Gain curve in a nonlinear purely left-handed transmission line for β = 0.5, δ = 10, μ = −0.9,
p = 0.001, d2 = 0.5

Fig. 30 Gain curve in a purely right-handed nonlinear transmission line for β = 0.5, δ = 0.5, μ = −0.9,
p = 0.001, d2 = 0.5
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Fig. 31 Gain curve in a nonlinear left- and right-handed composite transmission line for β = 0.5, δ = 1,
μ = −0.9, p = 0.001, d2 = 0.5

Fig. 32 Gain curve in a nonlinear purely left-handed transmission line for β = 0.5, δ = 1.8, μ = −0.9,
p = 0.001, d2 = 0.5

Fig. 33 Gain curve in a nonlinear purely left-handed transmission line for β = 0.5, δ = 10, μ = −0.9,
p = 0.001, d2 = 0.5
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studies in other disciplines dealing with rogue waves in nonlinear dispersive media, such as
hydrodynamics, superfluidity, and plasma physics.
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