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The current study presents a detailed analysis of two crucial real-world prob-
lems under the Caputo fractional derivative in order to deliver some desired
results for the ecosystem. In view of the fact that memory effect plays a vital
role in the application, we utilize an advantageous non-local fractional operator
to investigate and analyze a mathematical model of the planktonic ecosystem
and biological system for the ecosystem on Planet GLIA-2. On the other hand,
theoretical and numerical results are given for the model created for phyto-
plankton, which is of great importance in preventing global warming, and the
biological model. Existence and uniqueness are discussed for the solutions of
both models with the help of the fixed-point theorem under the Caputo operator.
Additionally, the first-order convergent numerical technique which is accurate,
conditionally stable, and convergent in obtaining the solution of fractional-order
nonlinear systems of ordinary differential equations is utilized to simulate the
two governing models. Numerical simulations including different values of arbi-
trary order 𝜌 indicate the righteousness of the conditions for phytoplankton,
Jancor, Murrot, and Vekton populations to develop.
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1 INTRODUCTION

It is well-known that we need mathematical modeling to analyze natural phenomena and populations. There are always
situations in the real-world that cannot be precisely known, but in many cases, this exact state of uncertainty is not
important, and the system can be considered a deterministic system. In some cases, the change made by the state of
uncertainty on the model may be important because life in the world is based on a balance. Therefore, the change in
quantity in any living population directly or indirectly affects other living creatures. In order to prevent the extinction
of populations that affect each other, the factors affecting the life of the population must be known. It is very difficult to
have precise information as there are so many factors affecting the live population; however, realistic approaches can be
created. Mathematical modeling is involved in creating an approach, and modeling a population provides information
about the population of that species. Biomathematics examines some underlying mechanisms, and also, the methods used
are strictly dependent on the mechanisms of biological systems. Ecological models in general terms show the interaction
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of the population between its own species and other species depending on the environment. Moreover, environmental
factors have different effects on different species, but at the same time, living things have an impact on the environment.

Mathematical models of planktonic ecosystems are utilized with the help of various different formulations to relate
phytoplankton (plant plankton) growth rates to environmental conditions. Planktonic process models become crucial as
oceanographers try to understand how different parts of planktonic ecosystems work together. Since the phytoplankton,
which makes primary production in the oceans, constitutes the most basic link in the food chain, changes in their num-
ber, size, or species composition for any reason affect all sea creatures as well as the biosphere in which they interact.
Also, nitrogen is the most common nutrient used as a model currency because it limits phytoplankton growth rate. The
use of nitrogen to control phytoplankton nutrient intake and growth in models is complicated owing to the fact that sea-
water has two important nitrogen, nitrate, and ammonia chemical forms that act differently. Various formulations and
constants are employed to suppress nitrate intake while performing computer simulations. On the other hand, chemostat,
which is a tank where phytoplankton grows by consuming a nutrient, produces the conditions of growth of phytoplank-
tons in the experimental environment. Although marine phytoplankton has an important role in climate change, it also
has ecological importance. The carbon production of phytoplankton, which is the first element of the food chain in the
ocean, meets half of the world's primary production. In addition, phytoplankton produces half of the oxygen on earth.
These single-celled organisms also play a role in global climate change, and phytoplankton has been suggested to reduce
global warming. It is possible for phytoplankton to reduce global warming by two different mechanisms: in the first one,
this phytoplankton takes carbon dioxide from the atmosphere and converts it to organic carbon and sends it to the seafloor
with the dying organisms; therefore, the amount of carbon dioxide in the atmosphere decreases and the greenhouse effect
is reduced, and the second mechanism occurs with dimethylsulfide gas emitted from some phytoplankton groups that are
common in the oceans. This gas is oxidized to sulfate aerosols in the atmosphere and acts as cloud condensation nuclei,
and also, it is considered that this gas can cause global cooling as the cloud formation will prevent the sun's rays from
reaching the earth. Although phytoplankton corresponds to only 0.2% of the plant mass in the biosphere, it is a direct or
indirect source of food for all sea creatures, and it is much better to understand the place and importance of these organ-
isms in the ecosystem, considering that it can affect global warming, one of the greatest problems of the time. The reason
for phytoplankton to produce too much primary production with few biomass is that the carbon conversion efficiency
of phytoplankton is high. The global phytoplankton mass is renewed every 2–6 days, and the mass of terrestrial plants
is renewed every 10 years or 100 years, so changes in nature affect the seas in a shorter time. Herbal plankton cells take
carbon dioxide, which acts as a greenhouse gas in the atmosphere, and convert it into organic carbon (animal nutrients),
that is, it reduces the atmospheric CO2 level. Increasing atmospheric CO2 as a result of the increasing use of fossil fuels
prevents the visible rays of sunlight reaching the earth from coming out by absorbing the infrared wavelength (as heat)
reflected into the atmosphere, and this situation gives rise to global warming. The warmed air temperature increases strat-
ification in the sea, and therefore, a decrease in spherical phytoplankton biomass can be observed as the nutrients in the
lower layers of the sea and the bottom cannot reach the sea surface. Reduced phytoplankton, on the other hand, can lead
to less CO2 in the atmosphere and increased temperatures. Some phytoplankton groups will cause cloud formation, caus-
ing some of the sun's rays to hit the clouds before they reach the earth and reflect them back into the atmosphere, which
will create a global cooling effect.1,2

Fractional differential equations are a generalization of differential equations obtained by applying fractional operators.
The idea of fractional order began in 1695 with the correspondence between Leibniz and L'Hospital and continues widely
today. Studies on fractional calculus have gained great popularity since the late 19th century with the contribution of many
mathematicians. Although there are different definitions for fractional derivatives, the most used are Riemann–Liouville
and Caputo operators. Fractional differential equations are utilized in many applications such as viscoelasticity, electro-
analytical chemistry, biology, clinical medicine, control theory, and physics problems. Furthermore, fractional differential
equations are used to describe system dynamics, so various methods have been proposed to find solutions of fractional dif-
ferential equations that describe system behavior. The most important difference of fractional calculus from the classical
analysis is that there is no single definition of derivative as in classical analysis. The existence of more than one definition
of derivative in the fractional calculus gives the opportunity to employ the most suitable definition and thus obtain the
best solution to the problem. Although there are relations between these different types of fractional operators, they may
differ in the physical interpretation of the definitions. For more information and application for fractional calculus, we
refer the reader to other studies.3–24 Therefore, in order to benefit from many advantages of the fractional-order operator,
especially the memory effect, we analyze the abovementioned phytoplankton growth and biological models theoretically
and numerically with the help of Caputo fractional derivative.
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This study is organized as follows: we present the description of the phytoplankton growth model and the correspond-
ing fractional version with some necessary conditions in Section 2. Also, we give convenient parameter values for the
proposed model in this section. Similarly, the description of the fractional biological system for the ecosystem on Planet
GLIA-2 and its parameter values are presented in Section 3. Additionally, the existence and uniqueness of solutions for
both models are showed via the theory of fixed-point in Section 4. Later, we furnish the numerical simulations for the
fractional phytoplankton growth model with some crucial conclusions. Lastly, numerical simulations and conclusions
for the fractional biological model are reported in Section 6.

2 DESCRIPTION OF THE FRACTIONAL GROWTH MODEL FOR
PHYTOPLANKTON THROUGH CAPUTO DERIVATIVE

In this portion, we present the phytoplankton growth model and some essential prerequisites. Also, the corresponding
fractional type of the proposed model is introduced under the same assumptions by means of the Caputo operator. The
tank where phytoplankton grows by consuming nutrients such as nitrate is called a chemostat. It should be emphasized
that the nutrient is filled to the tank at a certain rate, and the solution including phytoplankton and the remaining nutrient
are expelled from the tank at the same rate. The purpose of using a chemostat is to ensure the growth conditions with the
experimental environment of phytoplankton, which is the first element of the marine food chain, in the ocean.2 The unit
for time is the day for the phytoplankton growth model, and it is formulated by

dX(t)
dt

= 𝛼
S(t)X(t)
S(t) + 𝜅

− 𝛽X(t),

dS(t)
dt

= 𝛽(si − S(t)) − 𝛼

𝜂

S(t)X(t)
S(t) + 𝜅

.

(2.1)

Variables and parameters of the abovementioned model can be listed as follows:

• S(t)= the concentration in 𝜇mal/L of the nutrient,
• X(t)= the biovolume estimated by the biomass of phytoplankton in mm3 of cells per liter of solution,
• 𝛽 = the dilution rate in day−1,
• 𝛼 = the growth rate in day−1,
• si = the input concentration,
• 𝜂 = the yield factor,
• 𝜅 = the constant having same units as S(t).

Here, the input concentration si in the model (2.1) can be calculated by the following formula:

lim
t→∞

(
S + X

𝜂

)
= si. (2.2)

Under the above necessary prerequisites for the traditional model (2.1), we can present the fractional version of the
growth model for phytoplankton by means of the Caputo derivative as follows:

CD𝜌X(t) = 𝛼𝜌
S(t)X(t)
S(t) + 𝜅𝜌

− 𝛽𝜌X(t),

CD𝜌S(t) = 𝛽𝜌(si − S(t)) − 𝛼𝜌

𝜂𝜌
S(t)X(t)
S(t) + 𝜅𝜌

.

(2.3)

We will analyze the model (2.3), taking advantage of the Caputo fractional derivative, in the following sections.

2.1 The values of parameters for the phytoplankton growth model
Choosing appropriate parameter values of the fractional model under consideration is a crucial issue because determining
and measuring accurate values of the parameters may not be easy enough. In the study,2 all appropriate parameter values
of the phytoplankton growth model are presented by employing the real-life data obtained from the Station Zoologique
of Villefrance-sur-Mer in France. The parameter values used in this study for the proposed fractional model are given as
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follows: 𝜅 = 0.5, 𝛽 = 1.06 day−1, 𝜂 = 0.13, 𝛼 = 2 day−1 with the initial conditions X(0) = 0.15 and S(0) = 45.84. We note
that si and constant 𝜅 have the same units as S, and also si can be calculated with the help of formula (2.2).

3 DESCRIPTION OF THE FRACTIONAL BIOLOGICAL SYSTEM THROUGH
CAPUTO DERIVATIVE

We furnish a biological system for the ecosystem on Planet GLIA-2. For the analysis of this model, which is created by
collecting data about a unique biological system, we first present by means of classical derivative as seen in Nagle et al2

and then fractional type of the underlying model under Caputo operator. Although most of the planet is barren, a small
part consists of an ecosystem of three species:

• Jancor= a flowering plant,
• Murrot= a small mouse-like mammal which feeds on Jancor,
• Vekton= a ferret-like predator which feeds on Murrot.

After analyzing the data, it is concluded that this system can be modeled for the Murrot population M(t) and the Vekton
population V(t) by the following nonlinear differential equations:

dM(t)
dt

= 𝛿M(t)
(

1 − M(t)
𝜓

)
− 𝜑M(t)V(t)

M(t) + 𝜙
,

dV(t)
dt

= 𝜇V(t)M(t)
M(t) + 𝜙

− 𝜆V(t),
(3.1)

It should be noted that the Murrots obey a logistic law with the maximum sustainable population 𝜓 and the birth rate
𝛿. Parameters of the biological system are as below:

• 𝛿 = a net birthrate,
• 𝜓 = a maximum sustainable population,
• 𝜓M(t)V(t)

M(t)+𝜙
= the population suffering a loss to the Vektons,

• 𝜆= a natural death rate,
• 𝜆V(t)= the loss term,
• 𝜇V(t)M(t)

M(t)+𝜙
= a birthrate strongly depending on the Murrot population.

On the other hand, the corresponding fractional version of the classical model (3.1) under Caputo derivative can be
given by

CD𝜌M(t) = 𝛿𝜌M(t)
(

1 − M(t)
𝜓𝜌

)
− 𝜑𝜌M(t)V(t)

M(t) + 𝜙𝜌
,

CD𝜌V(t) = 𝜇𝜌V(t)M(t)
M(t) + 𝜙𝜌

− 𝜆𝜌V(t).
(3.2)

The main objective of giving the fractional version of the proposed model is to observe all populations in the model
in detail with the help of an efficient numerical treatment including different values of fractional-order 𝜌. Moreover, we
show the effect of each parameter of the system on the solution curves by changing 𝜌. Hence, we present a beneficial
extension of the biological model under consideration.

3.1 The values of parameters for the biological model
Here, we present the parameter values of the fractional biological system (3.2). One of the most important calculations
when analyzing the model is to determine the appropriate parameter values with the accurate initial conditions. Owing
to this, in this portion, we present the values of the parameters for the aforementioned fractional model. All values are
obtained from the study in Nagle et al.2 These values employed in this study is given as follows: 𝛿 = 12year−1, 𝜓 = 14
(units of one million), 𝜑 = 20year−1, 𝜙 = 4 (units of one million), 𝜇 = 4year−1, 𝜆 = 1.6year−1 with the initial conditions
M(0) = 0.15 and V(0) = 45.84. It should be emphasized that all parameter values are determined by the landing party
observations.
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4 ANALYSIS OF THE PHYTOPLANKTON GROWTH AND BIOLOGICAL
MODEL

4.1 Existence and uniqueness of solutions for the phytoplankton growth model under
Caputo operator
In this portion, we introduce the existence and uniqueness of the solution for the fractional phytoplankton growth
model (2.3) by means of Caputo derivative with the help of the fixed-point theory. Suppose that B( J) is a Banach space
for the continuous real-valued functions defined on J = [0, a] with subnorm and  = B( J) × B( J) having the norm||(X , S)|| = ||X|| + ||S|| such that ||X|| = supt∈J|X|, ||S|| = supt∈J|S|. If we apply Caputo fractional operator to the
phytoplankton growth model (2.3), we have

X(t) − X(0) = CD𝜌

[
𝛼𝜌

S(t)X(t)
S(t) + 𝜅𝜌

− 𝛽𝜌X(t)
]
,

S(t) − S(0) = CD𝜒

[
𝛽𝜌(si − S(t)) − 𝛼𝜌

𝜂𝜌
S(t)X(t)
S(t) + 𝜅𝜌

]
.

(4.1)

FIGURE 1 Comparison for X(t) and S(t) when 𝜌 = 1 (classical
case)

FIGURE 2 Comparison for X(t) and S(t) when 𝜌 = 0.5

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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Supposing that

K 1 = 𝛼𝜌
S(t)X(t)
S(t) + 𝜅𝜌

− 𝛽𝜌X(t),

K 2 = 𝛽𝜌(si − S(t)) − 𝛼𝜌

𝜂𝜌
S(t)X(t)
S(t) + 𝜅𝜌

,

(4.2)

then, we can write the system (4.1) by the Caputo operator as below

X(t) − X(0) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,X(𝜃))
(t − 𝜃)𝜌

d𝜃,

S(t) − S(0) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃, S(𝜃))
(t − 𝜃)𝜌

d𝜃.
(4.3)

It should be mentioned that K 1(X , 𝜃) and K 2(S, 𝜃) satisfy the Lipschitz condition if and only if X(t) and S(t) have an
upper bound. Let X(t) and X∗(t) be couple functions, then we get as follows:

||K 1(𝜌, t,X(t)) − K 1(𝜌, t,X∗(t))|| = |||||
|||||
(

𝛼𝜌S(t)
S(t) + 𝜅𝜌

− 𝛽𝜌
)
(X(t) − X∗(t))

|||||
||||| . (4.4)

FIGURE 3 Comparison for X(t) and S(t) when 𝜌 = 0.7

FIGURE 4 Comparison for the growth rate when 𝜌 = 0.9

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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When 𝜈1 ∶= || 𝛼𝜌S(t)
S(t)+𝜅𝜌

− 𝛽𝜌||, one can have

||K 1(𝜌, t,X(t)) − K 1(𝜌, t,X∗(t))|| ≤ 𝜈1||X(t) − X∗(t)||, (4.5)

similarly, for 𝜈2 = || − (
𝛽𝜌 + 𝛼𝜌

𝜂𝜌
X(t)

) ||, we attain

||K 2(𝜌, t, S(t)) − K 2(𝜌, t, S∗(t))|| ≤ 𝜈2||S(t) − S∗(t)||. (4.6)

Therefore, it can be concluded that the Lipschitz condition is satisfied for K 1 and K 2.
Recursively, (4.3) can be expressed as

Xn(t) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,Xn−1(𝜃))
(t − 𝜃)𝜌

d𝜃,

Sn(t) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃, Sn−1(𝜃))
(t − 𝜃)𝜌

d𝜃,
(4.7)

FIGURE 5 Comparison for the growth rate when 𝜌 = 0.9

FIGURE 6 Comparison for 𝜅 when 𝜌 = 0.8

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be

viewed at wileyonlinelibrary.com]
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associated with the initial conditions X0(t) = X(0), S0(t) = S(0). Subtracting the successive terms, we obtain

ΨX ,n(t) = Xn(t) − Xn−1(t) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,Xn−1(𝜃)) − K 1(𝜌, 𝜃,Xn−2(𝜃))
(t − 𝜃)𝜌

d𝜃,

ΨS,n(t) = Sn(t) − Sn−1(t) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃, Sn−1(𝜃)) − K 2(𝜌, 𝜃, Sn−2(𝜃))
(t − 𝜃)𝜌

d𝜃.
(4.8)

If one considers as follows:
Xn(t) =

n∑
𝑗=0

ΨX ,𝑗(t),

Sn(t) =
n∑
𝑗=0

ΨS,𝑗(t),
(4.9)

and by employing Equations (4.5) and (4.6) and considering ΨX ,n−1(t) = Xn−1(t) −Xn−2(t), ΨS,n−1(t) = Sn−1(t) −Sn−2(t), we
can obtain the following relations:

||ΨX ,n(t)|| = M(𝜌)𝜈1 ∫
t

0

||ΨX ,n−1(𝜃)||
(t − 𝜃)𝜌

d𝜃,

||ΨS,n(t)|| = M(𝜌)𝜈2 ∫
t

0

||ΨS,n−1(𝜃)||
(t − 𝜃)𝜌

d𝜃.
(4.10)

FIGURE 7 Comparison for 𝜅 when 𝜌 = 0.8

FIGURE 8 Comparison of X(t) for different values of 𝜌

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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Consequently, we can prove the following theorem:

Theorem 1. The fractional phytoplankton growth model (2.3) has a unique solution under the condition that

M(𝜌)
𝜌

r𝜌𝜈i < 1, i = 1, 2, (4.11)

when t∈ [0, r].

Proof. As we presented above, the functions X(t) and S(t) are bounded and K 1, K 2 satisfy the Lipschitz condition.
So, by utilizing the recursive principle and (4.10), we get

||ΨX ,n(t)|| ≤ ||X0(t)||
(

M(𝜌)
𝜌

r𝜌𝜈1

)n

,

||ΨS,n(t)|| ≤ ||S0(t)||
(

M(𝜌)
𝜌

r𝜌𝜈2

)n

.

(4.12)

FIGURE 9 Comparison of X(t) for different values of 𝜌

FIGURE 10 Comparison of S(t) for different values of 𝜌

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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Hence, it can be considered that ||ΨX, n(t) ||→ 0 and ||ΨS, n(t) ||→ 0 for n→∞. Also, using the triangle inequality and
the system (4.12) for any p, we can reach

||Xn+p(t) − Xn(t)|| ≤ n+p∑
𝑗=n+1

k𝑗1 =
kn+1

1 − kn+p+1
1

1 − k1
,

||Sn+p(t) − Sn(t)|| ≤ n+p∑
𝑗=n+1

k𝑗2 =
kn+1

2 − kn+p+1
2

1 − k2
,

(4.13)

such that ki = M(𝜌)
𝜌

r𝜌𝜈i < 1. Therefore, Xn and Sn are Cauchy sequences in B( J). So it can be concluded that they are
uniformly convergent. With the help of the limit theorem, the limit of the sequences (4.7) is the unique solution of
the fractional nonlinear system (2.3).

4.2 Existence and uniqueness of solutions for the biological model under Caputo
operator
Here, we show the existence and uniqueness of the solution for the fractional biological model (3.2) through Caputo
derivative by employing the theory of fixed-point. If we suppose that B( J) is a Banach space for the continuous real-valued
functions defined on J = [0, a] with subnorm and  = B( J) × B( J) having the norm ||(M,V)|| = ||M|| + ||V || such that

FIGURE 11 Comparison of S(t) for different values of 𝜌

FIGURE 12 Comparison for M(t) and V(t) when 𝜌 = 1
(classical case)

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at
wileyonlinelibrary.com]
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||M|| = supt∈J|M|, ||V || = supt∈J|V |. If we apply Caputo fractional operator to the biological model (2.3), we get

M(t) − M(0) = CD𝜌

[
𝛿𝜌M(t)

(
1 − M(t)

𝜓𝜌

)
− 𝜑𝜌M(t)V(t)

M(t) + 𝜙𝜌

]
,

V(t) − V(0) = CD𝜒

[
𝜇𝜌V(t)M(t)
M(t) + 𝜙𝜌

− 𝜆𝜌V(t)
]
.

(4.14)

By supposing that

K 1 = 𝛿𝜌M(t)
(

1 − M(t)
𝜓𝜌

)
− 𝜑𝜌M(t)V(t)

M(t) + 𝜙𝜌
,

K 2 = 𝜇𝜌V(t)M(t)
M(t) + 𝜙𝜌

− 𝜆𝜌V(t),
(4.15)

we can express the system (4.14) by the Caputo fractional operator as

M(t) − M(0) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,M(𝜃))
(t − 𝜃)𝜌

d𝜃,

V(t) − V(0) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃,V(𝜃))
(t − 𝜃)𝜌

d𝜃.
(4.16)

FIGURE 13 Comparison for M(t) and V(t) when 𝜌 = 0.5

FIGURE 14 Comparison for M(t) and V(t) when 𝜌 = 0.7

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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It should be noted that K 1(M, 𝜃) and K 2(V , 𝜃) satisfy the Lipschitz condition if and only if M(t) and V(t) have an upper
bound. Let M(t) and M∗(t) be couple functions, then we have

||K 1(𝜌, t,M(t)) − K 1(𝜌, t,M∗(t))|| < |||||
|||||
(
𝛿𝜌 − 1

𝜓𝜌
+ 𝜑𝜌V(t)

)
(M(t) − M∗(t))

|||||
||||| . (4.17)

When 𝜈1 ∶= ||𝛿𝜌 − 1
𝜓𝜌

+ 𝜑𝜌V(t)||, one can have

||K 1(𝜌, t,M(t)) − K 1(𝜌, t,M∗(t))|| ≤ 𝜈1||M(t) − M∗(t)||, (4.18)

similarly, for 𝜈2 = || 𝜇𝜌M(t)
M(t)+𝜙𝜌

− 𝜆𝜌||, we obtain

||K 2(𝜌, t,V(t)) − K 2(𝜌, t,V∗(t))|| ≤ 𝜈2||V(t) − V∗(t)||. (4.19)

Hence, it can be concluded that the Lipschitz condition is satisfied for K 1 and K 2.

FIGURE 15 Comparison for the net birthrate when 𝜌 = 0.8

FIGURE 16 Comparison for the net birthrate when 𝜌 = 0.8

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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Recursively, (4.16) can be written as below

Mn(t) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,Mn−1(𝜃))
(t − 𝜃)𝜌

d𝜃,

Vn(t) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃,Vn−1(𝜃))
(t − 𝜃)𝜌

d𝜃,
(4.20)

associated with the initial conditions M0(t) = M(0), V0(t) = M(0). Subtracting the successive terms, we get

ΨM,n(t) = Mn(t) − Mn−1(t) = M(𝜌)∫
t

0

K 1(𝜌, 𝜃,Mn−1(𝜃)) − K 1(𝜌, 𝜃,Mn−2(𝜃))
(t − 𝜃)𝜌

d𝜃,

ΨV ,n(t) = Vn(t) − Vn−1(t) = M(𝜌)∫
t

0

K 2(𝜌, 𝜃,Vn−1(𝜃)) − K 2(𝜌, 𝜃,Vn−2(𝜃))
(t − 𝜃)𝜌

d𝜃.
(4.21)

FIGURE 17 Comparison for the maximum sustainable
population when 𝜌 = 0.9

FIGURE 18 Comparison for the maximum sustainable
population when 𝜌 = 0.9

[Colour figure can be viewed
at wileyonlinelibrary.com]

[Colour figure can be viewed at
wileyonlinelibrary.com]
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If we consider as

Mn(t) =
n∑
𝑗=0

ΨM,𝑗(t),

Vn(t) =
n∑
𝑗=0

ΨV ,𝑗(t),
(4.22)

and by utilizing Equations (4.18) and (4.19) and considering ΨM,n−1(t) = Mn−1(t) − Mn−2(t), ΨV ,n−1(t) = Vn−1(t) − Vn−2(t),
we can attain the following relations:

||ΨM,n(t)|| = M(𝜌)𝜈1 ∫
t

0

||ΨM,n−1(𝜃)||
(t − 𝜃)𝜌

d𝜃,

||ΨV ,n(t)|| = M(𝜌)𝜈2 ∫
t

0

||ΨV ,n−1(𝜃)||
(t − 𝜃)𝜌

d𝜃,
(4.23)

Consequently, we can prove the following theorem:

Theorem 2. The fractional biological model (3.2) has a unique solution under the condition that

M(𝜌)
𝜌

r𝜌𝜈i < 1, i = 1, 2, (4.24)

when t∈ [0, r].

Proof. As we introduced above, the functions M(t) and V(t) are bounded and K 1, K 2 satisfy the Lipschitz condition.
So, by utilizing the recursive principle and (4.23), we get

||ΨM,n(t)|| ≤ ||M0(t)||
(

M(𝜌)
𝜌

r𝜌𝜈1

)n

,

||ΨV ,n(t)|| ≤ ||V0(t)||
(

M(𝜌)
𝜌

r𝜌𝜈2

)n

.

(4.25)

Thereby, it can be considered that ||ΨM, n(t) ||→ 0 and ||ΨV, n(t) ||→ 0 for n→∞. On the other hand, benefiting from
the triangle inequality and the system (4.25) for any p, we can obtain the following result

||Mn+p(t) − Mn(t)|| ≤ n+p∑
𝑗=n+1

k𝑗1 =
kn+1

1 − kn+p+1
1

1 − k1
,

||Vn+p(t) − Vn(t)|| ≤ n+p∑
𝑗=n+1

k𝑗2 =
kn+1

2 − kn+p+1
2

1 − k2
,

(4.26)

such that ki = M(𝜌)
𝜌

r𝜌𝜈i < 1. So, Mn and Vn are Cauchy sequences in B( J). So, it can be said that they are uniformly con-
vergent. Through the limit theorem, the limit of the sequences (4.20) is the unique solution of the fractional nonlinear
biological system (3.2).

5 NUMERICAL SIMULATIONS AND CONCLUSIONS FOR THE
FRACTIONAL GROWTH OF THE PHYTOPLANKTON MODEL

In this section, the fractional variant of the model under investigation by means of Caputo fractional operator is numer-
ically simulated with the help of first order convergent numerical techniques as can be seen in the previous studies.25–27

These numerical techniques are accurate, conditionally stable, and convergent in order to solve fractional linear and
nonlinear system of ordinary differential equations. To carry out the simulation, we follow the steps below:
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Consider a general Cauchy problem of fractional order with autonomous nature

⋆D𝜌

0,t (𝑦(t)) = g (𝑦(t)) , 𝜌 ∈ (0, 1], t ∈ [0,T], 𝑦(0) = 𝑦0, (5.1)

where 𝑦 = (a, b, c,w) ∈ R4
+ is a real-valued continuous vector function which satisfies the Lipchitz condition given by

||g(𝑦1(t)) − g(𝑦2(t))|| ≤ M||𝑦1(t) − 𝑦2(t)||, (5.2)

where M is a positive real Lipchitz constant.
Through the fractional integral operators, one can obtain

𝑦(t) = 𝑦0 + J𝜌0,tg(𝑦(t)), t ∈ [0,T], (5.3)

where JΩ0,t is the Riemann–Liouville fractional integral. Considering an equi-spaced integration intervals over [0, T] with
the fixed step size h (= 10−2 for simulation) = T

n
, n ∈ N. On the other hand, suppose that yq be the approximation of y(t)

at t= tq for q = 0, 1, … n. The numerical technique for the fractional growth of phytoplankton model via Caputo operator
takes the form

FIGURE 19 Comparison for 𝜙 when 𝜌 = 0.9

FIGURE 20 Comparison for 𝜙 when 𝜌 = 0.9

[Colour figure can
be viewed at wileyonlinelibrary.com]

[Colour figure can
be viewed at wileyonlinelibrary.com]
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cXp+1 = a0 +
h𝜌

Γ(𝜌 + 1)

p∑
k=0

((p − k + 1)𝜌 − (p − k)𝜌)
(
𝛼𝜌

SX
S + 𝜅𝜌

− 𝛽𝜌X
)
,

cSp+1 = b0 +
h𝜌

Γ(𝜌 + 1)

p∑
k=0

((p − k + 1)𝜌 − (p − k)𝜌)
(
𝛽𝜌(s𝜌i − S) − 𝛼𝜌

𝜂𝜌
SX

S + 𝜅𝜌

)
.

(5.4)

In order to view and depict the physical characteristics of the proposed phytoplankton model in fractional sense, we
simulated the model based on the numerical solver described above to observe its dynamic behavior. Important dynamics
of the model are revealed having varied the fractional order. The initial conditions and parameters values that have been
used in this simulation are stated in Section 2.1. We further retained the initial conditions and varied parameters values
to capture a more significant physical outlook of the model under consideration.

Phytoplankton acclimatizes to changing climate by a variety of physiological responses. Field and laboratory obser-
vations of phytoplankton biomass to chlorophyll derived from the height ratio of fluorescence line match predicted
physiological reliance on light, nutrients, and temperature, which can in turn be used to estimate the growth rate of
phytoplankton. Phytoplankton communities with a substantial decrease in growth irradiance usually increase cellular
chlorophyll estimated at fluorescence line height resulting in a decrease in the ratio of phytoplankton to chlorophyll esti-
mated at fluorescence line height parallel to a decrease in growth rate. During shallow mixing, the opposite phenomenon
is observed, where pigmentation is often decreased due to the combined effects of high-light acclimation and limited
nutrients. Figures 1– 3 represent the general behavior of the concentration of the nutrient S(t) and the biovolume esti-
mated by the biomass of phytoplankton in mm3 of cells per liter of solution X(t). We plot Figure 1 for 𝜌 = 1 (classical

FIGURE 21 Comparison of M(t) for different values of 𝜌

FIGURE 22 Comparison of M(t) for different values of 𝜌

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]
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case), Figure 2 for 𝜌 = 0.5, and Figure 3 for 𝜌 = 0.7. Figures 4 and 5 depict the outlook for the state variables X(t) and S(t)
for decreasing values of the growth rate 𝛼 when 𝜌 = 0.9. It can be seen that X(t) changes from increasing to a constant
while S(t) changes from a constant to increasing and then start to decreasing. For the increasing values of the constant 𝜅
as depicted in Figures 6 and 7 when 𝜌 = 0.8, similar output is retained as shown in Figures 4 and 5.

Some phytoplankton may fix nitrogen and can expand in areas where concentrations of nitrate are small. They also need
trace amounts of iron which limits the growth of phytoplankton in large areas of the ocean due to very low iron concen-
trations. The phytoplankton populations will develop explosively when conditions are right, a phenomenon known as a
bloom. Blooms in the ocean can span hundreds of kilometers in square and can easily be seen in satellite photos. A bloom
can last several weeks, but any individual phytoplankton's life span is rarely more than a few days. The fractional values
from below and above 1 as shown in Figures 8–11 indicate the righteousness of the conditions for phytoplankton popu-
lations to develop. One can see that, for this suitable choices of the parameters values, the phytoplankton populations is
increasing honorably. And only when there is a right conditions, this feature can be achieved.

6 NUMERICAL SIMULATIONS AND CONCLUSIONS FOR THE
FRACTIONAL BIOLOGICAL MODEL

In this section, the fractional variant of the proposed biological model under Caputo fractional operator is numerically
simulated utilizing the first-order convergent numerical techniques as seen in other studies.25–27 These numerical tech-

FIGURE 23 Comparison of V(t) for different values of 𝜌

FIGURE 24 Comparison of V(t) for different values of 𝜌

[Colour figure can be viewed at wileyonlinelibrary.com]

[Colour figure can be viewed at wileyonlinelibrary.com]

10877



YUSUF ET AL.

niques are accurate, conditionally stable, and convergent to obtain solution of fractional linear and nonlinear system of
ordinary differential equations. To perform the simulation, the following calculations are required:

Consider a general Cauchy problem of fractional order with autonomous nature

⋆𝜌

0,t (𝑦(t)) = g (𝑦(t)) , 𝜌 ∈ (0, 1], t ∈ [0,T], 𝑦(0) = 𝑦0, (6.1)

where 𝑦 = (a, b, c,w) ∈ R4
+ is a real-valued continuous vector function which satisfies the Lipchitz condition given by

||g(𝑦1(t)) − g(𝑦2(t))|| ≤ M||𝑦1(t) − 𝑦2(t)||, (6.2)

where M is a positive real Lipchitz constant.
Through the fractional integral operators, we can get

𝑦(t) = 𝑦0 + J𝜌0,tg(𝑦(t)), t ∈ [0,T], (6.3)

where JΩ0,t is the Riemann–Liouville fractional integral. By considering an equi-spaced integration intervals over [0, T]
with the fixed step size h (= 10−2 for simulation) = T

n
, n ∈ N. On the other hand, suppose that yq be the approximation of

y(t) at t= tq for q = 0, 1, … n. The numerical technique for the fractional biological model by means of Caputo operator
takes the form

cMp+1 = a0 +
h𝜌

Γ(𝜌 + 1)

p∑
k=0

((p − k + 1)𝜌 − (p − k)𝜌)
(
𝛿𝜌M

(
1 − M

𝜓𝜌

)
− 𝜑𝜌MV

M + 𝜙𝜌

)
,

cVp+1 = b0 +
h𝜌

Γ(𝜌 + 1)

p∑
k=0

((p − k + 1)𝜌 − (p − k)𝜌)
(
𝜇𝜌VM

M + 𝜙𝜌
− 𝜆𝜌V

)
.

(6.4)

The above described numerical scheme has been employed to describe the clear vision of the behavior of the proposed
biological model under Caputo fractional operator. The initial conditions and the initial values of the parameters that
have been used in carrying out the numerical results are as described in Section 3.1. The initial conditions are retained,
while the parameters values are varied to accommodate more behavior. The fractional order has been varied suitably to
achieve more desired results. For the proposed biological model, it can be concluded that Murrots suffer a loss to the
Vektons, which is presented by −𝜑M(t)V(t)

M(t)+𝜙
. Also, the death rate 𝜆 and the birthrate 𝜇V(t)M(t)

M(t)+𝜙
of the Vektons strongly depend

on the Murrot population. In Figures 12–14, the general behavior of the states variable is depicted. These figures have
shown a strict decreasing of each of the state variables. We plot Figure 12 for 𝜌 = 1 (classical case), Figure 13 for 𝜌 = 0.5,
and Figure 14 for 𝜌 = 0.7. For increasing values of a net birthrate 𝛿, as shown in Figures 15 and 16 when 𝜌 = 0.8, the
Murrot population M(t) accommodates an interesting behavior, it begins to increase and then decrease and then turns
to a constant. Whereas, the Vekton population V(t) becomes decreasing and then a constant. Figures 17 and 18, for an
increasing value of maximum sustainable population psi, show an increasing–decreasing behavior in M(t) and decreasing
in V(t) when 𝜌 = 0.9. Similarly, for increasing value of the parameter 𝜙, a mirror behavior of Figures 19–21 is achieved.
We vary the fractional order for some values, and the results as depicted in Figures 22–24 show that, when V(t) decreases
with time, the M(t) increases with time. As, initially, both V(t) and M(t) are at around 47 and 0 but when V(t) decreases,
the M(t) increases while as time goes the relation maintains the inverse proportionality. Finally, changing the values of
fractional operator slowed the growth of V(t) and increases the growth of M(t).

On the other hand, in case of any intervention, if the population of the Murrot and Vekton drops below one million
when in equilibrium or during a limit cycle, the ecosystem may be susceptible to destruction by such natural events as
extreme weather. The system with the utilized parameter values can be in danger. Therefore, intervention is guaranteed
even if it contradicts general Federation guidelines. The only intervention tool to have is to clean some of Jancor, and thus,
the possibility arises to reduce the maximum sustainable population 𝜓 . The main question is that assuming you have the
power to allow 𝜓 to take any value less than 14, is it really possible to increase the minimum population by restricting the
Murrot food supply, that is, reducing 𝜓? So, with the help of the various graphs presented in this section, we clearly show
the effect of the parameters to reveal answers to important questions about this model by employing different values.

10878



YUSUF ET AL.

7 CONCLUDING REMARKS

In the current research analysis, two different real-world applications including a phytoplankton growth and a biological
model have been investigated both theoretically and numerically employing the nonlocal fractional differential operator
of Caputo. As we can observe in numerous studies in the literature, the Caputo non-integer-order derivative operator is of
vehement importance to investigate and analyze the problems in biology, physics, and engineering more critically. Hence,
in order to utilize the advantages of the non-local fractional operator utilized in this study, we have analyzed two crucial
problems in nature. Moreover, the fractional version of the proposed models handled by means of the Caputo operator
provides a natural framework for observing the various real-world applications. It can be explicitly observed on graphs
that non-integer order affects the mobility and behavior of the solution curves significantly. In addition, we show that the
fractional Caputo operator is ideally suitable for analyzing the growth of phytoplankton and biological model which has
a vital role in the ecosystem. Solving important problems with useful and different types of mathematical tools such as
non-local fractional derivatives will be definitely efficient for scientists in the future.
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