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A B S T R A C T

In this paper, we study the influence of fractional time derivative on W-shaped profile and Modulation
Instability gain in fractional Nonlinear Schrodinger Equation (NLSE) which could be used to describe the
propagation of pulses in random media, optical metamaterials and others nonlinear systems. We first imply
the auxiliary equation method to set up bright, dark and W-shape optical solitons solutions under certain
conditions. Thereafter, we graphically depict the obtained results which deeply show the potency of the
fractional parameter order on the width and shape of the solitons. We then study the Modulation Instability
(MI) gain spectra and we end up remarking that the MI gain sidebands and the MI gain shapes are mainly
influenced by the fractional time derivative parameter compared to the previous works reported in nonlinear
optic fibers (Wyller et al., 2002; Zhanga et al., 2017).
Introduction

For decades, soliton commonly known as ‘‘solitary waves’’ has
attracted a growing interest in many fields of science and engineer-
ing. Soliton is generally known as a wave which propagates over
thousands of kilometers without any distortion, without modification
of shape and can preserve its shape after a brutal encounter with
another [1–4]. Today the most prolific field for the propagation of
solitary waves is the nonlinear optical fibers. In optical fibers, two types
of solitons are often investigated, namely spatial and temporal optical
solitons. Spatial Solitons are self-trapped optical beams that spread in
a nonlinear field without diffraction (i.e. their stack diameter remains
invariant over circulation). They show many captivating features such
as particle-like interactions over clash. Aside from basic appearance,
spatial solitons have also been proposed for a diversity of applications,
taking into consideration for example waveguiding and beam-splitting,
optical interconnects, frequency conversion, image transmission, gate-
less computing and soliton-founded navigation. However, temporal
solitons are the pulses that sustain their shape and these solitons results
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from the accurate balance between the Group Velocity Dispersion
(GVD) and Self-Phase Modulation (SPM) in optical fibers.

A lot of work has been focused on the search on optical solitons [1–
15]. The propagation of the solitons in the optical fibers, highlights
various parameters of the medium which favor the formation of the
latter. The confrontation between nonlinearity and dispersion has been
proven to be one of the most formidable catalysts. Moreover, the
study of solitons in optical fibers has also been made possible by the
well known NLSE. The NLSE could offer the possibility of perfecting
the dynamics of the lowest nonlinear dispersive wave propagation
in nonlinear fibers. Moreover, many aspect of the NLSE are used to
study the behavior of the solitons. For example, it is obtained bright
optical solitons when the GVD is anomalous while the normal GVD pro-
vided dark optical solitons. In other to preserve a pulse, the self-phase
modulation is considered. Perturbation terms such as Self Steepening
perturbation(SS), Stimulate Raman Scattering (SRS) and Third-Order
Dispersion (TOD) stimulated the generation of ultrashort pulses and
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femtoseconds in NLSE [16]. It is effective today that NLSE describes
the propagation of the solitons in optical fibers.

Furthermore, another important phenomenon which is linked with
the NLSE to show out the propagation of solitary waves in optical fibers
is the MI. The MI can take place by adding the lower perturbations in
the amplitude of the Continuous Waves (CW) in a nonlinear system
and can increase rapidly [17]. Concerning optical fibers, MI has been
investigated in diverse applications such as supercontinuum generation,
MI laser, characteristic of the fiber and optical switching [17–19]. In
addition, the MI is often present in the anomalous GVD regime for a
self-focussing nonlinearity. In general, the study of the MI associated
with the NLSE is based on the anomalous and normal GVD regime.

It become possible during the last decade to investigate analytical
and numerical solutions of the NLSE with Conformable spatiotempo-
ral derivative order in nonlinear optic fiber. On this way a lot of
mathematical integration schemes have been used to facilitate the
investigation of the solitary waves [20–44]. The fractional calculus is
the mathematical instrument used to handle the nonlinear evolution
equations and managed the memory and hereditary of diverse materi-
als [45]. In Refs. [46,47], NLSE with fractional space–time have been
used to investigate optical soliton solutions. Very recently, the virtue
of fractional derivatives in spatiotemporal MI has been analyzed in
Ref. [48].

In this work, we investigate the fractional derivative order effect
on the bright, dark, W-shape profile and MI gain. We use the frac-
tional nonlinear NLSE with High-Order dispersion (HOD) describing the
propagation of ultrashort pulses in optic fibers. To achieve this goal,
we employ the auxiliary equations structure and the traveling wave
hypothesis. Thereafter, to highlight the MI gain spectra, we use the
linearizing technique to obtain the dispersion relation and there follows
application of MATLAB code to determine the gain. So, the fractional
NLSE describing ultrashort pulses in such nonlinear media is given as

𝑖
𝜕𝜓(𝑧, 𝑡)
𝜕𝑧

+
𝛽2
2
𝐷2𝛼
𝑡 𝜓(𝑧, 𝑡) − 𝑖

{

𝛽3
6
𝐷3𝛼
𝑡 𝜓(𝑧, 𝑡) + 𝛼1𝐷

𝛼
𝑡
(

|𝜓(𝑧, 𝑡)|2𝜓(𝑧, 𝑡)
)

+𝛼2𝜓(𝑧, 𝑡)𝐷𝛼
𝑡
(

|𝜓(𝑧, 𝑡)|2
)}

+ 𝛾|𝜓(𝑧, 𝑡)|2𝜓(𝑧, 𝑡) = 0, 0 ≤ 𝛼 ≤ 1. (1)

Here the operator 𝐷𝛼
𝑡 is the conformable derivative order [1]. The

others parameters such as 𝛽2, 𝛽3 are the GVD and the TOD respectively.
The first is responsible for normal and anomalous dispersive regime
and could help to explain the phenomena of the temporal enlargement
squeeze of ultrashort pulses in optical fibers. However, the second
offers widen and an extra temporal gap on the propagation of pulse.
Its effects are also emphasized on the transmission bandwidth with an
unique channel during the propagation of ultrashort pulses in random
media or super-diffusion [2]. Concerning 𝛼1, 𝛼2 and 𝛾, they are respon-
sible of the inter-modal dispersion, self-steepening and nonlinearity
in optical fibers. Most of existing studies on Fractional nonlinear
Schrödinger equation have concentrated on the mathematical sides of
the theory and have emphasized tactful questions that take place from
the nonlocal kind of the dynamic operator [49].

The work is organized as follows: Section ‘‘Introduction’’ gives the
overview of the conformable derivative order. In Section ‘‘Sight of the
conformable derivative order’’, we used auxiliary equations architec-
ture to stress out W-shape bright, dark and diverse others solutions by
the help of the transformation hypothesis. Section ‘‘W-shape solitons
and others solutions with the effects of fractional derivative order and
high-order dispersion’’ uses the linearizing technique to obtain the
dispersion relation of the MI and numerical analysis of the MI gain
spectra. The last section summarizes the work.

Sight of the conformable derivative order

The aspect of integrals and derivatives of non-integer order were
used since the works of Leibniz, Liouville, Riemann, Grunwald, and
2

Letnikov [3]. Nowadays, many studies in science and mathematics
have used the fractional order. The motivation in fractional differential
equations has been increasing permanently because of the virtue of
results obtained. More recently, Vasily E. has established the fractional
integro-differential equations by adopting the fractional power-law
dependence in a large frequency range [3]. In what follows, we give
a view properties of the fractional derivative operator.

Assuming 𝐻 , 𝑌 are reals and 𝛤 the gamma function,

𝛼
𝑡 𝐻(𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
𝛤 (−𝛼) ∫

𝑡
0 (𝑡 − 𝜁 )

−𝛼−1 [𝐻(𝜁 ) −𝐻(0)] 𝑑𝜁, 𝛼 < 0,
1

𝛤 (1−𝛼) ∫
𝑡
0 (𝑡 − 𝜁 )

−𝛼 [𝐻(𝜁 ) −𝐻(0)] 𝑑𝜁, 0 < 𝛼 < 1,

𝐻(𝜁 )𝛼−𝑛, 𝑛 < 𝛼 < 𝑛 + 1, 𝑛 ≥ 0.

(2)

𝛼
𝑡 𝑌

𝑖 =
𝛤 (1 + 𝑖)

𝛤 (1 + 𝑖 − 𝛼)
𝑌 𝑖−𝛼 ,

𝐷𝛼
𝑡 [𝑏𝐻(𝑡)] = 𝑏𝐷𝛼

𝑡 𝐻(𝑡),
𝛼
𝑡 [𝑏𝐻(𝑡) + 𝑐𝐻(𝑡)] = 𝑏𝐷𝛼

𝑡 𝐻(𝑡) + 𝑐𝐷𝛼
𝑡 𝐻(𝑡). (3)

he universal fractional power law in the frequency domain could be
ead for 𝛼 = 1 − 𝑛

±𝑖𝛺)𝛼 = |𝛺|

𝛼𝑒±𝑖𝛼𝜋𝑠𝑖𝑔𝑛(𝛺)∕2. (4)

-shape solitons and others solutions with the effects of fractional
erivative order and high-order dispersion

To highlight the effects of the fractional derivative order and
igher-Order Dispersion (HOD) in nonlinear optical fibers, we use
= 𝑧 + 𝜗 𝑡

𝛼

𝛼 and the following transformation hypothesis

𝜓(𝑧, 𝑡) = 𝐻(𝜉)𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0), (5)

Inserting Eq. (5) into Eq. (1), gives
1
2
(

𝛽2 − 𝜅𝛽3
)

𝑣2𝐻 ′′ +
( 1
6
𝜅3𝛽3 −

1
2
𝜅2𝛽2 − 𝜔

)

𝐻 +
(

𝛾 − 𝜅𝛼1
)

𝐻3 = 0, (6)

and

− 1
6
𝑣3𝛽3𝐻

′′ +
( 1
2
𝑣𝜅2𝛽3 − 𝑣𝜅 𝛽2 + 1

)

𝐻 − 1
3
𝑣
(

3 𝛼1 + 2 𝛼2
)

𝐻3 = 0, (7)

From Eqs. (6) and (7), we can obtain Eq. (8) (see Box I).
Admitting now the solution of Eq. (6) or Eq. (7) in the form of

𝐻(𝜉) = 𝐴0 +
𝑛
∑

𝑖=0
𝐴𝑖 [𝐹 (𝜉)]

𝑖 . (9)

To achieve three categories of solitons, we will set our sights on the
bright, dark solitons and those with a W-shaped profile, we admit that
𝐹 (𝜉) satisfies the following nonlinear ordinary equation [42]
𝜕𝐹 (𝜉)
𝜕𝜉

=
√

2(𝐶0 + 𝐶1𝐹 (𝜉) + 𝐶2𝐹 (𝜉)2 + 𝐶3𝐹 (𝜉)3 + 𝐶4𝐹 (𝜉)4), (10)

𝜕2𝐹 (𝜉)
𝜕𝜉2

= 𝐶1 + 2𝐶2𝐹 (𝜉) + 3𝐶3𝐹 (𝜉)2 + 4𝐶4𝐹 (𝜉)3, (11)

hile 𝐶0, 𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐴𝑖 ≠ 0 (𝑖 = 1, 2,… .., 𝑛) are constants to be
etermined later. Using the balance homogeneous principle between
′′ and 𝐻3, yields to 𝑛 = 1. Thereafter, using the obtained value into

q. (9), it is obtained the following expression

(𝜉) = 𝐴0 + 𝐴1𝐹 (𝜉). (12)

ext, we insert Eqs. (11) and (12) into Eq. (6) or Eq. (7) gives the
ollowing results by using MAPLE 18 software.

0 = 0, 𝐴1 = 𝐴1, 𝐶2 =
1 𝜅3𝛽3 − 3 𝜅2𝛽2 − 6𝜔

2
( ) , 𝐶4 = −1 𝐴1

2 (−𝜅 𝛼1 + 𝛾
)

( )

2
.

6 𝑣 𝜅 𝛽3 − 𝛽2 2 −𝜅 𝛽3 + 𝛽2 𝑣
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Fig. 1. (Color online) Spatiotemporal plot evolution of the bright soliton |𝜓1,1(𝑧, 𝑡)|
2 for [𝐴1 = 3.7061 × 10−6 , 𝐶4 = −2.9233 × 10−9 , 𝐶2 = 0.2, 𝛽2 = 0.4 ps2∕m, 𝛽3 = 0.01 ps3∕m, 𝛼1 =

0.001, 𝜗 = 0.25 m∕s, 𝜅 = −20.05, 𝜔 = 0.32 rd∕s, 𝛼 = 1].
Fig. 2. (Color online) Spatiotemporal plot evolution of the bright soliton |𝜓1,1(𝑧, 𝑡)|
2 with the impact of the fractional time derivative (𝑎1) [𝛼 = 0.7], (𝑎2) [𝛼 = 0.5], (𝑎3) [𝛼 = 0.4]

and (𝑎4) [𝛼 = 0.2] for [𝐴1 = 3.7061 × 10−6 , 𝐶4 = −2.9233 × 10−9 , 𝐶2 = 0.2 ; 𝛽2 = 0.4 ps2∕m, 𝛽3 = 0.01 ps3∕m, 𝛼1 = 0.001, 𝜗 = 5 m∕s, 𝜅 = −20.05, 𝜔 = 0.32 rd∕s].
𝜅 = −1
2
𝛾 𝛽3 − 3 𝛼1𝛽2 − 2 𝛼2𝛽2

𝛽3
(

𝛼2 + 𝛼1
) , 𝑣 = −3

2
𝛾 𝛽3 − 𝛼1𝛽2
𝛽3

(

𝛼2 + 𝛼1
)

𝜔 = 1
6
𝛾2𝛽32

(

𝛾 𝛽3 − 3 𝛼1𝛽2
)

− 𝛼22𝛽23
(

3 𝛼1 + 2 𝛼2
)

− 3 𝛾 𝛼2𝛽22𝛽3
(

2 𝛼1 + 𝛼2
)

− 6 𝛽32
(

𝛼2 + 𝛼1
)3

𝛽32
(

𝛼2 + 𝛼1
)3

. (8)

Box I.
1i: Assuming 𝐶0 = 𝐶1 = 𝐶3 = 0, for 𝐶2 > 0, and 𝐶4 < 0, it is recovered
the bright optical soliton to the NLSE as

𝜓1,1(𝑧, 𝑡) =
{

𝐴1

√

−𝐶2
𝐶4

𝑠𝑒𝑐ℎ(
√

2𝐶2(𝑧 + 𝜗
𝑡𝛼

𝛼
))
}

𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0). (13)

ii: 𝐶0 =
𝐶2
2

4𝐶4
, and 𝐶1 = 𝐶3 = 0, for 𝐶2 < 0, 𝐶4 > 0, dark soliton is

obtained

𝜓1,2(𝑧, 𝑡) =
{

𝐴1

√

−𝐶2
2𝐶4

tanh(
√

−𝐶2(𝑧 + 𝜗
𝑡𝛼

𝛼
))
}

𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0). (14)

Fig. 1 shows the bright soliton solution, under the effects of the frac-
tional time derivative order. It has been considered the interaction
between the normal group velocity dispersion and the self focussing
Kerr nonlinearity in the presence of the HOD. The obtained bright
soliton solution conserves its shape because, we have used the upper
bound of the fractional time derivative (𝛼 = 1). The obtained result is
the same to the one obtained without derivative parameter. We also
remark that, the effects of higher-order dispersion in fibers could be
3

offset by the nonlinearity term. The existence relation of the obtained
Eq. (13) is 𝐶4 < 0 ⇒ − 1

2
𝐴1

2(−𝜅 𝛼1+𝛾)
(−𝜅 𝛽3+𝛽2)𝑣2

< 0.
Besides, Fig. 2 gives the behavior of the bright soliton solution in

the same conditions of the obtained Fig. 1, but we make use of different
valued of derivative order parameter. We notice that the shape of the
latter has been deformed and when the minimum value of the fractional
derivative parameter is reached, its undergoes defragmentation (see
Fig. 2 (𝑎4)). These results obtained in the presence of the HOD term
could contribute to the description of the solitary waves dynamics. The
presence of the others parameters such as the Kerr nonlinearity effect,
self phase modulation could facilitate ultra-short pulses generation with
a propagation time below to 100 fs in nonlinear optical fiber. In Fig. 3,
we show the temporal evolution of the bright soliton at different time
with fixed valued of the fractional derivative parameter 𝛼 = 0.2. The
shape and width are maintained during the propagation.

However, by considering 𝐶2 < 0 and − 1
2
𝐴1

2(−𝜅 𝛼1+𝛾)
(−𝜅 𝛽3+𝛽2)𝑣2

> 0, it is ob-
tained dark soliton Eq. (14), which is local pulses that arise as ‘‘holes’’
ongoing wave substance. It is usually exposed in random media, optical
metamaterials and optical fibers (for 𝛼 = 1) with normal dispersion.
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Fig. 3. (Color online) Temporal evolution of the bright soliton |𝜓1,1(𝑧, 𝑡)|
2 at different time with the impact of the fractional time derivative for [𝛼 = 0.2, 𝐴1 = 3.7061 × 10−6 , 𝐶4 =

−2.9233 × 10−9 , 𝐶2 = 0.2, 𝛽2 = 0.4 ps2∕m, 𝛽3 = 0.01 ps3∕m, 𝛼1 = 0.001, 𝜗 = 5 m∕s, 𝜅 = −20.05, 𝜔 = 0.32 rd∕s,].
Fig. 4. (Color online) Spatiotemporal plot evolution of the dark soliton |𝜓1,2(𝑧, 𝑡)|
2 under the influence of the fractional time derivative (𝑏1) [𝛼 = 0.7], (𝑏2) [𝛼 = 0.5], (𝑏3) [𝛼 = 0.3]

and (𝑏4) [𝛼 = 0.1] for [𝛼 = 0.2, 𝐴1 = −0.6232, 𝐶4 = 2.4263 × 10−4 , 𝐶2 = −0.2, 𝛽2 = 0.4 ps2∕m, 𝛽3 = 0.01 ps3∕m, 𝛼1 = 0.001, 𝜗 = 5 m∕s, 𝜅 = −0.05, 𝜔 = 0.32 rd∕s].
,

We observe that the profile of the dark soliton is deeply influenced
by the fractional derivative order associated to the effects of the HOD,
therefore it could be assumed that dark soliton is most appropriate to be
employed for optical communication and others applications in science.
In Fig. 5, one observes the fragmentation of the dark soliton during its
propagation under the impact of the fractional derivative parameter in
normal group velocity dispersion.

Thereafter the second result is recovered

𝐴0 =

√

6
6

√

−𝜅3𝛽3 + 3 𝜅2𝛽2 + 6𝜔
−𝜅 𝛼1 + 𝛾

, 𝐴1 = 𝐴1, 𝐶2 = −1
3
𝜅3𝛽3 − 3 𝜅2𝛽2 − 6𝜔
𝑣2

(

𝜅 𝛽3 − 𝛽2
)

𝐶3 = −

√

6𝐴1
3

√

√

√

√

(

−𝜅3𝛽3 + 3 𝜅2𝛽2 + 6𝜔
) (

−𝜅 𝛼1 + 𝛾
)

(

−𝜅 𝛽3 + 𝛽2
)2 𝑣4

,

𝐶4 = −1
2
𝐴1

2 (−𝜅 𝛼1 + 𝛾
)

(

−𝜅 𝛽3 + 𝛽2
)

𝑣2
.

In what follows, two categories of solutions are presented according to
the stress conditions on the parameters of Eqs. (10) and (11)
4

3i: Assuming 𝐶0 = 𝐶1 = 0, for 𝐶2 > 0 and 𝐶4 > 0, the combined

bright–dark optical solitons to NLSE is given by

𝜓1,3(𝑧, 𝑡) =
{

𝐴0 + 𝐴1
𝐶2𝑠𝑒𝑐ℎ2(

√

2𝐶2
(𝑧+𝜗 𝑡

𝛼
𝛼 )

2 )

2
√

𝐶2𝐶4 tanh(
√

2𝐶2
(𝑧+𝜗 𝑡

𝛼
𝛼 )

2 ) − 𝐶3

}

𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0),

(15)

4i: Undertaking 𝐶0 = 𝐶1 = 0, for 𝐶2 > 0 and 𝐶2
3 − 4𝐶2𝐶4 > 0, it is

obtained bright–bright soliton to FNLSE

𝜓1,4(𝑧, 𝑡) =
{

𝐴0 + 𝐴1

2𝐶2𝑠𝑒𝑐ℎ(
√

2𝐶2(𝑧 + 𝜗
𝑡𝛼

𝛼
))

√

𝐶3
2 − 4𝐶2𝐶4 − 𝐶3𝑠𝑒𝑐ℎ(

√

2𝐶2(𝑧 + 𝜗
𝑡𝛼

𝛼
))

}

𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0),

(16)
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Fig. 5. (Color online) Temporal evolution of the dark soliton |𝜓1,2(𝑧, 𝑡)|
2 under the influence of the fractional time derivative (𝑏5) [𝛼 = 0.2], (𝑏6) [𝛼 = 0.3], (𝑏7) [𝛼 = 0.4] and (𝑏8)

[𝛼 = 0.1] for [𝛼 = 0.5, 𝐴1 = −0.6232, 𝐶4 = 2.4263 × 10−4 , 𝐶2 = −0.2, 𝛽2 = 0.4 ps2∕m, 𝛽3 = 0.01 ps3∕m, 𝛼1 = 0.001, 𝜗 = 0.5 m∕s, 𝜅 = −0.05, 𝜔 = 0.32 rd∕s].

Fig. 6. (Color online) Spatiotemporal plot evolution of the W-shape soliton of |𝜓1,5(𝑧, 𝑡)|
2 under the influence of the fractional time derivative (𝑑1) [𝛼 = 0.75], (𝑑2) [𝛼 = 0.65], (𝑑3)

[𝛼 = 0.55] and (𝑑4) [𝛼 = 0.25] for [𝐶3 = 10.8775, 𝐴1 = 0.1078, 𝐶4 = 2.4263 × 10−4 , 𝐶2 = 0.15, 𝛽2 = 0.0104 ps2∕m, 𝛽3 = 0.0001 ps3∕m, 𝛼1 = −100.047 𝜗 = 0.75 m∕s, 𝜅 = −0.0825, 𝜔 =
0.00132 rd∕s, 𝐶4 = 23.8918].

Fig. 7. (Color online) Spatiotemporal plot evolution of the W-shape soliton of |𝜓1,5(𝑧, 𝑡)|
2 under the influence of the fractional time derivative (𝑑5), 𝑑6 [𝛼 = 0.45], (𝑑7 , 𝑑8) [𝛼 = 0.25]

for [𝐶3 = 10.8775, 𝐴1 = 0.1078, 𝐶4 = 2.4263 × 10−4 , 𝐶2 = 0.15, 𝛽2 = 0.0104 ps2∕m, 𝛽3 = 0.0001 ps3∕m, 𝛼1 = −100.047 𝜗 = 0.75 m∕s, 𝜅 = −0.0825, 𝜔 = 0.00132 rd∕s, 𝐶4 = 23.8918].
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Fig. 8. (Color online) Temporal plot evolution of the W-shape soliton of |𝜓1,5(𝑧, 𝑡)| under the influence of the fractional time derivative for [𝛼 = 0.25, 𝐶3 = 10.8775, 𝐴1 = 0.1078, 𝐶4 =
.4263 × 10−4 , 𝐶2 = 0.15, 𝛽2 = 0.0104 ps2∕m, 𝛽3 = 0.0001 ps3∕m, 𝛼1 = −100.047 𝜗 = 0.75 m∕s, 𝜅 = −0.0825, 𝜔 = 0.00132 rd∕s, 𝐶4 = 23.8918].
Fig. 9. (Color online) Temporal plot evolution of the W-shape soliton of |𝜓1,5(𝑧, 𝑡)| under the influence of the fractional time derivative for [𝛼 = 0.05, 𝐶3 = 10.8775, 𝐴1 = 0.1078, 𝐶4 =
.4263 × 10−4 , 𝐶2 = 0.15 𝛽2 = 0.0104 ps2∕m, 𝛽3 = 0.0001 ps3∕m, 𝛼1 = −100.047 𝜗 = 0.75 m∕s, 𝜅 = −0.0825, 𝜔 = 0.00132 rd∕s, 𝐶4 = 23.8918].
i: Admitting that 𝐶0 = 𝐶1 = 0, for 𝐶2 > 0, the combined bright–dark
ptical soliton is also obtained

1,5(𝑧, 𝑡) =
{

𝐴0 + 𝐴1
𝐶2𝐶3𝑠𝑒𝑐ℎ2(

√

2𝐶2
(𝑧+𝜗 𝑡

𝛼
𝛼 )

2 )

𝐶2𝐶4(1 − tanh(
√

2𝐶2
(𝑧+𝜗 𝑡

𝛼
𝛼 )

2 ))2 − 𝐶2
3

}

𝑒𝑖(𝜔𝑧−𝜅
𝑡𝛼
𝛼 +𝜃0).

(17)

We consider now 𝛽2 = 0.0104 ps2∕m, 𝛽3 = 0.0001 ps3∕m, to depict
numerically Eq. (17). In Fig. 6, we show the W-shaped profile in normal
dispersion regime with the influence of the fractional derivative order
parameter. One observes that the W-shape profile is affected gradually
when the fractional parameter decreases. This situation leads to the W-
shape profile width defacement when the fractional derivative order
parameter attempt to be near the minimal value. This even could be
used to explain the propagation of W-shape profile in nonlinear optic
fibers during transport of data or communication. However, Fig. 7
shows the behavior of the W-shape profile with the impact of the
fractional derivative order parameter and it is observed an irruption in
6

Fig. 7 (𝑑7). This scenario could perhaps have more explanation through
application work in a communication system by fiber optic. Figs. 8 and
9 illustrate the normal behavior of the W-shaped during its propagation
in nonlinear media and more precisely in the optical fiber. All these
results obtained prompt us to investigate the conditions of stability and
instability. From the above results, a craze to clarify the conditions of
stability and instability of the obtained results is necessary. Therefore,
the following section will focus on the study of MI phenomena, which
are a source of solitary wave generation in nonlinear optic fibers
where the competition between nonlinearities and dispersions terms is
permanent.

Modulation instability

In this section, we analyze the behavior of the MI in the fractional
time derivative in HOD to NLSE describing the propagation of the
ultrashort pulses in nonlinear optical fibers. It is known that the MI
is present in temporal domain and it could occur when nonlinearity
and GVD interplay. On this way, several works have been done in
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Fig. 10. (Color online) The illustration of the MI gain spectra versus angular frequency with the influence of the fractional time order in normal dispersion regime (𝑎)
[𝛽2 = 0.41 ps2∕m, 𝛽2 = 0.71 ps2∕m] respectively and 𝑏) [𝛽2 = 1 ps2∕m, 𝛽2 = 1.5 ps2∕m] for [𝛽3 = 0 ps3∕m, 𝑃0 = 0.65 W, 𝛼1 = −0.0001, 𝛼2 = 0, 𝛼 = 0.85].
Fig. 11. (Color online) Variations of the MI gain spectra versus angular frequency with the influence of fractional derivative order in normal dispersion regime (𝑐) [𝛼 = 0.65, 𝛼 = 0.55]
and 𝑑) [𝛼 = 0.35, 𝛼 = 0.15] for [𝛽3 = 0.1 ps3∕m, 𝑃0 = 0.65 W, 𝛼1 = −0.0001, 𝛼2 = 0, 𝛽2 = 0.1 ps2∕m].
Fig. 12. (Color online) Variations of the MI gain spectra versus angular frequency with the influence of fractional derivative order in anomalous dispersion regime (𝑀) [𝛼 = 0.85]
and (𝑁) [𝛼 = 0.75] for [𝛽3 = −0.1 ps3∕m, 𝑃0 = 0.65 W, 𝛼1 = 0.0001, 𝛼2 = 0.004, 𝛽2 = −0.1 ps2∕m]. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
NLSE having a diversity of physical properties to obtain the disper-
sion relation, the instability constraints and the gain spectrum. More
recently, it has been showed that the HOD could shift the MI peak gain
to higher frequency side and could enlarge the instability area [17–
19,48]. However, our objective here, is to show the effects of the
fractional derivative time order associated with the GVD in anoma-
lous/normal dispersion regime, the HOD, the Self-Phase modulation
and Kerr nonlinearity. We first employ the linear stability method by
assuming that the solutions to Eq. (1) are taking into consideration
7

small perturbations as follows

𝜓(𝑧, 𝑡) =
[

𝑃0 + 𝜙(𝑧, 𝑡)
]

𝑒𝑖𝛾0𝑧, (18)

Inserting Eq. (18) into Eq. (1), gives

𝑖𝜙𝑧 +
𝛽2

(2𝛼)!
𝜕2𝛼𝜙
𝜕𝑡2𝛼

− 𝑖
𝛽3

(3𝛼)!
𝜕3𝛼𝜙
𝜕𝑡3𝛼

− 𝑖
𝛼1𝑃 2

0
𝛼!

(

2
𝜕𝛼𝜙
𝜕𝑡𝛼

+
𝜕𝛼𝜙∗

𝜕𝑡𝛼

)

− 𝑖
𝛼2𝑃 2

0
𝛼!

(

𝜕𝛼𝜙
𝜕𝑡𝛼

+
𝜕𝛼𝜙∗

𝜕𝑡𝛼

)

+ 𝛾𝑃 2
0
(

2𝜙 + 𝜙∗) = 0, (19)
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Fig. 13. (Color online) Variations of the MI gain spectra versus angular frequency
ith the influence of fractional derivative order in anomalous dispersion regime for
𝛽3 = −0.001 ps3∕m, 𝑃0 = 0.65 W, 𝛼1 = 0.0001, 𝛼2 = 0.65, 𝛽2 = −0.1 ps2∕m].

Assuming the solution of Eq. (19) in the form of

(𝑧, 𝑡) = 𝑈𝑒𝑖(𝐾𝑧−𝛺𝑡) + 𝑉 𝑒−𝑖(𝐾𝑧−𝛺𝑡), (20)

where 𝑈 and 𝑉 are the disturbance amplitudes. After some algebraic
manipulations, the dispersion relation gives

𝑠2𝐾
2 + 𝑠1𝐾 + 𝑠0 = 0, (21)

where

𝑠2 = −
(

1
𝛤 (1 + 3𝛼)

)2 ( 1
𝛤 (1 + 2𝛼)

)2 ( 1
𝛤 (1 + 𝛼)

)2
,

𝑠1 = |𝛺|

3𝛼

(

− 1
𝛤 (1 + 3𝛼)

(

1
𝛤 (1 + 2𝛼)

)2 ( 1
𝛤 (1 + 𝛼)

)2

× 𝛽3𝑖
(

𝜖1 − 𝜖2
) (

𝜖1
2 + 𝜖1𝜖2 + 𝜖22

))

+ |𝛺|

2𝛼

(

(

1
𝛤 (1 + 3𝛼)

)2 1
𝛤 (1 + 2𝛼)

(

1
𝛤 (1 + 𝛼)

)2
𝛽2

(

𝜖1 − 𝜖2
) (

𝜖1 + 𝜖2
)

)

+ |𝛺|

𝛼

(

−
(

1
𝛤 (1 + 3𝛼)

)2 ( 1
𝛤 (1 + 2𝛼)

)2

× 1
𝛤 (1 + 𝛼)

𝑃 2
0 𝑖

(

𝜖1 − 𝜖2
) (

2 𝛼1 + 𝛼2
)

)

,

𝑠0 = |𝛺|

6𝛼

(

−
(

1
𝛤 (1 + 2𝛼)

)2 ( 1
𝛤 (1 + 𝛼)

)2
𝛽3

2𝜖31𝜖
3
2

)

+ |𝛺|

5𝛼

(

− 1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 2𝛼)

(

1
𝛤 (1 + 𝛼)

)2
𝛽2𝛽3𝜖

2
1𝜖

2
2 𝑖
(

𝜖1 + 𝜖2
)

)

+ |𝛺|

4𝛼
(

1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 𝛼)

𝜖1𝜖2

(

1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 𝛼)

𝛽22𝜖1𝜖2

))

+ |𝛺|

4𝛼
(

1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 𝛼)

𝜖1𝜖2
((

−2 𝛼1𝛽3𝜖12 − 2 𝛼1𝛽3𝜖22 − 𝛼2𝛽3𝜖
2
1

× −𝛼2𝛽3𝜖22
)

(

1
𝛤 (1 + 2𝛼)

)2
𝑃 2
0

))

+ |𝛺|

3𝛼

(

− 1
𝛤 (1+3𝛼)

1
𝛤 (1+2𝛼)

1
𝛤 (1+𝛼) 𝑃0

2𝑖
(

𝜖1 + 𝜖2
)

)

(

𝜖1
(

−2 1
𝛤 (1+2𝛼) 𝛼! 𝛾 𝛽3 + 2 1

𝛤 (1+3𝛼) 𝛼1𝛽2 +
1

𝛤 (1+3𝛼) 𝛼2𝛽2
)

𝜖2
)−1

2 |𝛺|

3𝛼
(

− 1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 2𝛼)

1
𝛤 (1 + 𝛼)

𝑃0
2𝑖
(

𝜖1 + 𝜖2
)

)

×
(

1
𝛤 (1 + 2𝛼)

1
𝛤 (1 + 𝛼)

𝛽3𝜖2
2𝛾
)

2 |𝛺|

3𝛼
(

− 1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 2𝛼)

1
𝛤 (1 + 𝛼)

𝑃0
2𝑖
(

𝜖1 + 𝜖2
)

)

×
(

1 1 𝛽3𝜖1
2𝛾
)
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𝛤 (1 + 2𝛼) 𝛤 (1 + 𝛼)
+3𝛾2𝑃 4
0 |𝛺|

3𝛼
(

− 1
𝛤 (1 + 3𝛼)

1
𝛤 (1 + 2𝛼)

1
𝛤 (1 + 𝛼)

𝑃0
2𝑖
(

𝜖1 + 𝜖2
)

)

×
(

1
𝛤 (1 + 3𝛼)

)2 ( 1
𝛤 (1 + 2𝛼)

)2 ( 1
𝛤 (1 + 𝛼)

)2

+ |𝛺|

2𝛼

(

−
(

1
𝛤 (1 + 3𝛼)

)2 1
𝛤 (1 + 2𝛼)

𝑃 2
0

(

3 1
𝛤 (1 + 2𝛼)

𝑃 2
0 𝛼

2
1𝜖1𝜖2

+2 1
𝛤 (1 + 2𝛼)

𝑃 2
0 𝛼1𝛼2𝜖1𝜖2

))

+ |𝛺|

2𝛼

(

−
(

1
𝛤 (1 + 3𝛼)

)2 1
𝛤 (1 + 2𝛼)

𝑃 2
0

(

−2
(

1
𝛤 (1 + 𝛼)

)2

× 𝛽2𝜖1
2𝛾 − 2

(

1
𝛤 (1 + 𝛼)

)2
𝛽2𝜖2

2𝛾

))

+ |𝛺|

𝛼

(

−
(

1
𝛤 (1 + 3𝛼)

)2 ( 1
𝛤 (1 + 2𝛼)

)2

× 1
𝛤 (1 + 𝛼)

𝛾 𝑃 4
0 𝑖

(

𝜖1 + 𝜖2
) (

3 𝛼1 + 𝛼2
)

)

nd 𝜀1 = 𝑒−𝑖𝛼𝜋𝑠𝑖𝑔𝑛(𝛺)∕2, 𝜀2 = 𝑒𝑖𝛼𝜋𝑠𝑖𝑔𝑛(𝛺)∕2.
The appearance of the MI is feasible only when 𝛺 is a complex

value. For this fact, the stability or instability is concerned by the
imaginary part study. So, the MI gain spectra could be explicitly given
as 𝐺(𝛺) = |𝐼𝑚(𝛺)|. In this work, we use MATLAB code to determine
he maximum value of 𝛺𝑚𝑎𝑥.

Fig. 10 shows the variation of the MI gain spectra versus the angular
requency, with the effect of the GVD and fractional derivative order
𝛼 = 0.85). It is observed that when the valued of the GVD increases

the MI bands increases and additional band appears. However, the first
side band vanishes for certain value of the GVD, while the second
side band increases progressively. By maintaining the value of the
GVD constant, we show the effects of the fractional derivative order in
normal dispersion regime on the MI gain spectra in the presence of the
TOD. We observe that, when the fractional derivative order decreases,
the MI band increases and the instability zones also increase. For 𝛾 = 0,
the maximum value of the MI gain spectrum is obtained (see Fig. 11(c)).
In addition, for −1 < 𝛺(𝐻𝑧) < 0, the MI band shrinks for 0 < 𝛼 < 0.35,

hile 𝛼 = 0.15 the situation is somewhat different, an additional band
s obtained for −0.2 < 𝛾 (Wm)−1 < 0.2 (see Fig. 11(d) (right panel)). In

order to scrutinized the behavior of the MI gain spectra in anomalous
dispersive regime, we assume 𝛽2 = −0.1 ps2∕m. Figs. 12–13 show the
comparison of the MI gain spectra under the effect of the fractional
derivative time order in the presence of higher-order dispersion term.
We first observe that when the value of the fractional order decreases,
the width of side bands are increased as shown in Fig. 12 (N) and
Fig. 13 (blue curve). It is also shown out that the combination of the
HOD and fractional derivative order play an important role by strongly
increasing both the range of unstable frequencies and the maximum
gain. The same scenario is set out in Fig. 14. One can observe that
the MI has one side band standing over the line 𝛺 = 0. On the other
hand, the variations of the MI gain spectra as a function of the fractional
derivative order in anomalous dispersion regime is depicted in Fig. 15.
It is observed that when the TOD increases, we recovered additional
sideband (see Fig. 15 (𝑆3) and 15 (𝑆4)) and the MI gain thresholdless
at 𝛺 = 0.

Conclusion

We use the fractional NLSE to investigate the dynamics of solitary
waves in nonlinear media. We employ the auxiliary equations tech-
nique to recover three families of solitons. By setting 𝐶2 > 0 and
𝐶4 < 0, it is obtained bright optical soliton and for 𝐶2 < 0 and
𝐶4 > 0, we recover dark optical soliton. Thereafter, under the constraint
relation 𝐶2 > 0 and 𝐶4 > 0, the combined bright–dark and bright-
right are set up. Meanwhile, we depict the profile of the bright and
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Fig. 14. (Color online) Illustrations of the MI gain spectra versus angular frequency with the effect of TOD and the fractional derivative order in anomalous dispersion regime for
(𝐻) [𝛽3 = 0.4 ps3∕m] and 𝐹 ) [𝛽3 = 0.7 ps3∕m] for [𝛼 = 0.65, 𝑃0 = 0.65 W, 𝛼1 = 0.0001 𝛼2 = 0.8, 𝛽2 = −0.1 ps2∕m].
Fig. 15. (Color online) Variations of the MI gain spectra versus fractional derivative order in anomalous dispersive regime under the influence of the TOD at (𝑆1) [𝛽3 = 0.75 ps3∕m],
(𝑆2) [𝛽3 = 1.5 ps3∕m], (𝑆3) [𝛽3 = 2.5 ps3∕m] and 𝑆4) [𝛽3 = 4.5 ps3∕m] for [𝑃0 = 0.65 W, 𝛼1 = 0.1 𝛼2 = 0.8, 𝛽2 = −1.94 ps2∕m, 𝛾 = 1 (Wm)−1].
dark which clearly shows the influence of the fractional order during
propagation in fiber optic (see Figs. 2 and 4). Next, by involving the
combined bright-dark solutions, we obtain the W-shape profile which
leads to observe the asset of fractional time derivative order (see Figs. 6
and 7). These results have been obtained in normal and anomalous
dispersion regime including the effect of TOD. Eventually, we involve
the MI analysis to see how the fractional time derivative can impact the
stability or instability zones. We notice that the latter has been deeply
influenced by the width and sidebands. These results have adduced
some additional behavior of the MI gain spectra in the case of the
normal and anomalous dispersions regimes associated to the self-phase
dispersion compared to that of [17–19]. In addition it could be of
great benefit for future studies concerning solitary waves formation
provoked by the confrontation between nonlinearities and dispersions
in optical fibers. The worth of these results could be involved in random
media, optical metamaterials, super-diffusion or optical fibers devices
and could improve the virtue of the different parameters of the model
in the presence of the fractional time parameter.
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