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A B S T R A C T   

Human papillomavirus (HPV) is a reproductive tract infection common to sexually active human. Many of the 
low-risk HPV infections clear up without any medications but the High-risk HPV-related diseases can remain in 
the body for a long time. Most of the cases of cervical cancers and other genital cancers are consequences of HPV- 
related diseases. As HPV-related diseases are on the increase and controlling the spread is becoming difficult, this 
present study explores the influence of vaccination on the spread of the diseases. A fractional order mathematical 
model that captures different HPV risk level is developed in this study. The basic reproduction ratio is obtained 
for the fractional order model and a locally asymptomatically stable disease-free equilibrium is shown to exist. A 
comprehensive analysis of the effect of vaccination efficacy and rate of vaccination is carried out and the results 
indicate that the spread of HPV infection can be mitigated by vaccination.   

Introduction 

The Human papillomavirus (HPV) is class of virus comprising over 
170 different strains, out which 40 are transmitted through sexual ac-
tivities [1]. HPV is associated with many of the genital diseases expe-
rienced in sexually active male and female humans and studies have 
shown that cervical cancer is majorly attributed to HPV [2]. The rising 
cases of cervical cancer among many cancers affecting women globally 
has also been shown to be HPV-related [3]. Also, penile, anal and 
prostate cancers occurrence in young men have also been shown to be 
HPV-related [4]. HPV genotypes are classified as low-risk (if they cause 
noncancerous abnormal growths on the skin) and high-risk (if they can 
lead to cancerous growths) [1,5]. Low-risk HPV types include types 2–4, 
7, 8, 11, 22 while the high-risk HPV types include type 16, type 18, type 
31, type 33, type 45. Based on scientific research, HPV types 16 and 18 
are responsible for about 70% of cervical cancers [6]. More than 90% of 

HPV-infected individuals recover naturally without any medical inter-
vention within two years and without having cancers [7]. The few cases 
of High-risk HPV that do not heal up within two years lead to cancers if 
not treated. Clinically, it is found that 95% anal cancer and 70% 
oropharyngeal cancers are HPV related [8]. 

Control strategies are often needed to ensure that the spread of any 
infection is reduced to the most minimum. Quarantine, sensitization and 
vaccination are some of the most commonly used control strategies. 
While other strategies prevent the spread of the disease, vaccination 
combats the disease and attempts to cure that disease. Vaccination 
programs have been very successful in reducing the rates of infection 
and consequently reduce associated complications [9]. Currently, 9-val-
ent vaccines (Gardasil 9, 9vHPV), quadrivalent vaccines (Gardasil, 
4vHPV) and bivalent vaccines (Cervarix, 2vHPV) are the three vaccines 
licensed for treating HPV types 16 and 18, and some other low-risk HPV 
types 6, 11,33, 45, 52 and 58 [6]. These vaccines boost antibodies in the 
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serum that neutralises viruses and are almost 100% effective in women 
[10]. Despite the successfulness of the vaccines, there are some mis-
conceptions that cause pains and syncope [11,12]. 

McLaughlin et al. [13] provided some scientific evidence to establish 
coexistence and interaction of more than one HPV types in the same host 
cell. The study identifies that there are at least two HPV-types in every 
lesion and the existence of one type is at the detriment of the other. 
Robert J. Smith [14] and Mori [15] emphasized the possibility of co-
infection of multiple HPV-genotypes and inferred that such case is 
common among women. Recently, epidemiologists have shown interest 
in the use of mathematical model to investigate the spread of HPV- 
related diseases. There are general models that explain the spread of 
sexually transmitted disease (STD) and also provide information about 
how effective some control strategies are [16–19]. Previous mathe-
matical studies on cervical cancer that considered the impact if vacci-
nation on the spread of HPV-related disease include can found include 
[20–24]. Mathematical models have been extensively employed in HPV 
epidemiology research to aid in our knowledge of the primary contrib-
uting elements in a specific epidemic. 

A mathematical model is a strong tool for understanding the dy-
namics of a situation. There are several research publications on clas-
sical order models that might adequately extend the concept. However, 
the classical order theories are not based on history. Furthermore, 
integer order models are incapable of accurately describing experi-
mental and field measurement data. In addition, the integer derivative is 
local in nature. As an alternate method, fractional order models that are 
global in nature are extensively used. In recent years, scholars have been 
interested in applying fractional calculus to examine real-world prob-
lems in a variety of domains, such as epidemiological models, image 
processing, chaos theory, and so on. Memory, history, and hereditary 
features are important in examining the pattern of spread of any frac-
tional model, such as epidemic illness models, in real-world issues. The 
benefit of fractional order models over classical order models is that they 
allow for more freedom and integrate memory effects. 

Ordinary differentiation and integration are generalized to fractional 
and complex order in fractional calculus. Leibnitz is credited for 
generalizing differential calculus to fractional orders of derivatives. The 
fundamental rationale for choosing integer order models was the lack of 
FDE solution techniques. It is a developing field in applied mathematics 
and mathematical physics, with applications in chemistry, biology, 
economics, image and signal processing, and many other areas of sci-
ence and engineering, such as viscoelasticity, control theory, heat con-
duction, electricity, chaos and fractals, and so on. It can assist us in 
reducing mistakes caused by overlooked factors while modelling real- 
world issues. 

It has been argued that the fractional integral including the real and 
complex conjugate power-law exponent has physical and geometrical 
relevance. The fractional order in fractional derivatives has a physical 
meaning of index of memory. Furthermore, fractional calculus is sig-
nificant in super and sub diffusive processes, making it a helpful tool in 
epidemiology. Because integer order differential equations cannot 
properly explain experimental and field measurement data, fractional 
order differential equation models are increasingly commonly used as an 
alternate strategy. The benefit of fractional-order differential equation 
systems over regular differential equation systems is that they allow for 
more degrees of freedom and include memory effects in the model. In 
other words, they provide a good tool for describing memory and he-
reditary features that were not included in the traditional integer order 
paradigm. Because fractional order models include memory, fractional 
order differential equations provide a more realistic technique to 
simulate the HPV system. Despite the fact that the fractional derivative 
operator is more difficult than the classical one, numerical methods for 
solving systems of nonlinear differential equations exist. Furthermore, 
the researchers have recently demonstrated that by employing fractional 
representations, physical systems with dissipation may be clearly 
described more correctly [34 and references therein]. 

Ghanbari and Atangana [38] used the AB fractional derivative and 
design the masks for image processing. Khan et al. [39] used the singular 
and non-singular kernels to explore the dynamics of zoonotic visceral 
leishmaniasis disease. Jan et al. [40] used the Caputo Fabrizio and AB 
derivative to explain and explore the dynamics of dengue infection. Altaf 
et al. [41] used nonsingular kernel to display the dynamics of tubercu-
losis model. Atangana and Seda [42] used three different types of frac-
tional differential operators to explore simulations for modified Chua 
attractor. 

A fractional order mathematical model that captures both high-risk, 
low-risk and low–high-risk HPV types, with different level of interven-
tion, is formulated in this study. This study provides answers to the 
following questions;  

i. What is the importance of vaccination in reducing the HPV 
infection?  

ii. How does the rate of vaccination influence the spread of HPV?  
iii. How does the efficacy of the vaccination affect the spread of 

HPV? 

Mathematical model 

To formulate the mathematical model, we consider a population of 
size N(t). The population is classified into six classes  

i. Susceptible class S(t): the class of uninfected individuals who are 
not yet vaccinated.  

ii. Vaccinated V(t): the class of susceptible individuals who have 
received vaccination. 

Table 1 
Sensitivity indices of.R 0  

Parameter S. 
Index 

Value Parameter S. 
Index 

Value 

λ  Sλ   0.068322981 ω  Sω   0.354753941 
Π  SΠ   1.000000001 ϕ  Sϕ   − 92.2360249 
σ  Sσ   − 0.03225038 r2  Sr2   − 0.94488189 
μ  Sμ   − 1.37499702 ξ  Sξ   − 0.00026247  

Fig. 1. Behavior of R 0 against λ and Π.  
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iii. Low-risk HPV Infected Il: the class of low-risk HPV-infected 
individuals.  

iv. High-risk HPV Infected Ih: the class of high-risk HPV-infected 
individuals.  

v. Low-high-risk HPV Infected Il: the class of low–high-risk HPV 
HPV-infected individuals.  

vi. Recovered: the class of individuals infected with low-risk HPV. 

Assumptions of model are as follows;  

i. The model assumes that individuals enter the susceptible class at 
the rate Π.

ii. Vaccination is carried out at the rate of ω.

iii. Vaccinated individuals lose immunity at the rate σ and go back to 
the susceptible.  

iv. Susceptible individuals get infected and migrate into Il, Ih, and Ilh 
classes at the rate λ.

v. A small fraction of the vaccinated individuals gets infected and 
migrate into Il, Ih and Ilh classes at the rate 1 − φ, where φ ∈ (0,1)
measures the vaccine efficacy.  

vi. Individuals in the Il class migrate to the Ilh class, and vice versa, at 
a rate β.

vii. Infected individuals in the classes Il, Ih, and Ilh recover at the rates 
r1, r2 and r3 respectively. 

viii. An individual in the recovered class R(t) migrate to the suscep-
tible class immunity has faded at a rate α.

ix. Any individual from the population dies naturally at the rate μ.
x. Infected individuals die from complications at the rate ξ.

With the above assumptions, the mathematical model [25] is: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= Π − λS(Il + Ih + Ilh) − ωS + αR + σV − μS

dV
dt

= ωS − (1 − ϕ)(Il + Ih + Ilh)V − (σ + μ)V

dIl

dt
= λSIl + (1 − ϕ)VIl − βIlIh − (r1 + μ)Il

dIh

dt
= λSIh + (1 − ϕ)VIh − βIlIh − (r2 + μ + ξ)Ih

dIlh

dt
= λSIlh + (1 − ϕ)VIlh + βIlIh − (r3 + μ + ξ)Ilh

dR
dt

= r1Il + r2Ih + r3Ilh − (α + μ)R

(1)  

where 

N = S+V + Il + Ih + Ilh +R  

And 

S(0) ≥ 0,V(0) ≥ 0, Il(0) = 0, Ih(0) = 0, Ilh(0) = 0, andR(0) ≥ 0.

Fractional order model 

In recent years, fractional calculus gains a special of mathematicians 
which help us to consider various order of differentiation and integra-
tion. These days, a substantial attention in the fractional calculus has 
been shown, which allows us to consider integration and differentiation 
of any order. The usefulness of FDE system is that they allow the users to 
handle the greater of degree of freedom. Atangana-Baleanu (AB) 

Fig. 2. Behavior of R 0 against ω and μ.  

Fig. 3. Behavior of R 0 against ω and ϕ.  Fig. 4. Behavior of R 0 against ω and Π.  
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proposed a fractional derivative with non-local and non-singular ker-
nels. It is based on generalized Mittag-Leffler function and promise an 
improved description of dynamics of the system with memory effects 
[36]. Atangana-Baleanu operators have all the benefits that of Caputo 
and Fabrizio in addition the kernel used is nonlocal. AB fractional dif-
ferential operator is more appropriate in modelling and demonstrating 
real world phenomenon than the power law. Also it retains all the 
properties of the previously known fractional derivatives [37]. 

The new system of FDEs to dengue model is 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABC
0 Dγ

t S = Π − λS(Il + Ih + Ilh) − ωS + αR + σV − μS
ABC
0 Dγ

t V = ωS − (1 − ϕ)(Il + Ih + Ilh)V − (σ + μ)V
ABC
0 Dγ

t Il = λSIl + (1 − ϕ)VIl − βIlIh − (r1 + μ)Il
ABC
0 Dγ

t Ih = λSIh + (1 − ϕ)VIh − βIlIh − (r2 + μ + ξ)Ih
ABC
0 Dγ

t Ilh = λSIlh + (1 − ϕ)VIlh + βIlIh − (r3 + μ + ξ)Ilh
ABC
0 Dγ

t R = r1Il + r2Ih + r3Ilh − (α + μ)R

(2) 

with 
S(0) ≥ 0,V(0) ≥ 0, Il(0) ≥ 0, Ih(0) ≥ 0, Ilh(0) ≥ 0 and R(0) ≥ 0. 
The system is called commensurate if all the values of fractional 

order γ is same, otherwise incommensurate. Chaotic behaviour of the 
model, when the total order of the system is less than six and it is con-
nected to the fractal phase space in dynamics. If all the values of frac-
tional order γ = 1, then the system will be the nonlinear ordinary 
differential equations as presented in [25]. The region of stability of the 
non-integer order system as reviewed in [26–28] is the region in which 
the system eigenvalues λ of the characteristic equation obtained from 
the Jacobian matrix of system (2) at a certain equilibrium point satisfies 
that, |arg(λi)| >γiπ/2 , i = 1,2,⋯,6. 

Equilibrium points 

The equilibrium points of (2) are attained by cracking the nonlinear 
algebraic equations 

cDγ
t S(t)= cDγ

t V(t)= cDγ
t Il(t)= cDγ

t Ih(t)= cDγ
t Ilh(t)= cDγ

t R(t)=0 (3) 

It is very much clear that system (2) has two solutions, F0=

(
Π(σ+μ)

μ(σ+ω+μ),

Πω
μ(σ+ω+μ),0,0,0,0

)

which is said to be the ailment free equilibrium (AFE) 

point and another solution F * = (S*,V*, I*
l , I*

h, I*
lh,R*), which is said to be 

ailment persistent equilibrium (APE) point and where 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S* =
(A1 + A2Z)(A3Z + A7)

2

(A4 + A5Z)(A3Z + A7) + A6
,

V* =
ωS*

Z(1 − ϕ) + A7
,

I*
l =

XS* − A8

β
,

I*
h =

XS* − A9

β

I*
lh =

(XS* − A8)(XA9 − S*)

β(A10 − XS*)
,

R* =
(r1 + r2)βZ − (XS* − A9)r1 − (XS* − A8)r2

βA11

(4) 

Where 

Fig. 5. Behavior of R 0 against r2 and ϕ.  

Fig. 6. Behavior of R 0 against σ and Π.  

Fig. 7. Behavior of R 0 against ξ and r2.  
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A1 = A9r1 + A8r2,A2 = ΠβA11 + αβ(r1 + r2)Z,A3 = 1 − ϕ,A4 = βA11A12

− σω,A5 = βλA11,A6 = (r1 + r2)[λ + (1 − ϕ)ω ],A7 = σ + μ,A8 = r2 + μ

+ξ,A9 = r1 + μ,A10 = r3 + μ + ξ,A11 = α + μ,A12 = ω + μ,X = λ

+
(1 − ϕ)ω

(1 − ϕ)Z + A7
and Z = I*

l + I*
h + I*

lh  

Positivity, boundedness and permanence 

Positivity and boundedness of the solution 
The application of the classical theory of ODEs implies that for every 

set of initial data, (S0,V0, Il0, Ih0, Ilh0,R0), there exists a unique solutions 
(S(t), V(t), Il(t), Ih(t), Ilh(t), R(t)), defined in the maximal open interval 
( − T,T) with T > 0. 

Proposition 2.3.1. Let (S,V, Il, Ih, Ilh,R) be the solution of (2)  

(i) If S0 > 0, V0 > 0, Il0 > 0, Ih0 > 0, Ilh0 > 0, R0 > 0, then S(t) > 0, 
V(t) > 0, Il(t) > 0, Ih(t) > 0, Ilh(t) > 0,R(t) > 0 for every t ∈ [0,T).  

(ii) The solution (S,V, Il, Ih, Ilh,R) is defined [0,∞) and limsup
t→∞

N(t)⩽Π
μ, 

where 

N(t) = S(t)+V(t)+ Il(t)+ Ih(t) + Ilh(t)+R(t).

Proof: We firstly prove (i)

ABC
0 Dγ

t S
⃒
⃒

S=0 = Π + αR + σV⩾0, ABC
0 Dγ

t V
⃒
⃒

V=0 = ωS⩾0,
ABC
0 Dγ

t Il
⃒
⃒

Il=0 = 0, ABC
0 Dγ

t Ih
⃒
⃒

Ih=0 = 0,
ABC
0 Dγ

t Ilh
⃒
⃒

Ilh=0 = βIlIh⩾0,
ABC
0 Dγ

t R
⃒
⃒

R=0 = r1Il + r2Ih + r3Ilh⩾0 

For (ii), we note that 

dN(t)
dt

= Π − μN(t) − βIlIh − ξ(Ih + Ilh) ≤ Π − μN(t) (5) 

Applying integration on (7a), we obtain 

N(t)⩽
Π
μ (1 − e− μt)+N(0)e− μt for every t ∈ [0, T)

The solution (S,V, Il, Ih, Ilh,R) is bounded in the interval [0,T). 
Therefore N(t) ≤ Π

μ (1 − e− μt)+N(0)e− μt for every t ∈ [0,∞). Finally, 
limsup

t→∞
N(t)⩽Π

μ. 

Permanence of the epidemic 

Lemma 2.3.2. Let (S,V, Il, Ih, Ilh,R) be the solution of system (2). If 
there exists a sequence (tn) such that tn→∞, S(tn)→l, V(tn)→m, Il(tn)→0, 
Ih(tn)→0, Ilh(tn)→0, and R(tn)→0, then 

l =
Π(σ + μ)

μ(σ + ω + μ), andm =
Πω

μ(σ + ω + μ).

Proof: We have 0 ≤ l ≤ Π(σ+μ)
μ(σ+ω+μ) and 0 ≤ m ≤ Πω

μ(σ+ω+μ). Suppose that 

0 ≤ l ≤ Π(σ+μ)
μ(σ+ω+μ), since S(tn)→l, V(tn)→m, Il(tn)→0, Ih(tn)→0, Ilh(tn)→0, and 

R(tn)→0, it follows that (l,m,0, 0,0, 0) ∈ W(S0,V0, Il0, Ih0, Ilh0,R0) which 
is the set of W − limit. Consider (S,V, Il, Ih, Ilh,R), the solution of (2) with 
the initial condition (l,m, 0,0, 0,0). Therefore (S(t),V(t), Il(t), Ih(t), Ilh(t),
R(t) ) ∈ W(S0,V0, Il0, Ih0, Ilh0,R0) for every t because the set W(S0,V0, Il0,

Ih0, Ilh0,R0) is invariant by (2). It is easy to verify that 

S(t) =
Π(σ + μ)

μ(σ + ω + μ)+

⎛

⎜
⎝l −

1
μ(σ+ω+μ)

Π(σ+μ)

⎞

⎟
⎠e

− 1
μ(σ+ω+μ)

Π(σ+μ)

t 

and 

V(t) =
Πω

μ(σ + ω + μ)+

⎛

⎜
⎝m −

1
μ(σ+ω+μ)

Πω

⎞

⎟
⎠e

− 1
μ(σ+ω+μ)

Πω
t 

and Il(t) = 0, Ih(t) = 0, Ilh(t) = 0 and R(t) = 0 for every t ∈ R. Since 
0 ≤ l < Π(σ+μ)

μ(σ+ω+μ) and 0 ≤ m < Πω
μ(σ+ω+μ), contrary to the positivity of S&V in 

all R, we have S(t) < 0 & V(t) < 0 for t→ − ∞. 

Stability analysis 

The local stability of the ailment free equilibrium point 

Theorem 2.4. The ailment free equilibrium point 
(

Π(σ+μ)
μ(σ+ω+μ),

Πω
μ(σ+ω+μ), 0,0, 0,0

)

, is locally asymptotically stable for (2) if 

and only if R 0 < 1. 

Proof: Let Z = (Z1,Z2, Z3, Z4,Z5,Z6) =

(

S −
Π(σ+μ)

μ(σ+ω+μ),V − Πω
μ(σ+ω+μ),

Il, Ih, Ilh,R
)

. By (2) the fractional t-derivative of Z is  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABC
0 Dγ

t Z1 = − (ω + μ)Z1 + σZ2 −
Π(σ + μ)λ

μ(σ + ω + μ) (Z3 + Z4 + Z5) + αZ6 − λZ1(Z3 + Z4 + Z5)

ABC
0 Dγ

t Z2 = ωZ1 − (1 − ϕ)(Z3 + Z4 + Z5)Z2 − (σ + μ)Z2 −
Πω

μ(σ + ω + μ) (Z3 + Z4 + Z5)

ABC
0 Dγ

t Z3 =
Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ) Z3 − (r1 + μ)Z3 + (1 − ϕ)Z2Z3 − βZ3Z4 + λ1Z1Z3

ABC
0 Dγ

t Z4 = λZ1Z4 + (1 − ϕ)Z2Z4 − βZ3Z4 +

{
Π(σ + μ)λ

μ(σ + ω + μ) +
(1 − ϕ)Πω

μ(σ + ω + μ) − (r2 + μ + ξ)
}

Z4

ABC
0 Dγ

t Z5 = λZ1Z5 + (1 − ϕ)Z2Z5 + βZ3Z4

{
Π(σ + μ)λ

μ(σ + ω + μ) +
(1 − ϕ)Πω

μ(σ + ω + μ) − (r3 + μ + ξ)
}

Z5

ABC
0 Dγ

t Z6 = r1Z3 + r2Z4 + r3Z5 − (α + μ)Z6

(6)   
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Linearizing the system (8) at the point (0, 0,0, 0,0, 0) we obtain 
ABC
0 Dγ

t Z’ = MZ, where 

M =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− (ω + μ) σ − A1 − A1 − A1 α

ω − (σ + μ) − A2 − A2 − A2 0

0

0
0

0

0

0
0

0

A3

0
0

r1

0

A4

0

r2

0

0
A5

r3

0

0
0

− (α + μ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(7) 

where   

The matrix M has six eigenvalues, so we have   

and λ5 and λ6 can be obtained from the following quadratic equation, 

λ2 +A6λ+A7 = 0, (8) 

where A6 = (σ +2μ+ω),A7 = (ωμ+μσ +μ2). According to Routh 
Hurwitz criterion, if A6 > 0 and A7 > 0, then the eigenvalues obtained 
from (8) has negative real parts. 

Now we will check whether the eigenvalues λ1, λ2 and λ3 are less than 
zero or not. 

If λ1 < 0, then Π{λ(σ+μ)+(1− ϕ)ω }

μ(σ+ω+μ) − (r1 +μ) < 0. A simple calculation 
gives us 

Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r1 + μ) < 1.

If λ2 < 0, then Π(σ+μ)λ
μ(σ+ω+μ) +

(1− ϕ)Πω
μ(σ+ω+μ) − (r2 +μ+ξ) < 0. A simple calculation 

gives us 

Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r2 + μ + ξ)
< 1.

If λ3 < 0, then Π(σ+μ)λ
μ(σ+ω+μ) +

(1− ϕ)Πω
μ(σ+ω+μ) − (r3 +μ+ξ) < 0. A simple calculation 

gives us 

Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r3 + μ + ξ)
< 1.

Now we can have 

R0 = Max
(

Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r1 + μ) ,
Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r2 + μ + ξ)
,

Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ)(r3 + μ + ξ)

)

If r2 < r3 < r1 and ξ is very low, we have the basic threshold 

parameter as demarcated R 0 in [25] and proved here is 

λΠ(σ + μ) + (1 − ϕ)Πω
μ(σ + ω + μ)(r2 + μ + ξ)

(9) 

Local stability of the ailment persistent equilibrium point 
The endemic equilibrium point E is the steady-state solution when 

the disease remains in the population. It is required that the ailment 
persistent equilibrium F * = (S*,V*, I*

l , I
*
h, I

*
lh,R

*) satisfies the conditions 
F * =

(
S*,V*, I*

l , I
*
h, I

*
lh,R

*) ∕= 0, where S*,V*, I*
l , I

*
h, I

*
lh,R

* are nonnega-
tive. F * is obtained by equating system (2) to zero. It is shown in 
equation (4). Putting S* in Z = I*

l +I*
h +I*

lh yield a polynomial in Z and of 
degree eight; 

h0 + h1Z + h2Z2 + h3Z3 + h4Z4 + h5Z5 + h6Z6 + h7Z7 + h8Z8 = 0. (10) 

The polynomial (10) has at least one positive root if h0 < 0 and 
h0 + h1 + h3 + h5 + h7 > 0. The ailment persistent equilibrium point of 
HPV model with vaccination exists iff R 0 > 1. 

R 0 Sensitivity analysis 

Determining the parameters that are helpful in mitigating the 
transmission of infectious disease is carried out by sensitivity analysis. 

Fig. 8. Behavior of R 0 against σ and μ.  

A1 =
Π(σ + μ)λ

μ(σ + ω + μ),A2 =
Πω

μ(σ + ω + μ),A3 =
Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ) − (r1 + μ),A4 =
Π(σ + μ)λ

μ(σ + ω + μ)+
(1 − ϕ)Πω

μ(σ + ω + μ) − (r2 + μ+ ξ),A5

=
Π(σ + μ)λ

μ(σ + ω + μ)+
(1 − ϕ)Πω

μ(σ + ω + μ) − (r3 + μ+ ξ)

λ1 =
Π{λ(σ + μ) + (1 − ϕ)ω }

μ(σ + ω + μ) − (r1 + μ), λ2 =
Π(σ + μ)λ

μ(σ + ω + μ)+
(1 − ϕ)Πω

μ(σ + ω + μ) − (r2 + μ+ ξ), λ3 =
Π(σ + μ)λ

μ(σ + ω + μ)+
(1 − ϕ)Πω

μ(σ + ω + μ) − (r3 + μ+ ξ), λ4 = − (α+ μ),
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Forward sensitivity analysis is considered a vital component of disease 
modeling, although its computation becomes tedious for a complex 
biological model. The sensitivity of R 0 has received much attention 
from the ecologist and epidemiologist. 

Definition 8. ([32,33]) The basic reproduction number R 0 is the 
normalized forward sensitivity index that depends differentiability on a 
parameter φ, which is defined as 

Sφ =
φ

R 0

∂R 0

∂φ
,

Three methods are normally used to calculate the sensitivity indices: 
(i) by direct differentiation method, (ii) by a Latin hypercube sampling 
method and (iii) by the linearization system (1) and then solving the 
obtained set of linear algebraic equations. We will apply the direct dif-
ferentiation method as it gives analytical expressions for the indices. The 
indices not only show us the influence of various aspects associated with 
the spreading of infectious disease but also gives us important infor-
mation regarding the comparative change between R 0 and different 
parameters. Consequently, it helps in developing the control strategies. 

Table 1, shows that parameters λ, Π, and ω have a positive influence 
on the reproduction number R 0, which describes that the growth or 
decay of this parameter, say 10% will increase or decrease the repro-
duction number by 0.68%, 10%, and 3.55%. However, on the other 
hand, the index Sσ , Sμ, Sϕ, Sr2 , and Sξ illustrate that increasing their value 
by 10% will decrease the value of reproduction number R 0 by 0.322%, 
13.75%, 922.36%, 9.44% and 0.0026% respectively. The sensitivity 
analysis of different parameters with R 0 are shown in Figs. 1–8. 

The following theorem defines the stability behaviour of system (2) 
around the ailment free equilibrium point F 0. 

Fractional derivative with non-singular and non-local kernel 

In this section we will give definitions of the fractional derivative 
with non-singular and non-local kernel [29]. 

Definitions 

Definition 3.1.1. Let f ∈ H1(a,b), b > a, α ∈ [0, 1] then, the definition 
of the new fractional derivative (Atangana-Baleanu in Caputo sense) is 
given by 

ABC
a Dα

t (f (t) ) =
B(α)

1 − α

∫t

a

f ′

(x)Ea

[

− α (t − x)α

1 − α

]

dx (11) 

where ABC
a Dα

t is fractional operator with Mittag Leffler kernel in the 
Caputo sense with order α with respect to t and B(α) = B(0) = B(1) = 1 

is a normalization function [30] 

Definition 3.1.2. Let f ∈ H1(a, b), b > a, α ∈ [0,1] and not differen-
tiable then, the definition of the new fractional derivative (Atangana- 
Baleanu fractional derivative in Riemann Liouville sense) is given by 

ABR
a Dα

t (f (t) ) =
B(α)

1 − α
d
dt

∫t

a

f (x)Ea

[

− α (t − x)α

1 − α

]

dx (12)  

Definition 3.1.3. The fractional integral of order α of a new fractional 
derivative is given by 

AB
a Iα

t (f (t) ) =
1 − α
B(α) f (t)+

α
B(α)Γ(α)

∫t

a

f (y) (t − y)α− 1dy (13) 

when α = 0, initial function is obtained and when α = 1, the ordi-
nary integral is obtained. 

Existence and uniqueness of solutions of model (2) 

Let z1, z2, z3, z4, z5, and z6 represent kernels defined as 

z1(S,V, Il, Ih, Ilh,R) = Π − λS(Il + Ih + Ilh) − ωS+ αR+ σV − μS (14)  

z2(S,V, Il, Ih, Ilh,R) = ωS − (1 − ϕ)(Il + Ih + Ilh)V − (σ + μ)V (15)  

z3(S,V, Il, Ih, Ilh,R) = λSIl +(1 − ϕ)VIl − βIlIh − (r1 + μ)Il (16)  

z4(S,V, Il, Ih, Ilh,R) = λSIh +(1 − ϕ)VIh − βIlIh − (r2 + μ+ ξ)Ih (17)  

z5(S,V, Il, Ih, Ilh,R) = λSIlh +(1 − ϕ)VIlh + βIlIh − (r3 + μ+ ξ)Ilh (18)  

z6(S,V, Il, Ih, Ilh,R) = r1Il + r2Ih + r3Ilh − (α + μ)R (19)  

Theorem 3.2.1. The kernel equations (14) - (19) satisfy the Lipschitz 
condition for 0 ≤ δi < 1, i = 1,2,⋯,6. 

Proof. Consider Eq. (14) and let S and S1 be two functions, then 

‖z1(S,V, Il, Ih, Ilh,R) − z1
(
S1,V, Il, Ih, Ilh,R

)
‖ = ‖Π − λS(Il + Ih + Ilh)

− ωS+ αR+ σV − μS − Π+ λS1(Il + Ih + Ilh)+ωS1 − αR − σV + μS1‖

‖z1(S,V, Il, Ih, Ilh,R) − z1
(
S1,V, Il, Ih, Ilh,R

)
‖ = ‖ − λ(Il + Ih + Ilh)(S − S1)

− (ω + μ)(S − S1)‖

Table 2 
Values of the parameters.  

Parameters AFE (1/month) APE (1/month) Definition References 

Π  40 120 Rate of recruitment into susceptible population [25] 
λ  0.001 0.001 Rate of Infection [25] 
ω  0.3 0.3 Rate of vaccination [25] 
α  0.2 0.2 Rate at which recovered individuals return become susceptible again [25] 
σ  0.02 0.02 Rate at which vaccinated individuals recover [25] 
ϕ  0.99 0.99 Rate at which vaccinated individuals cannot get infected [25] 
β  0.01 0.01 Contact rate between Il and Ih classes to make Ilh class  [25] 
r1  4 4 Recovery rate of Il population  [25] 
r2  3.6 3.6 Recovery rate of Ih population  [25] 
r3  3.65 3.65 Recovery rate of Ilh population  [25] 
μ  0.2 0.2 Natural death rate [25] 
ξ  0.01 0.01 Disease death rate [25]  
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‖z1(S,V, Il, Ih, Ilh,R) − z1
(
S1,V, Il, Ih, Ilh,R

)
‖ ≤ ‖λ(‖Il‖ + ‖Ih‖ + ‖Ilh‖)

+ (ω + μ)‖‖S − S1‖

‖z1(S,V, Il, Ih, Ilh,R) − z1
(
S1,V, Il, Ih, Ilh,R

)
‖ ≤

‖λ
(

max
t∈Il(t)

‖Il‖+max
t∈Il(t)

‖Ih‖+max
t∈Il(t)

‖Ilh‖

)

+(ω+ μ)‖‖S − S1‖ =δ1‖S − S1‖

where δ1 = ‖λ
(

max
t∈Il(t)

‖Il‖+max
t∈Il(t)

‖Ih‖+max
t∈Il(t)

‖Ilh‖
)

+ (ω+ μ)‖, that is 

‖z1(S,V, Il, Ih, Ilh,R) − z1
(
S1,V, Il, Ih, Ilh,R

)
‖ ≤δ1‖S − S1‖ (20) 

In a similar way, we obtain 

‖z2(S,V, Il, Ih, Ilh,R) − z2
(
S,V1, Il, Ih, Ilh,R

)
‖ ≤δ2‖V − V1‖, (21)  

‖z3(S,V, Il, Ih, Ilh,R) − z3
(
S,V, I1

l , Ih, Ilh,R
)
‖ ≤δ3‖Il − I1

l ‖, (22)  

‖z4(S,V, Il, Ih, Ilh,R) − z4
(
S,V, Il, I1

h , Ilh,R
)
‖ ≤δ4‖Ih − I1

h‖, (23)  

‖z5(S,V, Il, Ih, Ilh,R) − z5
(
S,V, Il, Ih, I1

lh,R
)
‖ ≤δ5‖Ilh − I1

lh‖, (24)  

‖z6(S,V, Il, Ih, Ilh,R) − z6
(
S,V, Il, Ih, Ilh,R1)‖ ≤δ4‖R − R1‖, (25) 

Now, let γ = z(q) × q and z(q) be a Banach space of real-valued 
function R→R on q with the norm ‖S, V, Il, Ih, Ilh, R‖ = ‖S‖+ ‖V‖+ ‖

Il‖+ ‖Ih‖+ ‖Ilh‖+ ‖R‖, where ‖S‖ := sup{S(t) : t ∈ γ }, ‖V‖ :=

sup{V(t) : t ∈ γ }, etc. Eq. (2) can be expressed in a Volterra-type integral 
form as follows: 

S(t) − S(0) =
1 − γ
B(γ)

z1(t, S,V, Il, Ih, Ilh,R)

+
γ

B(γ)Γ(γ)

∫ t

0
z1(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dy.

The remaining equations in (2) are also expressed in a similar way.   

The recursive relation for the above expression takes the form   

V(t) − V(0) =
1 − γ
B(γ)

z2(t, S,V, Il, Ih, Ilh,R)+
γ

B(γ)Γ(γ)

∫ t

0
z2(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dy, Il(t) − Il(0)

=
1 − γ
B(γ)

z3(t, S,V, Il, Ih, Ilh,R)+
γ

B(γ)Γ(γ)

∫ t

0
z3(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dy, Ih(t) − Ih(0)

=
1 − γ
B(γ)

z4(t, S,V, Il, Ih, Ilh,R)+
γ

B(γ)Γ(γ)

∫ t

0
z4(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dy, Ilh(t) − Ilh(0)

=
1 − γ
B(γ)

z5(t, S,V, Il, Ih, Ilh,R)+
γ

B(γ)Γ(γ)

∫ t

0
z5(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dyR(t) − R(0)

=
1 − γ
B(γ)

z6(t, S,V, Il, Ih, Ilh,R)+
γ

B(γ)Γ(γ)

∫ t

0
z6(y, S,V, Il, Ih, Ilh,R)(t − y)γ− 1dy.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sn − S(0) =
1 − γ
B(γ)

z1
(
t, Sn− 1,V, Il, Ih, Ilh,R

)
+

γ
B(γ)Γ(γ)

∫ t

0
z1
(
y, Sn− 1,V, Il, Ih, Ilh,R

)
(t − y)γ− 1dy,

Vn − V(0) =
1 − γ
B(γ)

z2
(
t, S,Vn− 1, Il, Ih, Ilh,R

)
+

γ
B(γ)Γ(γ)

∫ t

0
z2
(
y, S,Vn− 1, Il, Ih, Ilh,R

)
(t − y)γ− 1dy,

In
l − Il(0) =

1 − γ
B(γ)

z3
(
t, S,V, In− 1

l , Ih, Ilh,R
)
+

γ
B(γ)Γ(γ)

∫ t

0
z3
(
y, S,V, In− 1

l , Ih, Ilh,R
)
(t − y)γ− 1dy,

In
h − Ih(0) =

1 − γ
B(γ)

z4
(
t, S,V, Il, In− 1

h , Ilh,R
)
+

γ
B(γ)Γ(γ)

∫ t

0
z4
(
y, S,V, Il, In− 1

h , Ilh,R
)
(t − y)γ− 1dy,

In
lh − Ilh(0) =

1 − γ
B(γ)

z5
(
t, S,V, Il, Ih, In− 1

lh ,R
)
+

γ
B(γ)Γ(γ)

∫ t

0
z5
(
y, S,V, Il, Ih, In− 1

lh ,R
)
(t − y)γ− 1dy,

Rn − R(0) =
1 − γ
B(γ)

z6
(
t, S,V, Il, Ih, Ilh,Rn− 1)+

γ
B(γ)Γ(γ)

∫ t

0
z6
(
y, S,V, Il, Ih, Ilh,Rn− 1)(t − y)γ− 1dy.

(26)   
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where S(0), V(0), Il(0), Ih(0), Ilh(0) and R(0) ≥ 0.    

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖T n
1(t)‖ =

(1 − γ)δ1

B(γ)
‖Sn− 1(t) − Sn− 2(t)‖+

γδ1

B(γ)Γ(γ)

∫ t

0
‖Sn− 1(y) − Sn− 2(y)‖(t − y)γ− 1dy,

‖T n
2(t)‖ =

(1 − γ)δ2

B(γ)
‖Vn− 1(t) − Vn− 2(t)‖+

γδ2

B(γ)Γ(γ)

∫ t

0
‖Vn− 1(y) − Vn− 2(y)‖(t − y)γ− 1dy,

‖T n
3(t)‖ =

(1 − γ)δ3

B(γ)
‖Il

n− 1(t) − Il
n− 2(t)‖+

γδ3

B(γ)Γ(γ)

∫ t

0
‖Il

n− 1(y) − Il
n− 2(y)‖(t − y)γ− 1dy,

‖T n
4(t)‖ =

(1 − γ)δ4

B(γ)
‖Ih

n− 1(t) − Ih
n− 2(t)‖+

γδ4

B(γ)Γ(γ)

∫ t

0
‖Ih

n− 1(y) − Ih
n− 2(y)‖(t − y)γ− 1dy,

‖T n
5(t)‖ =

(1 − γ)δ5

B(γ)
‖Ilh

n− 1(t) − Ilh
n− 2(t)‖+

γδ5

B(γ)Γ(γ)

∫ t

0
‖Ilh

n− 1(y) − Ilh
n− 2(y)‖(t − y)γ− 1dy,

‖T n
6(t)‖ =

(1 − γ)δ6

B(γ)
‖Rn− 1(t) − Rn− 2(t)‖+

γδ6

B(γ)Γ(γ)

∫ t

0
‖Rn− 1(y) − Rn− 2(y)‖(t − y)γ− 1dy.

(27)   

Fig. 9. Trends of the Susceptible population with R 0 = 0.3374.  

Fig. 10. Trends of the Vaccinated population with R 0 = 0.3374.  
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Theorem 3.2.2. Model (2) has unique solution if 

(1 − γ)δi

B(γ)
+

tγ+1
max δi

B(γ)Γ(γ)
< 1, i = 1, 2,⋯, 6 

Proof. For the first equation in (2), let S(t) and S1(t) be two solutions, 
then 

S(t) − S1(t) =
1 − γ
B(γ)

{
z1(t, S,V, Il, Ih, Ilh,R) − z1

(
t, S1,V, Il, Ih, Ilh,R

) }

+
γ

B(γ)Γ(γ)

∫ t

0

{
z1(y, S,V, Il, Ih, Ilh,R) − z1

(
y, S1,V, Il, Ih, Ilh,R

) }
(t − y)γ− 1dy,

‖S(t) − S1(t)‖ ≤
1 − γ
B(γ)

‖z1(t, S,V, Il, Ih, Ilh,R) − z1
(
t, S1,V, Il, Ih, Ilh,R

)
‖

+
γ

B(γ)Γ(γ)

∫ t

0
‖z1(y, S,V, Il, Ih, Ilh,R) − z1

(
y, S1,V, Il, Ih, Ilh,R

)⃦
⃦(t − y)γ− 1dy,

‖S(t) − S1(t)‖ ≤
(1 − γ)δ1

B(γ)
‖S(t) − S1(t)‖+

tγδ1

B(γ)Γ(γ)
‖S(y) − S1(y)‖,

This implies 

‖S(t) − S1(t)‖
(

1 −
(1 − γ)δ1

B(γ)
−

tγδ1

B(γ)Γ(γ)

)

≤ 0,

which implies ‖S(t) − S1(t)‖ = 0 or 

S(t) = S1(t)

The same approach is applied for the remaining equations of (2). 

Numerical solutions 

The Adams-Bashforth-Moulton method is the most popular numeri-
cal method for solving fractional order initial value problems of any kind 
[29]. Let us consider the general fractional differential equation as 

⎧
⎨

⎩

ABC
0 Dα

t yi(t) = f (t, yi(t) ), 0⩽t⩽T,

y(k)i (0) = y(k)i,0 , k = 0, 1, 2,…, α,
(28) 

where ABC
0 Dα

t y(t) is the Atangana–Baleanu fractional derivative of 
order α. If we apply the AB fractional integral to (28), it yields 

yi(t) =
∑⌈α⌉.− 1

n=0
y(k)i,0

tn

n!
+

1 − α
B(α) f (t, yi(t) )+

α
B(α)Γ(α)

∫t

0

f (s, yi(s) )(t − s)α− 1ds 

where B(α) = 1 − α+ α
Γ(α) represents the normalization function. 

The solution by applying the trapezoidal quadrature formulation 
appears as given below: 

yi+1 = y(0)+
1 − α
B(α) f (ti+1, yp

i+1)

+
αhα

B(α)Γ(α + 2)

(
∑i

j=0
aj,i+1f

(
tj, yj

)
+ ai+1,i+1f (ti+1, yp

i+1)

) (29) 

and 

yp
i+1 = y(0)+

1 − α
B(α) f (ti+1, yi+1)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1f

(
tj, yj

)
)

, (30) 

with 

aj,i+1 =

⎧
⎪⎨

⎪⎩

iα+1 − (i − α)(i + 1)α
, j = 0

(i − j + 2)α+1
+ (i − j)α+1

− 2(i − j + 1)α+1
, 1⩽j⩽i

1, j = i + 1
(31) 

and 

bj,i+1 =
hα

α ((i − j + 1)α
− (i − j)α

), 0 ≤ j ≤ n (32)  

Discretization of Fractional-Order system (2)  

Si+1 = S(0)+
1 − γ
B(γ)

z1(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,R

p)+
γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z1

(
tj, Sj,Vj, Ij

l , I
j
h, I

j
lh,R

j)+ ai+1,i+1z1(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,R

p)

)

Vi+1 = V(0)+
1 − γ
B(γ)

z2(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,Rp)+

γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z2

(
tj, Sj,Vj, Ij

l , Ij
h, I

j
lh,Rj)+ ai+1,i+1z2(ti+1, Sp,Vp, Ip

l , I
p
h , Ip

lh,Rp)

)

,

Ii+1
l = Il(0)+

1 − γ
B(γ)

z3(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,Rp)+

γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z3

(
tj, Sj,Vj, Ij

l , Ij
h, I

j
lh,Rj)+ ai+1,i+1z3(ti+1, Sp,Vp, Ip

l , I
p
h , Ip

lh,Rp)

)

, Ii+1
h

= Ih(0)+
1 − γ
B(γ)

z4(ti+1, Sp,Vp, Ip
l , Ip

h , Ip
lh,Rp)+

γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z4

(
tj, Sj,Vj, Ij

l , I
j
h, Ij

lh,Rj)+ ai+1,i+1z4(ti+1, Sp,Vp, Ip
l , Ip

h , I
p
lh,R

p)

)

, Ii+1
lh

= Ilh(0)+
1 − γ
B(γ)

z5(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,R

p)+
γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z5

(
tj, Sj,Vj, Ij

l , I
j
h, I

j
lh,R

j)+ ai+1,i+1z5(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,R

p)

)

Ri+1 = R(0)+
1 − γ
B(γ)

z6(ti+1, Sp,Vp, Ip
l , I

p
h , I

p
lh,R

p)+
γhγ

B(γ)Γ(γ + 2)

(
∑i

j=0
aj,i+1z6

(
tj, Sj,Vj, Ij

l , Ij
h, I

j
lh,R

j)+ ai+1,i+1z6(ti+1, Sp,Vp, Ip
l , I

p
h , Ip

lh,Rp)

)
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where  

with aj,i+1 and bj,i+1 are given in (31) and (32) (See Table 2). 

Numerical results 

Numerical Results: Presence of vaccinations 

To evaluate the impact of the parameter on the dynamics of the 
fractional-order model (2), we run numerous numerical simulations 
with the parameter value varied. These simulations show that changing 
the value has an effect on the dynamics of the epidemic. This trait is 
significant from an epidemiological standpoint since its interpretation 
indicates that infected individuals can damage the health system for a 
longer period of time. 

The simulations for ailment free equilibrium points are shown in 
Figs. 9–14, whereas for ailment persistent equilibrium points are given 
in Figs. 15–20. The drop in the Susceptible class can be traced to the rise 

in vaccinated class as in Fig. 9. Similarly, if we decrease the fractional 
index by 5%, susceptible individuals are going away from the true 
equilibrium point. However, it will converge to true AFP but taking 
longer time. Rise in the initial susceptible class consequently mean 
increased vaccinated population. Continuously increasing the vaccina-
tion to susceptible class will invariably reduce the vaccinated class over 
time. Similarly, if we decrease the non-integer order by 5%, vaccinated 
people are going away from the true steady state. From Fig. 11, low-risk 
HPV-infected individuals decreases with decreasing fractional order. 

Fig. 12 depicts the variation of the population of high-risk HPV- 
infected class with the rate of vaccination. It is seen that the class of 
high-risk HPV-infected individuals decreases very fast due to increasing 
vaccination and disease-related deaths. Also, the class of high-risk HPV- 

Fig. 11. Trends of the Infected population with low risk HPV, with R 0 = 0.3374.  

Sp(ti+1) = S0 +
1 − α
B(α) z1(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z1

(
tj, S,V, Il, Ih, Ilh,R

)
)

,Vp(ti+1)

= V0 +
1 − α
B(α) z2(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z2

(
tj, S,V, Il, Ih, Ilh,R

)
)

, Ip
h (ti+1)

= Ih0 +
1 − α
B(α) z3(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z3

(
tj, S,V, Il, Ih, Ilh,R

)
)

, Ip
l (ti+1)

= Il0 +
1 − α
B(α) z4(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z4

(
tj, S,V, Il, Ih, Ilh,R

)
)

, Ip
lh(ti+1)

= Ilh0 +
1 − α
B(α) z5(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z5

(
tj, S,V, Il, Ih, Ilh,R

)
)

,Rp(ti+1)

= R0 +
1 − α
B(α) z6(ti+1, S,V, Il, Ih, Ilh,R)+

α
B(α)Γ(α)

(
∑i

j=0
bj,i+1z6

(
tj, S,V, Il, Ih, Ilh,R

)
)

,
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infected individuals increases with increasing fractional index. Fig. 13 
signifies that the low-risk and the high-risk HPV-infected classes will rise 
initially as a result of interaction between the two classes but start 
declining on introducing vaccination. Also, when we lower down the 
fractional index, the low-risk and high-risk HPV-infected classes also 
moving towards the true equilibrium point with different paths with 
slow speed. 

As depicted in Fig. 14, more individuals migrate to the recovered 
class when the recovery rate of Il class is high but a decline sets in as 
recovered individuals migrate to the susceptible class again. Fig. 14 also 
reveals that for lowering the fractional index, the simulations attain 
different speed and velocity, but eventually end up to the same equi-
librium point. 

Figs. 9–20 show that the model presented here gradually approaches 

Fig. 13. Trends of the Infected population with low–high risk HPV, with R 0 = 0.3374.  

Fig. 12. Trends of the Infected population with high risk HPV, with R 0 = 0.3374.  
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the steady state for different values of γ but the dynamics of the model is 
governed by the distinct paths. 

Variation of population: different rates of vaccination 

Figs. 21–32 highlights the importance of vaccination in mitigating 
against the spread of HPV-infection. Fig. 21. shows increasing 

vaccination rate led to a rapid decrease in the susceptible population. 
This implies that most of the susceptible individuals are vaccinated. 
Fig. 22, shows that with the increase of vaccination value ω, the vacci-
nated population increases. Worth noting is the fact that vaccine pro-
tects infected people with high-risk seropositive cases but cannot protect 
the spectrum of low-risk HPV. Hence, individuals from vaccinated class 
also get infected with low-risk virus (see Fig. 23). Fig. 24 verifies that the 

Fig. 15. Trends of the Susceptible population with R 0 = 1.0121.  

Fig. 14. Trends of the Recovered population with R 0 = 0.3374.  
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decreasing rate of high-risk HPV-infected population rises as ω increases 
and also, it emphasises the vital role of vaccination in the population. 
More so, Fig. 25 confirms that the Ilh class decreases at a high rate as ω 
increases. Increasing vaccination rate led to an increase in the recovered 
class also (see Fig. 26). Similarly, it is true for different vaccination and 
fractional index γ = 0.90. The simulations are given in Figs. 27-32. 

Conclusion 

A fractional order model to unravel the dynamics of the spread of 
HPV-related diseases is formulated and analysis of the model is carried 
out in the presence of vaccination. The model captures high-risk, low- 
risk and low–high-risk HPV types, with different level of intervention. 

Fig. 17. Trends of the Infected population with low risk HPV, with R 0 = 1.0121.  

Fig. 16. Trends of the Vaccinated population with R 0 = 1.0121.  
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An analysis of the model shows that it has two equilibrium points; the 
ailment free equilibrium (AFE) point and ailment persistent equilibrium 
(APE) point. The ailment free equilibrium point is locally asymptotically 
stable if and only if R 0 < 1 while the ailment persistent equilibrium 
point of HPV model with vaccination exists iff R 0 > 1. The numerical 
results and theoretical considerations are contrasted in order to 
conclude that the Atangana-Baleanu derivative is a useful tool for 
analyzing the sample. The effects of vaccination on the spread of HPV- 
related diseases are studied when fixed rate of vaccination and vary-
ing rate of vaccination and the results are summarized below;  

1. In the presence of fixed vaccination;  
i. Population of the Susceptible class drops due to increase in 

vaccinated class. 
ii. Decreasing the fractional index by 5% drives both the suscepti-

ble population and the vaccinated population from the true 
equilibrium point. The susceptible later converges to the true 
AFP after a long time and low-risk HPV-infected individuals 
decreases with decreasing fractional order.  

iii. Rise in the initial susceptible class consequently mean increased 
vaccinated population. Continuously increasing the vaccination 

Fig. 19. Trends of the Infected population with low–high risk HPV, with R 0 = 1.0121.  

Fig. 18. Trends of the Infected population with high risk HPV, with R 0 = 1.0121.  
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to susceptible class will invariably reduce the vaccinated class 
over time.  

iv. The class of high-risk HPV-infected individuals decreases very 
fast due to increasing vaccination and disease-related deaths. 
Also, the class of high-risk HPV-infected individuals increases 
with increasing fractional index.  

v. The low-risk and the high-risk HPV-infected classes will rise 
initially as a result of interaction between the two classes but 
start declining on introducing vaccination.  

vi. Lowering the fractional index, the low-risk and high-risk HPV- 
infected classes move towards the true equilibrium point 
through different paths and with slow speed. 

vii. More individuals migrate to the recovered class when the re-
covery rate of Il class is high but a decline sets in as recovered 
individuals migrate to the susceptible class again.  

2. In a varying vaccination; 
i. Increasing vaccination rate causes a rapid decrease in the sus-

ceptible population. This implies that most of the susceptible 
individuals are vaccinated. 

Fig. 20. Trends of the Recovered population with R 0 = 1.0121.  

Fig. 21. Trends of the Susceptible population under different vaccination rates.  
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ii. Individuals from vaccinated class also get infected with low-risk 
virus.  

iii. Decreasing rate of high-risk HPV-infected population rises as ω 
increases.  

iv. The low-risk HPV-infected class decreases at a high rate as ω 
increases.  

v. Increasing vaccination rate led to an increase in the recovered 
class also. 

The AB predictor corrector approach will be used in delay epidemic 
models and image processing in the future. This model might be 
developed and used by researchers with different sorts of fractional 
order derivative operators. 
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Fig. 25. Trends of the Infected population with low–high risk HPV, under different vaccination rates.  

Fig. 26. Trends of the Recovered population under different vaccination rates.  
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Fig. 27. Trends of the Susceptible population under different vaccination rates.  

Fig. 28. Trends of the Vaccinated population under different vaccination rates.  
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Fig. 29. Trends of the Infected population with low risk HPV, under different vaccination rates.  

Fig. 30. Trends of the Infected population with high risk HPV, under different vaccination rates.  
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