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Abstract
Students’ day-to-day activities can be influenced by internal and external factors that can
cause academic turbulence. These factors vehemently impart to the setback of bad scholastic
performance in an academic arena that is escalating among pupils of one of the Nigerian
universities namely, KUST. The current paper is an extension and analysis of such a problem
categorized as a contagious disease. The extension of themodel is from a fractional viewpoint
characterizing how this difficulty is escalated in the KUST campus. The new extensions of
the model are in the sense of Caputo, Caputo–Fabrizio–Caputo and the Atangana–Baleanu–
Caputo and the dimensionality for the parameters has been utilized. To this aim, the existence
and uniqueness of the solutions of the model under consideration are proved by using the
fixed point theory. Furthermore, we have also analyzed the positivity and boundedness of
the solution for the proposed scholastic model with the Caputo differential operator. The
fractional scholastic models unveil the persistence of the turbulence in the campus that can be
predicted through the reproduction numbers.We also applied optimal control strategies to the
proposed fractional model. The analysis shows that the positive change of behavior towards
academic failure (u1) and proper orientation (u2) are effective measures in minimizing the
problem in the compartments of below-average and weak students.
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Introduction

The studentship is one of the pertinent areas that deserves to get the maximum attention of
researchers from various fields of study. There are a lot of interesting happenings that have
to do with students’ performance in academic activities. Some researches concerning the
situation of students and the difficulty or comfort to learning have a vehement relationship
with some characteristics such as brilliance, self-confidence, stimulation, discouragement,
and cognitive style. Based on the studies conducted by some schools of higher learning, some
issues have to dowith students’ behavior and are regarded as the cause of failure academically,
and so the authority of such institutions applied serious measures to curtail the spread of such
issues [1]. Finding the reason behind the number of students drop out of courses is of grave
concern and can be found in [2]. Also, about seventeen percent of students who drop out in
the United Kingdom are those pursuing their studies in higher learning institutions [3].

In some of the institutions in Nigeria, it was found that lack of proper equipment, con-
centration, teaching skills, and of course, low assimilation of concept, poor attitude towards
learning, and failure to study well bring about less performance academically. Many of the
poor outcomes in the characteristics of students come due to alcohol abuse [4]. The abuse
of alcohol within the students of a school of higher learning has been investigated for many
decades [5,6]. Recently, mathematical models of epidemics have efficiently shown to be
effective and can successfully be used for various global issues [7–9]. For instance, a novel
epidemic model of a susceptible-infectious-recovered kind was introduced by Benedict [10]
to gain insights into the spread of alcoholic drink and the way it can be restricted [11,12].
These researches confirm that ineffectual treatment with higher relapsing rates could esca-
late the alcoholism, as a group of recovered drinkers could easily be relapsed, even though
effectual treatment stamina for curbing the escalation of alcoholism could be to restrict the
expected time to be taken for a recovered alcoholic spends in places where drinking occurs.

Moreover, scholastic underachievement describes a student’s problem for not accepting
low grades or failures. The puzzling circumstance is that when the results are out, some
students, particularly those with low scores, will begin to complain about the outcomes [13].
Their claims are that there is either an error in the compilation process by the examination
officers or in the lecturer’s record. The main causes of these failures are missing results,
poor attitude towards learning, improper guidance by examination officers, and incorrect
recording of continuous assessment. To address such issues, a classical deterministic model
of a susceptible-exposed-infectious-recovered kind was developed in [14], to have insights
on how this issue is fast escalating among the students and how to expunge the problem.

The fractional calculus (FC) provides one of the most efficient concepts for the mod-
eling of real-world problems [15–25]. It has extensive applications in describing complex
behaviors having memory effects in different areas of engineering, biological. Because of
this impressive usefulness, several fractional operators were introduced to precisely model
the memory effects that deal with various types of diseases [26–44]. Nonetheless, further
work needs to be done to explain these complex dynamics better, as the classical models can
not adequately model the non-locality of the real-world problems.

In the light of the significance of these fractional operators in engineering, science, and
technology in depicting the entirememory effects of themodel, we getmotivated to scrutinize
the fractional version of the scholastic underachievement [14] with complete memory effects
using three different operators. As an effect, we derive the presence and uniqueness of the
solution for the scholastic model having Caputo type fractional operator through fixed-point
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principle, and the positivity and limitations of the solutions, steady-state solutions under the
fractional operator of Caputo type are also taken into consideration.

We organize this research work as follows: The fractional-order scholastic model and its
theoretical analysis is given in Sects. 2 and 3 respectively. Optimal control strategies are
presented in Sect. 4. Numerical simulations and discussions are presented in Sect. 5. Finally,
the Sect. 6 presents the concluding remarks of the entire research work.

Fractional Order Scholastic Models

In the present research, we have proposed an epidemiological model to determine the
dynamics of students’ scholastic performance as a contagious disease using Markovian and
non-Markovian characteristics and its optimal control. We split the total population at time
t , denoted by N (t), into sub-populations of rescaled proportion of average students, a(t),
rescaled proportion of below-average students, b(t), rescaled proportion of above-average
students, c(t), and rescaled proportion of weak students, w(t), so that

N (t) = a(t) + b(t) + c(t) + w(t).

It is worth to mention that the total population of students N in the alumni is constant with the
condition a+b+c+w = 1 being satisfied and a(0) = a0, b(0) = b0, c(0) = c0, w(0) = w0

are all non-negative integers.
The Table 1 gives description of (a(t), b(t), c(t), w(t)) for the proposed scholastic model

and the related parameters used (note that all the parameters are assumed to be positive). The
required model of non-linear ordinary differential equations for the scholastic model based
upon first-order derivatives is represented as follows:

ȧ(t) = μ − βa(t)b(t) − σa(t)w(t) − μa(t) + αc(t),

ḃ(t) = βa(t)b(t) − μb(t) − δ pb(t)w(t) − δ(1 − p)b(t),

ċ(t) = δ(1 − p)b(t) + (γ + τ)w(t) − (μ + α)c(t),

ẇ(t) = γ pb(t)w(t) + σa(t)w(t) − μw(t) − (γ + τ)w(t).

(1)

In fractional form, the model (1) is now transformed as follows:

�a	(t) = μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t), a(0) = a0,
�b	(t) = β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − δ	(1 − p)b(t), b(0) = b0,
�c	(t) = δ	(1 − p)b(t) + (γ 	 + τ	)w(t) − (μ	 + α	)c(t), c(0) = c0,
�w	(t) = γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − (γ 	 + τ	)w(t), w(0) = w0,

(2)

where � stands for either of Caputo, CFC or ABC fractional derivative and 	 ∈ (0, 1) is
their fractional-order parameter. All model parameters have a dimension of time except p,
and to maintain dimensional homogeneity, the corresponding fractional-order parameter 	

is raised to each of them.

Theoretical Investigation of theModel

In this section, we have presented details about conditions for solutions of the scholastic
model with the CFC operator, whereas such conditions can be obtained with the Caputo and
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Table 1 Description of state variables and parameters

Variable Description

a(t) Rescaled proportion of average students at any time t

b(t) Rescaled proportion of below average students at any time t

c(t) Rescaled proportion of above average students at any time t

w(t) Rescaled proportion of weak students at any time t

Parameter Description

μ Rate of departure rate from the campus

β Rate of progression of average students to below average category

σ Rate of progression of average students to weak compartment

α Rate of progression of above average students to average

δ Transmission rate of below average students to weak and above average category

p Coefficient of reduction of problem

γ Rate of students positive change of behavior as a result of academic failure

τ Rate of positive change of behavior of students towards compilation of results

ABC operators from some well-established literature. Moreover, the basic reproduction ratio
is computed, and the existence of positive solutions of the Caputo scholastic model is proved
using the model’s parameters.

Existence and Uniqueness with CFC

Applying the fractional integral operator of CFC to both sides of the model (2) , we obtain

a(t) − a(0) =CFC
0 I	t

{
μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t)

}
,

b(t) − b(0) =CFC
0 I	t

{
β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − δ	(1 − p)b(t)

}
,

c(t) − c(0) =CFC
0 Iτt

{
δ	(1 − p)b(t) + (γ 	 + τ	)w(t) − (μ	 + α	)c(t)

}
.

w(t) − w(0) =CFC
0 Iτt

{
γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − (γ 	 + τ	)w(t))

}
.

(3)

Plugging the integral definition of CFC, we get

a(t) − a(0) = 2(1 − 	)

(2 − 	)CFC(	)
K1(S(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K1(S(ϑ), ϑ)dϑ,

b(t) − b(0) = 2(1 − 	)

(2 − 	)CFC(	)
K2(I (t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K2(I (ϑ), ϑ)dϑ,

c(t) − c(0) = 2(1 − 	)

(2 − 	)CFC(	)
K3(R(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K3(R(ϑ), ϑ)dϑ,

w(t) − w(0) = 2(1 − 	)

(2 − 	)CFC(	)
K4(R(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K4(R(ϑ), ϑ)dϑ,

(4)
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where

K1(a(t), t) = μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t),

K2(b(t), t) = β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − δ	(1 − p)b(t),

K3(c(t), t) = δ	(1 − p)b(t) + (γ 	 + τ	)w(t) − (μ	 + α	)c(t),

K4(w(t), t) = γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − (γ 	 + τ	)w(t).

(5)

With the possession of an upper bound by K1(a(t), t), K2(b(t), t), K3(c(t), t) and
K4(w(t), t), the Lipschitz condition can be attained. Take into account two functions a(t)
and a1(t), we get

‖K1(a(t), t) − K1(a1(t), t)‖ = ‖μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t)‖.
(6)

Considering η1=‖μ	+α	(c(t)−c1(t))−
(
β	(b(t) − b1(t)) − σ	(w(t) − w1(t)) − μ	

) ‖,
we attain

‖K1(a(t), t) − K1(a1(t), t)‖ ≤ η1‖(a(t) − a1(t))‖. (7)

Also

‖K2(b(t), t) − K2(b1(t), t)‖ ≤ η2‖(b(t) − b1(t))‖,
‖K3(c(t), t) − K3(c1(t), t)‖ ≤ η3‖(c(t) − c1(t))‖,
‖K4(w(t), t) − K3(w1(t), t)‖ ≤ η3‖(w(t) − w1(t))‖.

(8)

Hence, all three functions that is K1, K2, K3, K4 fulfill the Lipschitz condition. In an iterative
way, the expressions given in (4) may be expressed as follows:

an(t) = 2(1 − 	)

(2 − 	)CFC(	)
K1(an−1(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K1(an−1(ϑ), ϑ)dϑ,

bn(t) = 2(1 − 	)

(2 − 	)CFC(	)
K2(bn−1(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K2(bn−1(ϑ), ϑ)dϑ,

cn(t) = 2(1 − 	)

(2 − 	)CFC(	)
K3(cn−1(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K3(cn−1(ϑ), ϑ)dϑ,

wn(t) = 2(1 − 	)

(2 − 	)CFC(	)
K4(wn−1(t), t) + 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1K4(wn−1(ϑ), ϑ)dϑ,

(9)

along with the given initial points. After computing the difference of the successive terms,
one gets the following equations
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ϒa,n(t) = an(t) − an−1(t) = 2(1 − 	)

(2 − 	)CFC(	)
(K1(an−1(t), t) − K1(an−2(t), t))

+ 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1 (K1(an−1(y), y) − K1(an−2(ϑ), ϑ)) dϑ,

ϒb,n(t) = bn(t) − bn−1(t) = 2(1 − 	)

(2 − 	)CFC(	)
(K2(bn−1(t), t) − K2(bn−2(t), t))

+ 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1 (K2(bn−1(y), y) − K2(bn−2(ϑ), ϑ)) dϑ,

ϒc,n(t) = cn(t) − cn−1(t) = 2(1 − 	)

(2 − 	)CFC(	)
(K3(cn−1(t), t) − K3(cn−2(t), t))

+ 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1 (K3(cn−1(y), y) − K3(cn−2(ϑ), ϑ)) dϑ,

ϒw,n(t) = wn(t) − wn−1(t) = 2(1 − 	)

(2 − 	)CFC(	)
(K3(wn−1(t), t) − K3(wn−2(t), t))

+ 2	

(2 − 	)CFC(	)

∫ t

0
(t − ϑ)	−1 (K3(wn−1(y), y) − K3(wn−2(ϑ), ϑ)) dϑ.

(10)

One may notice that

an(t) =
n∑

i=0

ϒa,i (t),

bn(t) =
n∑

i=0

ϒb,i (t),

cn(t) =
n∑

i=0

ϒc,i (t),

and

wn(t) =
n∑

i=0

ϒw,i (t).

Alongside, with the help of Eqs. (7)–(8) and using the identities that ϒa,n−1(t) = an−1(t) −
an−2(t), ϒb,n−1(t) = bn−1(t) − bn−2(t), ϒc,n−1(t) = cn−1(t) − cn−2(t), ϒw,n−1(t) =
wn−1(t) − wn−2(t), we derive

‖ϒa,n(t)‖ ≤ 2(1 − 	)

(2 − 	)CFC(	)
η1‖ϒa,n−1(t)‖ + 2	

(2 − 	)CFC(	)
η1

∫ t

0
(t − ϑ)	−1‖ϒa,n−1(ϑ)‖dϑ,

‖ϒb,n(t)‖ ≤ 2(1 − 	)

(2 − 	)CFC(	)
η2‖ϒb,n−1(t)‖ + 2	

(2 − 	)CFC(	)
η2

∫ t

0
(t − ϑ)	−1‖ϒb,n−1(ϑ)‖dϑ,

‖ϒc,n‖ ≤ 2(1 − 	)

(2 − 	)CFC(	)
η3‖ϒc,n−1(t)‖ + 2	

(2 − 	)CFC(	)
η3

∫ t

0
(t − ϑ)	−1‖ϒc,n−1(ϑ)‖dϑ

‖ϒw,n‖ ≤ 2(1 − 	)

(2 − 	)CFC(	)
η4‖ϒw,n−1(t)‖ + 2	

(2 − 	)CFC(	)
η3

∫ t

0
(t − ϑ)	−1‖ϒw,n−1(ϑ)‖dϑ.

(11)
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Theorem 1 The fractional scholastic model (2) has coupled solutions under the condition
that t0 can be found such that

2(1 − 	)

(2 − 	)CFC(	)
ηi + 2	

(2 − 	)CFC(	)
ηi t0, i = 1, 2, 3. (12)

Theorem 2 The fractional scholastic model (2) has a unique solution provided that the fol-
lowing is true

(
1 − 2(1 − 	)

(2 − 	)CFC(	)
ηi + 2	

(2 − 	)CFC(	)
ηi t0

)
> 0, i = 1, 2, 3. (13)

Note that the existence and uniqueness under Caputo and ABC fractional operators for the
proposed scholastic model (2) can be reached by following the steps as illustrated in [31].

Basic Reproduction Ratio

Following the previous work [53], the basic reproduction ratios/threshold quantities of the
fractional model obtained from the second and fourth equations of (2) are given by

Rb
0 = β	

μ	 + δ	(1 − p)
and Rw

0 = σ	

μ	 + γ 	 + τ	
.

Existence of Positive Solutions

Toprove that the non-negative hyperoctantR4+ is a positively invariant region for the proposed
scholastic model under investigation, we have taken into consideration the following set

R
4+ = {P ∈ R

4|P ≥ 0}. (14)

Also, P =
(
a(t), b(t), c(t), w(t)

)′
. It is to be proved that on each hyper-plane bounding

the non-negative hyper-octant, the vector field points towards R4+. From the fractional-order
scholastic model with Caputo fractional derivative operator, one gets the following

CD	
0,t a(t)

∣∣∣
a=0

= μ	 + α	c(t) ≥ 0,

CD	
0,t b(t)

∣∣∣
b=0

= 0,

CD	
0,t c(t)

∣∣∣
c=0

= δ	(1 − p)b(t) + (γ 	 + τ	)w(t) ≥ 0,

CD	
0,tw(t)

∣∣∣
w=0

= 0.

(15)

In the third equation given above, p ∈ (0, 1) leading its first term to be always positive. These
results show that the solutions of the scholastic model will not escape from the hyperoctant
R
4+. In this way, it can be ascertained that the scholastic model with Caputo fractional

differential operator has positive solutions that remain in the set mentioned above for all time
t > 0.
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Control Strategies

Here, we propose two control functions on the fractional model of scholastic underachieve-
ment. u1(t) is taken as positive student change of behavior as a result of academic failure
and u2(t) as a proper orientation (guidance and counseling). We intend to construct a control
strategy (u1(t); u2(t)) to get the number of below-average and weak students minimized.
Hence, we formulate the controlled model as follows:

�a	(t) = μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t),
�b	(t) = β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − u1(t)δ

	(1 − p)b(t),
�w	(t) = γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − u2(t)(γ

	 + τ	)w(t),
�c	(t) = u1(t)δ

	(1 − p)b(t) + u2(t)(γ
	 + τ	)w(t) − (μ	 + α	)c(t),

(16)

with the conditions a(0) = a0, b(0) = b0, w(0) = w0, c(0) = c0. We need to minimize:

J (u1, u2) =
∫ t f

0

(
a1b + a2w + 1

2
w1u

2
1 + 1

2
w2u

2
2

)
dt, (17)

where w1, w2 are weight factors. It is to be noted that u1, u2 ∈ U and U={(u1, u2) : u1, u2
are piecewise continuous and 0 ≤ u1, u2 ≤ 1}. Now, we find u1; u2 so that

J (u�
1, u

�
2) = minu1,u2∈U J (u1, u2), (18)

the coefficients of the state variables a1; a2 and w1;w2 are non-negative. The quadratic
expressions ( 12wi u2i ) is the cost expression.

Existence of an Optimal Control

The proof for the existence of the optimal control can be established using strategy as
described in [48]. For details of the proof, see [48].

Necessary Conditions for Optimality

At this stage, introduce the Hamiltonian (H) which is commonly represented as

H = L + λ1
da

dt
+ λ2

db

dt
+ λ3

dw

dt
+ λ4

dc

dt
, (19)

where L stands for the Lagrangian function that is achieved from the objective function
defined in (22). Therefore, we can now present the Hamiltonian as:

H = a1b + a2w + 1

2
w1u

2
1 + 1

2
w2u

2
2

+ λ1
(
μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t)

)

+ λ2
(
β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − u1(t)δ

	(1 − p)b(t)
)

+ λ3
(
γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − u2(t)(γ

	 + τ	)w(t)
)

+ λ4
(
u1(t)δ

	(1 − p)b(t) + u2(t)(γ
	 + τ	)w(t) − (μ	 + α	)c(t)

)
,

(20)

where λ1, λ2, λ3, λ4 are adjoint variable and they will be found later.
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Theorem 3 Assume an optimal control set u1; u2 is given along with the associated solution,
a; b;w; and c which minimize J (u1; u2) on U , then there exist λ1; λ2; λ3; λ4 as adjoint
variables such that

dλ1

dt
= λ1β

	b(t) + λ1σ
	w(t) + λ1μ

	 − λ2β
	b(t) − λ3σ

	w(t),

dλ2

dt
= λ1β

	a(t) − λ2β
	a(t) + λ2μ

	 + λ2δ
	 pw(t) + λ2u1(t)δ

	(1 − p)

− λ3γ
	 pw(t) − λ4u1(t)δ

	(1 − p) − a1,

dλ3

dt
= λ1σ

	a(t) + λ2δ
	 pb(t) − λ3γ

	 pb(t) − λ3σ
	a(t) + λ3μ

	

+ λ3u2(t)(γ
	 + τ	) − λ4u2(t)(μ

	 + α	) − a2,

dλ4

dt
= −λ1α

	 + λ4(μ
	 + α	),

(21)

having transversality conditions as λi (t f ) = 0, i = 1, ..., 4. Thus, the following appears

u�
1 = min

(
max

(
δ	(1 − p)b(t)(λ2 − λ4)

w1
, 0

)
, 1

)

u�
2 = min

(
max

(
(γ 	 + τ	)w(t)(λ4 − λ3)

w2
, 0

)
, 1

) (22)

Proof Pontraygin’s Maximum principle is employed to find the adjoint variables together
with the representations of the control functions. The adjoint variables are obtained by dif-
ferentiating the Hamiltonian with respect to each state variable as follows:

dλ1

dt
= − ∂H

∂a(t)
= λ1β

	b(t) + λ1σ
	w(t) + λ1μ

	 − λ2β
	b(t) − λ3σ

	w(t),

dλ2

dt
= − ∂H

∂b(t)
= λ1β

	a(t) − λ2β
	a(t) + λ2μ

	

+ λ2δ
	 pw(t) + λ2u1(t)δ

	(1 − p) − λ3γ
	 pw(t) − λ4u1(t)δ

	(1 − p) − a1,

dλ3

dt
= − ∂H

∂w(t)
= λ1σ

	a(t) + λ2δ
	 pb(t) − λ3γ

	 pb(t)

− λ3σ
	a(t) + λ3μ

	 + λ3u2(t)(γ
	 + τ	) − λ4u2(t)(μ

	 + α	) − a2,

dλ4

dt
= − ∂H

∂c(t)
= −λ1α

	 + λ4(μ
	 + α	).

(23)

The controls are obtained as

∂H

∂ui
= 0

, at ui = u∗
i for i = 1, 2. Hence, we state the following:

u�
1 = min

(
max

(
δ	(1 − p)b(t)(λ2 − λ4)

w1
, 0

)
, 1

)

u�
2 = min

(
max

(
(γ 	 + τ	)w(t)(λ4 − λ3)

w2
, 0

)
, 1

) (24)

�	
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The Optimality of System

Since the control functions are required, it is; therefore, we are supposed to have the solution
of the optimality system which is represented by Eq.(21) having prescribed conditions at
initial level and also adjoint equations (26) having transversality conditions are needed.
Consequently, the new system as shown below is introduced:

�a	(t) = μ	 − β	a(t)b(t) − σ	a(t)w(t) − μ	a(t) + α	c(t),
�b	(t) = β	a(t)b(t) − μ	b(t) − δ	 pb(t)w(t) − u1(t)δ

	(1 − p)b(t),
�w	(t) = γ 	 pb(t)w(t) + σ	a(t)w(t) − μ	w(t) − u2(t)(γ

	 + τ	)w(t),
�c	(t) = u1(t)δ

	(1 − p)b(t) + u2(t)(γ
	 + τ	)w(t) − (μ	 + α	)c(t),

(25)

dλ1

dt
= λ1β

	b(t) + λ1σ
	w(t) + λ1μ

	 − λ2β
	b(t) − λ3σ

	w(t),

dλ2

dt
= +λ1β

	a(t) − λ2β
	a(t) + λ2μ

	 + λ2δ
	 pw(t) + λ2u1(t)δ

	(1 − p) − λ3γ
	 pw(t)

− λ4u1(t)δ
	(1 − p) − a1,

dλ3

dt
= λ1σ

	a(t) + λ2δ
	 pb(t) − λ3γ

	 pb(t) − λ3σ
	a(t) + λ3μ

	 + λ3u2(t)(γ
	 + τ	)

− λ4u2(t)(μ
	 + α	) − a2,

dλ4

dt
= −λ1α

	 + λ4(μ
	 + α	),

(26)

where λi (t f ) = 0, i = 1, 2, a(0) = a0, b(0) = b0, w(0) = w0, c(0) = c0. Forward-
Backward Sweep method is used to solve the optimality system.

Optimality System’s Solution

Using initial values a(0) = 10, b(0) = 5, w(0) = 10, c(0) = 10 and parameter values
μ = 0.7, β = 0.1, σ = 0.2, α = 0.7, δ = 0.5, p = 0.5, γ = 0.21, τ = 0.17 with fractional
power 	 = 0.98. Fourth order Runge-Kutta iteration is used to solve the state system
forward with an initial guess for the controls. The guessed value of the control together with
the updated system are used to solve the adjoint equation backward in time. The adjoint and
solution to the system are substituted in the control representations, this method is repeated
iteratively until convergence. Figures 1, 2 and 3 give the graphical representations of the
solution to the optimality system with and without control.

The graphs in Figs. 1 and 2 show that the problem persists without the control functions but
is effectivelyminimizedwhen there are control functions. Thismeans that the positive change
of behavior due to academic failure (u1) and proper orientation (u2) effectively minimize
the problem in the compartments of below-average and week students. We can observe from
Fig. 3 that the proportion of average students increases effectively when there is control on
both below-average and weak students.

Numerical Simulations and Discussion

In the present section, we have simulated the proposed scholastic epidemiological model
for three types of fractional operators known as the Caputo, the CFC, and the ABC. While
simulating the model, convergent iterative schemes as proposed in [45–47] are employed
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Fig. 1 Dynamical behavior of
weak students with and without
controls
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Fig. 2 Dynamical behavior of
below average students with and
without controls
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for each operator under discussion. It may be noted that the schemes are accurate enough
to get reliable approximate solutions for the fractional-order models based upon ordinary
differential equations such as the one being investigated in our study. It may also worth to
be highlighted that unlike traditional numerical analysis [49–52], one does not have many
options to choosewhen it comes to numerical techniques under theCaputo,CFC, and theABC
fractional-order operators. For example, consider a general Cauchy problem of fractional-
order having autonomous nature as shown below:
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Fig. 3 Dynamical behavior of
average students with and
without controls

0 1 2 3 4 5 6
Time

0

1

2

3

4

5

6

7

8

9

10

A
ve

ra
ge

 S
tu

de
nt

s 
a(

t)

without control with control

�D	
0,t

(
y(t)

)
= g

(
y(t)

)
,	 ∈ (0, 1), t ∈ [0, T ], y(0) = y0, (27)

where y = (a, b, c, w) ∈ R
4+ being a continuous function (real-valued) satisfies the Lipchitz

condition as given below

||g(y1(t)) − g(y2(t))|| ≤ M ||y1(t) − y2(t)||, (28)

where M > 0 is said to be Lipchitz constant. As defined before, integral operators having
fractional-order produce the following,

y(t) = y0 + J	
0,t g(y(t)), t ∈ [0, T ], (29)

where J	
0,t denotes the integral operator in the consideration of operators with Riemann-

Liouville, CFC, and the ABC. We now take into consideration equi-spaced intervals of
integration over the time domain [0, T ] having constant step length h = 10−2 = T

j , j ∈ N.
Suppose that yq be the approximation of y(t) at t = tq for q = 0, 1, . . . j . The iterative tech-
nique for the scholastic model with the Caputo differential operator will have the following
form

Caq+1 = a0 + h	

�(	 + 1)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)

(
μ	 − β	akbk − σ	akwk − μ	ak + α	ck

)
,

Cbq+1 = b0 + h	

�(	 + 1)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)

(
β	akbk − μ	bk − δ	 pbkwk − δ	(1 − p)bk

)
,

Ccq+1 = c0 + h	

�(	 + 1)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)
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Fig. 4 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.01, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under Caputo fractional derivative
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Fig. 5 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.02, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under Caputo fractional derivative

(
δ	(1 − p)bk + (γ 	 + τ	)wk − (μ	 + α	)ck

)
,

Cwq+1 = w0 + h	

�(	 + 1)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)

(
γ 	 pbkwk + σ	akwk − μ	wk − (γ 	 + τ	)wk

)
. (30)

Similarly, the iterative technique for the scholastic model under CFC fractional differential
operator takes the form
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Fig. 6 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.01, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under CFC fractional derivative
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Fig. 7 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.02, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under CFC fractional derivative

CFCaq+1 = a0 + (1 − 	)
(
μ	 − β	aqbq − σ	aqwq − μ	aq + α	cq

)

+	h
q∑

k=0

(
μ	 − β	akbk − σ	akwk − μ	ak + α	ck

)
,

CFCbq+1 = b0 + (1 − 	)
(
β	aqbq − μ	bq − δ	 pbqwq − δ	(1 − p)bq

)

+	h
q∑

k=0

(
β	akbk − μ	bk − δ	 pbkwk − δ	(1 − p)bk

)
,

CFCcq+1 = c0 + (1 − 	)
(
δ	(1 − p)bq + (γ 	 + τ	)wq − (μ	 + α	)cq

)
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Fig. 8 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.01, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under ABC fractional derivative
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Fig. 9 Dynamical behavior of the state variables for 	 = 0.98 with μ = 0.02, β = 1.1, σ = 0.71, α =
0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under ABC fractional derivative

+	h
q∑

k=0

(
δ	(1 − p)bk + (γ 	 + τ	)wk − (μ	 + α	)ck

)
,

CFCwq+1 = w0 + (1 − 	)
(
γ 	 pbqwq + σ	aqwq − μ	wq − (γ 	 + τ	)wq

)

+	h
q∑

k=0

(
γ 	 pbkwk + σ	akwk − μ	wk − (γ 	 + τ	)wk

)
. (31)

Similarly, the numerical technique for the scholastic model under ABC fractional derivative
operator takes the form

ABCaq+1 = a0 + 1 − 	

AT (	)

(
μ	 − β	aqbq − σ	aqwq − μ	aq + α	cq

)

+ h	

AT (	)�(	)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)(
μ	 − β	akbk − σ	akwk − μ	ak + α	ck

)
,
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Fig. 10 Dynamical behavior of the weak students for different values of 	 with μ = 0.001, β = 1.1, σ =
0.71, α = 0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under Caputo fractional derivative
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Fig. 11 Dynamical behavior of the above average students for different values of 	 with μ = 0.001, β =
1.1, σ = 0.71, α = 0.47, δ = 0.29, p = 0.1, γ = 0.21, τ = 0.17 and (10, 5, 10, 10) under Caputo fractional
derivative

ABCbq+1 = b0 + 1 − 	

AT (	)

(
β	aqbq − μ	bq − δ	 pbqwq − δ	(1 − p)bq

)

+ h	

AT (	)�(	)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)(
β	akbk − μ	bk − δ	 pbkwk − δ	(1 − p)bk

)
,

ABCcq+1 = c0 + 1 − 	

AT (	)

(
δ	(1 − p)bq + (γ 	 + τ	)wq − (μ	 + α	)cq

)

+ h	

AT (	)�(	)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)(
δ	(1 − p)bk + (γ 	 + τ	)wk − (μ	 + α	)ck

)
,

ABCwq+1 = w0 + 1 − 	

AT (	)

(
γ 	 pbqwq + σ	aqwq − μ	wq − (γ 	 + τ	)wq

)

+ h	

AT (	)�(	)

q∑

k=0

(
(q − k + 1)	 − (q − k)	

)(
γ 	 pbkwk + σ	akwk − μ	wk − (γ 	 + τ	)wk

)
.

(32)

123



Int. J. Appl. Comput. Math             (2022) 8:37 Page 17 of 20    37 

Fig. 12 Dynamical behavior of Ro for the classical (	 = 1) version of the scholastic model while taking
σ = 0.71, μ = 0.001, and γ, τ ∈ [0.3, 1]

Fig. 13 Dynamical behavior of Ro of the scholastic model under Caputo (	 = 0.38) fractional derivative
while taking σ = 0.71, μ = 0.001, and γ, τ ∈ [0.3, 1]

Figures 4, 6 and 8 obtained under the Caputo, Caputo–Fabrizio–Caputo, and the Atangana–
Baleanu–Caputo fractional-order operators, respectively; show that the number of students
of all types ultimately decrease in long period and this could be due to many reasons. Some
of them are; increased departure rate of prospective students from the alumni, increased
transmission rate of average and above-average students to the category of weak students,
increased chances for the above-average students to become susceptible, and many more
other reasons are held responsible. Furthermore, this sort of behavior is also observed in the
Figs. 5, 7 and 9wherein the departure rate from the alumniwas doubled, and the consequences
are evident with a sharp decrease in the academic performance of students.

Similarly, to observe the behavior ofweak students under classical and fractional operators,
the Fig. 10 has been obtained under the Caputo fractional derivative with a smaller value of
the departure rate of students from alumni while keeping the rest of the parameters the same
as taken in other simulations. This figure shows that the number of weak students decreases
dramatically, with smaller values of 	, which was impossible to obtain under the classical
case. On the contrary, the number of above-average students takes a longer period to decrease
for small 	 in comparison with the classical case as depicted in the Fig. 11.
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To observe the stark differences between classical and fractional-order scholastic models
proposed models, we have simulated the basic reproductive number using mesh and contour
plots. It is not difficult to assess the superiority of the fractional scholastic model over its
classical version, as shown by the Figs. 12 and 13. The basic reproductive number does not
seem to cross the threshold of unity under the former case. This suggests the advantage of
the proposed scholastic model over its previous classical representation. These plots further
indicate that the students’ increasing positive behavior towards academic failure (γ ) and
acceptance of correct compilation of results (τ ) by examination officers will result in the
reduction of the value of R0 thereby decline in the number of weak students may emerge.

Concluding Remarks

In this work, we have investigated an extension of the scholastic underachievement model as
a contagious disease from the fractional calculus viewpoint. The extended model has been
balanced by fractionalizing all of the dimensional parameters involved. Using a fixed point
theory, the existence and uniqueness of solutions of the governing fractional model with
the CFC operator have been derived, and it has been shown that the solution existed and
that it is unique. Moreover, the positivity, and boundedness, have been discussed. Based on
the numerical analysis presented, one can conclude that the fractional model unveiled the
persistence of the turbulence in the campus that could be predicted through the reproduction
numbers. We also employed optimal control strategies on the fractional model. The analysis
shows that positive change of behavior dut to academic failure (u1) and proper orientation (u2)
effectively minimize the problem in the compartments of below-average and week students.
The process of admitting new students through progression and transition could also lead to
endemic persistence. Finally, it has been shown that alleviating the rates of admitting new
students to a weak class using progression and transition is sufficient measure of containing
the turbulence.

It is worth noting that this study presented analysis and investigation of the scholastic
underachievement as a contagious disease for one of the Nigerian universities (KUST) from
the fractional calculus viewpoint. The fractional operators used are Caputo, CFC and the
ABC. In the future, we will extend this study with the help of real data that is intended
to be collected from the relevant university. The obtained data will help us determine the
most suitable fractional operator in the present study. We will also employ newly proposed
fractional operators to observe their performance for this and other related models.

Data Availability Data sharing not applicable to this article.
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