
Propulsion and Power Research 2021;10(4):412e420
http://ppr.buaa.edu.cn/

Propulsion and Power Research

www.sciencedi rec t .com
ORIGINAL ARTICLE
Insights of numerical simulations of
magnetohydrodynamic squeezing nanofluid flow
through a channel with permeable walls
Kashif Ali Khana, Nauman Razab, Mustafa Incc,d,*
aDepartment of Mathematics, University of Engineering and Technology, Lahore, Punjab, 54000, Pakistan
bDepartment of Mathematics, University of the Punjab, Lahore, Punjab, 54000, Pakistan
cDepartment of Computer Engineering, Biruni University, Istanbul, Turkey
dDepartment of Mathematics, Firat University, Elazig, 23119, Turkey
Received 21 April 2021; accepted 19 September 2021
Available online 30 October 2021
KEYWORDS

Homotopy analysis
method;
Orthogonal walls;
Nanofluid;
Similarity changeover;
Wall ratio factor
*Corresponding author.

E-mail address: minc@firat.edu.tr (Mu

Peer review under responsibility of Be

Production and Hosting by

https://doi.org/10.1016/j.jppr.2021.09.006
2212-540X/ª 2021 Beihang University. P
under the CC BY-NC-ND license (http://c
Abstract An analysis related to the transport of nanofluid that is confined in a channel be-
tween two orthogonal permeable walls will be investigated with the help of two numerical tech-
niques. With the aid of the reasonable similarity changeover; the said model will be shaped into
the desired non-linear equation whose behavior will be explained analytically as well as graph-
ically where the functioning of three disparate variables such as magnetic parameter, permeable
Reynold number, and channel permeable ratio will be explained precisely. The said model has
been controlled by the homotopy analysis method (HAM) and then, compared through an effi-
cient numerical method named shooting method (ShM). The profiles show that increases in the
magnetic parameter decline the nanofluid flow velocity, whereas magnitude-wise raise is shown
in each axial velocity profile. The radial profile raises while getting variation in wall expansion
parameter from negative to positive. For the entire domain, the rate of change in velocity
description enhances at the center while reduces at the surfaces. And the outcomes disclose that
the wall permeable ratio has a significant impact on the solutions. Since the zero value of wall
ratio refers to the particular type that Terrill has discussed.
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Nomenclature

�w1 velocity component alon
�w2 velocity component perp

m/s)
B0 magnetic field (unit: Wb$
l non-dimensional magnet
�p pressure (unit: N/m2)
s electrical conductivity (u
aðtÞ distance between the disk
_aðtÞ expansion speed
Re permeable Reynolds num

Greek letters
F nanoparticle’s fraction (�
g inflow of fluid’s velocity
�j stream function (�)
f non-dimensional velocity
w similarity variable (�)
B wall expansion ratio (�)
rf fluid’s density (unit: kg$
rs density of nanoparticles
rnf density of nanofluid (uni
mnf dynamic viscosity of the
ª 2021 Beihang University. Publishing services by Elsevier B.V. on behalf of KeAi Communications

Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
g x-axis (unit: m/s)
endicular to x-axis (unit:

m�2)
ic parameter (�)

nit: u�1$m�1)
s

ber (�)

)
at wall (unit: m $ s�1)

(�)

m�3)
(unit: kg$m�3)
t: kg$m�3)
nanofluid (unit: kg=ms)
1. Introduction

Deliberation of the porous laminar stream has gained sig-
nificant importance in the last two decades due to the ubiqui-
tous applications among bio-diversity flows and technology-
based instruments. Different nanofluid laminar flow applica-
tions via a porous conduit using the expanding or shrinking
permeable channels continued to enhance the current trends of
research in the domain offluid dynamics. Numerous studies on
the transportation of the basic models of biological fluid in
porous vessels have been furnished in medical engineering; for
example, in kidney filtration, air circulation of the breathing
system, functioning of artificial lungs, etc. An important tool or
gadget in the application offluid dynamics is the nanofluid as it
is mainly used for the electric cooling system and heat
exchanger to revamp their thermal properties. Or it has been
studied extensively in several engineering and applied science
applications such as thermal power, generating systems,
chemical, and civil engineering. These nanoparticles and base
fluid networks are familiar to have superb heat transfer, lubri-
cating, and ultrasonic attributes that have forced them to be
functional across many industry sectors, including the auto-
motive industry. Some of the other applications of nanofluids
are nano-drug delivery, bone cancer therapeutic, cryopreser-
vation, nano-cryo surgery. Terrill [1] enlighten the research of
fluid flow in a uniformly permeable wall with a large injection
rate then Terill [2] shows more work on the fluid flow past a
porousmediumwhich is being handled by exponentially small
terms in the technique of inner and outer expansions and get
some new accurate analytical outcomes but of two types. Few
more discussions on the research of laminar flow and nano-
fluidics can be seen in Refs. [3e16]. Rajagopal et al. [17]
shows the efforts to elaborate both symmetric and asymmetric
results of the classical problems of linear viscous and visco-
elasticfluids.And Inamuro et al. [18] explainednumerically the
fluid flow problem in a rotating cylindrical channel in the
meridional plane and shows the homology of their results with
experimental data. Alseadi et al. [19] discussed the Cu-water
nanofluid flow with magnetohydrodynamic (MHD) proper-
ties and Joule heating in his current research. Fakour et al. [20]
discussed the heat attributes of nanofluid flow in a channel
containing permeable barriers. Turkyilmazoglu et al. [21]
carefully explained the characteristics of viscous fluid flow
within high disk rotations along with the influence of the
temperature and vertical channel movement that further
represent the different features of velocity. In 2017, Sobamowo
et al. [22] used two approximated analytic techniques to
elucidate the 2-D nanofluid flow in a permeable channel and
elaborates the different cases of rotating walls. Yin et al. [23]
worked on the heat effects of axially symmetric nanofluid flow
through a stretchable moving surface with the inclusions of
three different forms of nanoparticles. While the MHD flow of
nanoparticles with slanted slip attributes due to rough circu-
lating channels has been addressed by Mustafa et al. [24].
Ibrahim et al. [25] showed the impact of thermal conductivity
on the Williamson nanofluid mixed convective heat and mass
transfer along with heat creation/generation over a stretching
medium.

The road towards the solutions of nonlinear problems
either in engineering, bio-medical or, etc. always a chal-
lenging or zig-zag track towards the scientists. In most cases
of non-linear phenomenon’s exact solution is usually
impossible to find. So, researchers direct themselves to get
numerical, approximate, or analytic solutions. There are, in
general, two criteria for a reasonable analytic-numeric so-
lution of non-linear models. Firstly, the technique works for
approximation expressions very efficiently. Secondly, it
claims that approximation expressions are good for the wide
domain of all physical parameters. We can elaborate on the
attributes of different analytic techniques by using the above
two techniques. Perturbation theory is very keenly used in
different engineering fields. But most of the perturbation
schemes depend upon small (or large) factors in governing
models or boundary conditions. These schemes are easy,
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Figure 1 Schematic view for the current model.
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simple to apply and understand and the solutions are in the
form of perturbation quantities. Usually, the problem is
divided into some linear sub-models, but sometimes some
of the sub-models cannot be solved easily or are not so
efficient. Since it does not guarantee the efficient scheme for
approximation expressions. So, these techniques are valid
only for small factors. That’s why it does not appropriately
satisfy the first claim as well as the second. To control these
difficulties, different scientists proposed some new methods
called non-perturbation techniques i.e., Adomian decom-
position, Lyapunov’s artificial small parameter, the delta
expression method, etc. which are generally based on the
artificial factor, and around these, approximation results are
obtained in the form of series. But unluckily, literature does
not guide; how to put these artificial parameters in the
proper place to get better results of approximation. So, no
doubt, these techniques show the place in an efficient way to
solve nonlinear problems but are still unable to assure the
convergence of these series solutions. So, come to conclude
that; non-perturbative techniques satisfy only the first
criteria. So, the key to success in determining the best so-
lution or to overcome all the difficulties faced earlier in
literature is; homotopy analysis method (which will be
discussed in detail ahead in the next section) provides the
opportunity to give analytic/approximate solutions more
broadly. As it holds both the claims discussed above. As the
said famous techniques are quite handy or tantalizing to
solve the strong non-linear equations, created by the famous
researcher Liao et al. [26]. Next to find the homotopic so-
lutions of viscous nanofluid flow between the rotating walls
as claimed by Hayat et al. [27] that silver particles of
nanofluidic volume fraction diminished for velocities of
both azimuthal and radial. homotopy analysis method
(HAM) is implemented here to resume the superb potential,
and to resemble the issues of micro-scale flow. Inspection of
the two-dimensional MHD different fluid flows through the
stretched surface was done by Khan et al. [28e30] where he
finds the homotopy solutions. While the HAM solution of
the laminar steady flow with heat transport through a pair of
parallel but infinite disks segregated by a gas-filled micro-
gap was discussed by Rahimi et al. [31] with the involve-
ment of the temperature jump conditions. Anwar et al. [32]
presented the homotopic research to discuss the rotating
nanofluid movement at the stagnation point on the external
boundary of a rotating body. In 2019, Khan et al. [33] with
HAM-based technique discussed excellently the solutions of
time-dependent viscous fluid phenomena between two
rotating channels. Also, the detailed study attached to the
flow of laminar, incompressible fluid in the porous channel
bounded by the orthogonal moving surfaces with the case of
different wall ratio parameters done superbly by Xu et al.
[34]. The current study is the motivation of the above-
mentioned work and subjected to continue the effort done
by Xu and some others, where the novelty is to extend that
work by considering the involvement of nanofluid and
magnetic effects of squeezing fluid model that will be
elaborated along with the discussion of pertinent physical
parameters however the solutions will be obtained by using
the algorithm of HAM. The structuring of the rest of the
article is expressed as: Section 2 produces a layout of the
system based on non-linear MHD squeezing nanofluid flow
between two rotating permeable walls. Insights about the
solution technique HAM will be provided in Section 3. In
Section 4, a discussion of the numerical simulations will be
provided. Also, the brief comparison between HAM and
shooting approach will be presented in the table against
numerous parameters. At the end, Section 5 covers the
conclusion section.

2. System model: squeezing nanofluid problem

As per the schematic view given in Figure 1, considering
a two-dimensional fluid flow limited by two permeable
surfaces or walls at �w2 Z �a. The channel’s walls go
through entirely in the uniform expansion or contraction in
the transverse movement. Via these opposing walls, the
nanofluidics has been evolved as fully incompressible,
laminar, and isothermal flow which acts uniformly and is
injected or extracted at a constant speed g.

Equations of the model to describe the unsteady flow in
the context of studies [35,36] are
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where

rnf Zrf ð1� F ÞþrsF ; mnf Z
mf

ð1�FÞ2:5 ð4Þ

with boundary conditions (Bcs) containing no slip condition
[37].8>>>>>>><
>>>>>>>:

As �x2ZaðtÞ; �w1Z0; �w2Z� gZ� _a

c
;

As �x2Z0;
v�w1

v�x2
Z0 ; �w2Z0;

As �x1Z0; �w1Z0; �w2Z0;

ð5Þ

where ð�x1;�x2Þ are the coordinates that are settled in space.
And �w1; �w2 are the velocity parts along the �x1- and �x2-axis,
while cZ _a

g
is the wall permeable parameter. The Bcs are

represented in the upper half portion ð�x2 � 0Þ, so holding
the symmetry related to midsection plane while containing
the even and odd mapping for the �w1- an axial velocity and
�w2- the wall normal velocity. Now, the stream function is
defined by �w1Z

v�j
v�x2

and �w2 Z
v�j
v�x1
. The mean flow vorticity

form can be introduced after solving Eqs. (2) and (3) as
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Then choose the similarity changeover as defined below

�w1Z
mf x1
rf a2

�F
0ðw; tÞ; �w2Z � mf

rf a
�Fðw; tÞ ð8Þ

narrated in Ref. [3] to conceive the following non-linear
equation.
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with Bcs�
�Fð0ÞZ0; �Fð1ÞZRe;
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Note that, Eq. (9) served as the unsteady problem of
nanofluidics flow in the above-mentioned channel which
was presented by White [38] where Majdalani [39] pay
tributes him to compute the self-similar solutions.
bðtÞZrf a _a

mf
shows the non-dimensional wall permeable ratio

where a and _a speak about the half-height and the expansion
speed of the channel. Remember that, the positive and
negative value of b represents expansion and contraction of
walls. While l represent the magnetic parameter and
ReZ

rf ag
mf

indicates about the crossflow Reynolds number,
where its negative and positive values express the effects of
suction or injection.

Now the boundary value problem converts into (for more
detail: see Refs. [5,39] and assume FZ f ),

f
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rs

rf
F þð1� F Þ

�

�
�
Reðff 000 � f 0f 00Þþbð3f 00 þwf

000 Þ
�
Z0 ð11Þ

with Bcs

�
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ð12Þ

with the knowledge that wall expansion ratio is considered
to be uniform i.e., constant in time, so the map F depends
upon w and b instead of ðw; tÞ. So definitely, Fwt Z 0.

3. HAM methodology

To elucidate the non-linear equation, which always been
a desired area for researchers and engineers to solve. Let’s
select

a½FðwÞ�Z0;w˛U: ð13Þ

Here FðwÞ is unknown and a is some non-linear operator. A
zeroth order deformation equation in r can be defined as

ð1� rÞL ½Fðw; rÞ � f0ðwÞ�ZZrPðwÞ a½Fðw; rÞ�;w˛U;
r˛½0;1�;

ð14Þ

where r is the driven factor and Z is a non-zero additional
para meter. Fðw; rÞ, f0ðwÞ, PðwÞ; L represent the family of
unknown function, initial approximation, auxiliary function,
and linear operator respectively. The further detail about the
rth-order deformation can be seen in the study of Ref. [40].
Finally, the convergence of approximate (homotopy) solu-
tion up-to finite order say ‘N’ depends entirely on the suit-
able value of Z. The whole work can be done smartly from
the flat illustration (see Figure 2), as it can be recognized by
plotting f 0ð0Þ or f 00ð0Þ against the values of Z for the highly
significant values of the flow factors; b, l, and Re. The
optimal value of Z is taken from the flat action of these
curves.

4. Outcomes and debate along with figures and
tables

The thermal assets of base fluid, copper, and ethylene
glycol are provided in Table 1 where r, Cp and k are known
as density, heat capacity, and thermal conductivity of
nanoparticles.



Figure 2 Z-curves for the velocity profile.

Table 3 Homology between HAM (40th approx) and ShM for an
array wZ ½0 : 0:1 : 1�.
lZ 0; ReZ 5; FZ � 0:05;
bZ 0:5

lZ 2; ReZ 2; FZ � 0:05;
bZ 1

HAM ShM Error HAM ShM Error

f ðwÞ f ðwÞ EðwÞ f ðwÞ f ðwÞ EðwÞ
0.000000 0.000000 0 0.000000 0.000000 0
0.155804 0.155805 10�6 0.151726 0.151726 0
0.307837 0.307837 0 0.300207 0.300207 0
0.452411 0.452411 0 0.442215 0.442215 0
0.586007 0.586007 0 0.574562 0.574562 0
0.705355 0.705355 0 0.694124 0.694124 0
0.807508 0.807508 0 0.797875 0.797875 0
0.889907 0.889908 10�6 0.882923 0.882923 0
0.950443 0.950443 0 0.946562 0.946562 0
0.987500 0.987500 0 0.986317 0.986317 0
1.000000 1.000000 0 1.000000 1.000000 0
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Table 2 reveals the convergence of the solution, where it
starts converges from 21st approximation and shown up to
the 45th order where M indicates the approximation’s order.
The technique of ShM is also practiced executing Eq. (11)
where the homology of these two techniques is arranged
in Table 3.

The current document involves some of the key param-
eters like the Hartmann number, wall expansion ratio,
Reynold number, fraction of nanoparticles in nanofluid and,
shear stress. The effects on the velocity distribution of the
various parameters will be shown in Figures 3e12 and in
tabular representation. Figures 3e7 due to the positive and
negative rate of f ðwÞ show about the inflow and outflow of
the fluid but holds the symmetrical reflection. These
Table 1 Thermal-physical properties (for reference: see Refs.
[41,42]) for nanofluid.

Physical properties Water (H2OÞ Copper (Cu) Ethylene glycol
(C2H6O2)

r=ðkg $m�3Þ 999 8910 1110
Cp=ðJ $kg�1 $K�1Þ 4180 390 2400
k=ðW=ðm $KÞ) 0.60 395 0.26

Table 2 HAMS convergence (Re Z 2; l Z 2; b Z 1;
F Z � 0:05Þ.
M f ðhÞjhZ0:3

1 0.438245
5 0.441320
15 0.442179
20 0.442209
25 0.442215
30 0.442215
35 0.442215
40 0.442215
45 0.442215

Figure 3 lZ0; 2; 4; 6; 8; bZ 1; Re Z 2 (top to bottom).
diagrams reflect that; raise in the Hartmann number de-
creases the profile of axial velocity, while every velocity
profile magnitude-wise increase for the whole domain. In
Figures 6 and 7; as b be departed from negative to positive,
Figure 4 lZ0; 2; 4; 6; 8; bZ 1; Re Z 4 (top to bottom).



Figure 5 lZ0; 2; 4; 6; 8; bZ � 1; Re Z 4 (top to bottom).

Figure 6 bZ � 4; �2; 0; 2; 4; Re Z4; lZ2 (bottom to top).

Figure 8 lZ0; 2; 4; 6; 8; bZ 1; Re Z 2 (top to bottom).

Figure 9 lZ0; 2; 4; 6; 8; bZ � 1; Re Z 4 (top to bottom).
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the profile of axial velocity raises, and extrema of the profile
seen at the ends of the wall. Whereas bZ0 indicates the
stationary position of the walls as discussed in the studies of
Ref. [2]. In Figure 8, radial velocity exhibits twin behavior
near wZ0 and shows that increasing the value of l decline
the velocity profile nearby the center all that; reflects the
opposing behavior of defending force recognized as Lorentz
Figure 7 bZ � 4; �2; 0; 2; 4; Re Z4; lZ4 (bottom to top).

Figure 10 lZ0; 2; 4; 6; 8; bZ 1; Re Z 4 (top to bottom).
force but raise it near the porous wall. That is, the profile
raises but close to the domain center it will become smooth.
Besides that, the Lorentz force which is recognized due to
the attributes of defending force indicates that the higher
rate of Hartmann number l, frequently the fluid particles be
decelerated.

And a higher rate of injection shows fast reactions of
the radial profile which can be seen in Figure 10. For the



Figure 11 bZ � 4; �2; 0; 2; 4; lZ2; Re Z4 (bottom to top).

Figure 12 bZ� 4; �2; 0; 2; 4; lZ4; Re Z4 (bottom to top).

Table 4 Skin frictions magnetic effects for an array lZ
½0 : 2 : 8�.

bZ 1; FZ�0:05 bZ � 1; FZ�0:05

Re f 00ðhÞjhZ�1 f ðhÞjhZ0:3 f 00ðhÞjhZ�1 f ðhÞjhZ0:3

0 2.12765
2.90998
4.59935
6.52014
8.49104

0.467974
0.439461
0.394160
0.363632
0.345995

3.93080
4.59217
6.10792
7.92030
9.82788

0.411456
0.396575
0.370742
0.351321
0.339021

2 2.23694
2.79530
4.15975
5.87818
7.73226

0.464582
0.442215
0.401415
0.370011
0.350567

3.53533
4.07555
5.40355
7.09152
8.92542

0.418797
0.404857
0.378584
0.357198
0.343124

4 2.29855
2.72212
3.84113
5.36570
7.09046

0.462407
0.444198
0.407538
0.376032
0.355136

3.27601
3.71721
4.86528
6.41048
8.14881

0.424465
0.411666
0.385769
0.363002
0.347331

Table 5 Skin frictions magnetic effects for an array
bZ½ �4 : 2 : 4� and FZ � 0:05.

f 00ðhÞjhZ�1 f ðhÞjhZ0:3

lZ 1; ReZ 2 6.10078
4.42779
2.99299
1.85177
1.02614

0.371428
0.397797
0.435089
0.484703
0.545394

lZ 1; ReZ 4 5.33982
3.97838
2.86594
2.01189
1.39481

0.379908
0.405461
0.438362
0.478106
0.522851

Table 6 Comparison with already published results for an array
wZ ½0 : 0:1 : 1�.
lZ 0; ReZ 5; bZ 0:5

f 0ðwÞ f ðwÞ

HAM Yinusa [43] HAM Yinusa [43]

1.536155 1.536154 0.000000 0.000000
1.151422 1.151411 0.152876 0.152874
1.453865 1.453855 0.301554 0.301551
1.362559 1.362554 0.442607 0.442606
1.245210 1.245207 0.573199 0.573196
1.104637 1.104631 0.690878 0.690876
0.941493 0.941489 0.793375 0.793373
0.754215 0.754210 0.878375 0.878373
0.539191 0.539188 0.943299 0.943297
0.290463 0.290458 0.985090 0.985090
0.000000 0.000000 1.000000 1.000000
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contracting case, Figure 9 produces the same, but the
profile leveled sharply as nearer to the center of the
domain. Figures 11 and 12 show that as the wall ratio
parameter changes its mode from contraction to expansion,
radial profile decreases near the center but increases nearer
to the walls of rotating channels while occupying the
phenomena of defending forces. As it elaborates the suc-
tion case, but for the injection, we get the same pattern that
followed in Figures 11 and 12 where it elaborates about
the optimum velocity which occurs at the center of the
channel and near the domain, then velocity increases as
the channel expand and then declines during channel
contraction.

The reason behind that is the way the fluid moves or
flows, it is advancing the center and becomes greater to
complement for the domain instigated by the expansion of
the wall and consequently resulting in the greater value of
the axial velocity near the center. These figures also repre-
sent the influence of Reynolds number Re on radial and
axial velocity profiles, respectively. Both the radial and axial
velocity profiles magnitude-wise decrease as values of Re
increased. The observation that as we enhance the Reynolds
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number, the inertial force escalates which lesser the fluid
motion as it can also be observed or noticed from Table 4
and Table 5. Shear stress is an important dimension-free
tool to provide insights into the drag force across the sur-
faces of an object. Table 4 for two cases of b discloses that
the raise in skin friction coefficient at different values of l
but declines along the nanofluidics flow direction as in the
flow direction, the value of Reynold number increases.
Table 5 illustrates that it is a decreasing function of wall
ratio parameter b, as it indicates the dominancy of surface
on the nanofluids flow, but a higher Reynold number de-
activates it. Also, it will be good to differentiate our
computed results with some declared results.

So, a comparison is shown in Table 6 where results by
HAM are shown in good comparison with Yinusa [43]
where he had elucidated the model by variational Iteration
technique. No doubt, HAM is the more generalized tech-
nique as it put the shield to all of its subparts.

5. Conclusions

In this study, the laminar flow of Cu/Ethylene glycol
nanofluid inside the permeable channel has been investi-
gated. Detailed parametric analysis of several parameters
such as wall ratio parameter, skin friction coefficient has
been contemplated in the presence of volume fraction and
nano-particles viscosity. The results of ShM with HAM
show a superb comparison. The whole findings help to
create the following conclusions. The velocity profile de-
creases for numerous magnetic parameter values while the
velocity increases at surfaces. The value of the drag force
raises at the surfaces along the direction of flow and its
increases with the nanoparticle loading in base fluid as well
as in Reynold number. And the wall ratio parameter deac-
celerates the velocity profiles. Conclusions not only should
review the main points of the scientific paper, but also
should elaborate on the importance of the work or suggest
applications and extensions.
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