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A B S T R A C T   

This paper is devoted to addressings the fairly interesting soliton solutions for the time fractional combined 
Korteweg-de Vries-modified Korteweg-de Vries equation (KdV–mKdV equation) and modified Burgers-KdV 
equation. The unified method along with conformable, Beta and local M-derivative are used to construct the 
general structure of solitary wave soliton solutions. The method allows us to find solutions in both polynomial 
and rational forms. Further, the comparison of solutions are given out through 3D and 2D-plots to expose the 
impact of fractional parameter on the obtained solutions. The reported solutions are novel and have not been 
discussed in the literature.   

Introduction 

The investigation of nonlinear physical phenomena becomes a 
leading topic of interest in major fields including fluids dynamics, fluid 
mechanics, solid-state physics, plasma physics, fiber optics, and many 
more. In this fashion, the captivating outlook in nonlinear physical 
phenomena is solitons. Solitons are the solutions of broad class of 
weakly nonlinear dispersive partial differential equations (PDEs) illus-
trating physical phenomenons [1,2]. In optics, solitons are mostly used 
in any optical field that does not alter during its propagation because of 
the cancelation of dispersive and nonlinear effects in the medium [3]. 
New solitary wave solutions to the coupled Maccaris system is proposed 
by [4]. New optical solitons for Biswas Arshed equation with higher 
order dispersions is derived by [5]. Numerous scientific perception and 
modeling are established through optical solitons for their numerical 
and analytical structures of the different medium. In addition, most of 
the subject matter experts and analysts to focus on the foundations of 
solitons with optical structures with the help of several integration 
methodologies [6–8]. 

A few years ago, a variety of effective methods have been developed 
to retrieve the exact and numerical solutions for the nonlinear partial 

differential equations. For instance, the Exp-function method [9], the 
cubic B-spline method for Burgers and Fishers equation [10,11], the 
extended trial function method [12], Sine Gordon method is proposed 
by [13] for soliton solutions, soliton solutions of NLSE with quadratic 
cubic nonlinearity and stability analysis is proposed by [14], the auxil-
iary equation method [15], the modified simple equation method [16], 
the first integral method [17], the homogeneous balance method [18], 
extended direct algebraic method [19], the Bäcklund transformation 
method [20], the unified method [21], the bilinear transformation 
method [22], the extended trial equation method [23], the symmetry 
method [24] and sine–cosine method [25] are employed to explore 
nonlinear dispersive and dissipative problems. [26] derived the optical 
solutions of Kundu Eckhaus equation. The exact solution of third-order 
nonlinear Schrödinger equation is given by [27]. 

Recently, it is observed that nonlinear fractional differential equa-
tions (NFDEs) contribute a significant value in several disciplines such as 
engineering, physics, biology, control theory, signal processing, fractal 
dynamics, and so on [28–36]. This is because of the rapid growth of the 
theory of fractional calculus and its wide range of application. Different 
definitions of derivative with fractional order had been presented over 
the last couple of years. The investigation into the discovery of fractional 
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derivative operators is indeed a widely used subject of study. A great 
deal of work has been conducted recently and far too many discoveries 
have been made throughout this direction, some of which are included 
in the list. In this article, we take into account some of the masterpiece 
descriptions of derivatives such as conformable, beta and local M- 
derivative. 

In this work, the combined KdV–mKdV equation and modified 
Burgers-KdV equation [37] are used as governing equations, which are 
referred to as Eq. (1) and Eq. (2) respectively. 

∂P
∂t

+(δ1P+ δ2P2)
∂P
∂x

+ δ3
∂3P
∂x3 = 0. (1)  

∂R
∂t

+ κ1R2∂R
∂x

+ κ2
∂2R
∂x2 − κ3

∂3R
∂x3 = 0. (2)  

In above equations, P(x, t) and Q(x, t) are wave profiles with spatial 
variable x and t as time variable. While δ1, δ2, δ3 and κ1, κ2, κ3 are the 
real unknown coefficients of the combined KdV–mKdV equation and 
modified Burgers-KdV equation respectively. The extraction of traveling 
wave solutions for Eq. (1) and Eq. (2) have been developed by number of 
scholars and references therein [38,39]. The main aim of this article is 
not just to discover the new optical solitons of the fractional combined 
KdV–mKdV equation and modified Burgers-KdV equation but to 
compare the results of various fractional derivative definitions on the 
reported structures of solutions. As authors the found, no such analysis 
of the governing equations has been addressed and therefore, valuable 
to mention here. 

The structure of the article is designed in the following way: Section 
“Preliminaries” is dedicated to some essential description of fractional 
derivatives from the literature. The general fashion of the suggested 
approach is devoted in Section “Analysis of the method”. In Section 
“Applications”, the mathematical analysis of governing equations and 
fairly interesting optical solitons are addressed with different fractional 
derivatives. A meaningful comparison is given in Section “A comparison 
of solutions with various fractional derivatives”. The concluding re-
marks are detailed in “Concluding Remarks”. 

Preliminaries 

This section discusses the fundamental description of derivatives 
such as conformable, beta and local M-derivative, as well as its related 
properties. 

Conformal derivative (CD) 

Definition 1. Let ϕ : [0,∞)→R be a real valued function and t > 0. 
Then conformable derivative (CD) of ϕ with respect to time variable t is 
defined as [40]: 

Dα
t (ϕ(t)) = lim

∊→0

ϕ(t + ∊t1− α) − ϕ(t)
∊

,∀t > 0, (3)  

where α is a fractional order and 0 < α < 1. For α = 0 it behaves like 
integer order derivative. Some basic properties of CD are mentioned 
below: 

Theorem 1. If ϕ1(t) and ϕ2(t) be two functions of β-differentiable order 
with 0 < β < 1 and t > 0, then using the definition of CD the following re-
sults are concluded:  

1. Dα
t {tn} = ntn− α, where n belongs to R.  

2. Dα
t {K} = 0, for any constant K.  

3. Dα
t {cϕ1(t)} = cDα

t {ϕ1(t)}, where c is a constant.  

4. Dα
t {c1ϕ1(t)+c2ϕ2(t)} = c1Dα

t {ϕ1(t)}+c2Dα
t {ϕ2(t)}, where c1 and c2 

are constants.  

5. Dα
t {ϕ1(t) ∗ ϕ2(t)} = ϕ2(t)Dα

t {ϕ1(t)} + ϕ1(t)Dα
t {ϕ2(t)}.  

6. Dα
t {

(
ϕ1
ϕ2

)
(
t
)
} =

ϕ2(t)Dα
t {ϕ1(t)}− ϕ1(t)Dα

t {ϕ2(t)}
ϕ2

2(t)
.  

7. Dα
t {ϕ1(t)} = t1− α d

dt{ϕ1(t)}.  

8. Dα
t {ϕ1(t)∘ϕ2(t)} = t1− αϕ

′

2(t)ϕ
′

1(ϕ2(t)). 

Beta derivative (BD)  

Definition 2. Let Φ : [0,∞)→R be a real valued function and x > 0. 
Then beta derivative (BD) of Φ with respect to x defined as [41]: 

A
0 Dx

β{Φ(x)} = lim
∊→0

Φ

(

x + ∊
(

x + 1
Γ(β)

)1− β
)

− Φ(x)

∊
,∀x > 0, (4)  

where 0 < β < 1. Some basic properties of BD are mentioned below. 

Theorem 2. If Φ1(x) and Φ2(x) be two functions of β-differentiable order 
with 0 < β < 1 and x > 0, then using the definition of BD the following re-
sults are concluded.  

1. A
0 Dx

β{K} = 0, for any constant K.  
2. A

0 Dx
β{c1Φ1(x) + c2Φ2(x)}=c1

A
0 Dx

β{Φ1(x)}+c2
A
0 Dx

β{Φ2(x)}, where c1 

and c2 are constants.  
3. A

0 Dx
β{Φ1(x) ∗ Φ2(x)}=Φ2(x)A

0 Dx
β{Φ1(x)}+Φ1(x)A

0 Dx
β{Φ2(x)}.  

4. A
0 Dx

β{

(
Φ1
Φ2

)
(
x
)
}=Φ2(x)

A
0 Dx

β{Φ1(x)}− Φ1(x)A0 Dx
β{Φ2(x)}

Φ2
2(x)

, taking ∊ =

(

x + 1
Γ(β)

)1− β

h, and h→0 when ∊→0, therefore we have 

A
0 Dx

β{Φ(x)} =

(

x + 1
Γ(β)

)1− β
d
dx{Φ(x)} with ξ =

p
β

(

x + 1
Γ(β)

)β

, where p 

is a constant.  
5. A

0 Dx
β{

Φ1(ξ)
Φ2(x)} = p d

dξ{Φ(ξ)}. 

Local M-derivative (LMD) 

Definition 3. Let φ : [0,∞)→R be a real valued function and t > 0. 
Then local M-derivative (LMD) of φ with respect to t defined as [42]: 

Dμ;γ
M {φ(t)} = lim

∊→0

φ(tEγ(∊t− μ)) − φ(t)
∊

,∀t > 0, (5)  

where M represents the derived function that involves a function called 
Mittag–Leffler (Eμ(⋅), ∀μ > 0) alongside one parameter, that is entire 
function. Further, if Φ(t) is l-times differentiable in the specific class of 
interval (0, l), 0 > l and limt→0+Dμ;γ

M {φ(t)} exists, then following rela-
tionship arises 

Dμ;γ
M {φ(0)} = lim

t→0+
Dμ;γ

M {φ(t)}. (6)  

Theorem 3. If φ1(t) and φ2(t) be two functions of M-differentiable order 
with 0 < μ < 1 and t > 0, then using the definition of LMD the following 
results are concluded.  

1. Dμ;γ
M {K} = 0, where K is arbitrary constant.  

2. Dμ;γ
M {c1φ1(t) + c2φ2(t)}=c1Dμ;γ

M {φ1(t)}+c2Dμ;γ
M {φ2(t)}, where c1 and 

c2 are constants.  
3. Dμ;γ

M {φ1(x) ∗ φ2(x)} = φ1(t)D
μ;γ
M {φ2(t)} + φ2(t)D

μ;γ
M {φ1(t)}, 
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4. Dμ;γ
t {

(
φ1
φ2

)

(t)}=φ2(t)D
μ;γ
t {φ1(t)}− φ1(t)D

μ;γ
t {φ2(t)}

φ2
2(t)

,  

5. The composition of functions φ1(t) and φ2(t) at some arbitrary point 
a > 0 is defined by 

Dμ;γ
M {φ1(t)∘φ2(t)} = φ′

1(φ2(a))D
μ;γ
M {φ2(a)} (7)   

Analysis of the method 

This section devotes the brief description of the proposed method. 
Consider the general structure of higher order nonlinear time fractional 
evolution equation in the following way 

F
(

x, y, t,w,
∂βw
∂tβ ,

∂w
∂x

,
∂w
∂y

,
∂2βw
∂t2β ,

∂2w
∂x2 ,…

)

= 0, (8)  

with t > 0 and β ∈ (0,1]. Here w(x, y, t) is a wave profile depending on 
spatial variables x, y and time variable t. Now, to search for the solution 
of Eq. (8) throughout the UM method, we adopt a sequence of following 
steps: 

Step 1: In the first step, we apply the transformation of single wave 
variable τ to Eq. (8), which results into the ordinary differential equation 
given as 

f
(

w,
dw
dτ ,

d2w
dτ2 ,…

)

= 0, (9)  

including the nonlinear and dispersive term. 
Step 2: In this step, the applied method helps one to report the so-

lutions of Eq. (9) in two ways: polynomial and rational solution [43]. 

Polynomial solution 

Here, we suppose the polynomial solution of Eq. (9) in the following 
way: 

w(τ) =
∑n

i=0
miφi(τ), (10)  

with 

(φ
′

(τ))q
=
∑qk

i=0
niφi(τ), q = 1, 2, (11)  

where mi and ni are the unknown coefficients to be determined later, in 
such a way that solution given in Eq. (9) must satisfy Eq. (10). 

Here, the numerical values of parameters n and k are determined 
with the help of homogenous balance principle. According to this 
principle, one can find the relation between the n and k by balancing the 
dispersive and highest nonlinear term engaged in Eq. (9) [44]. Similarly, 
the arbitrary coefficients appearing in Eq. (11) are precisely determined 
by applying the consistency condition. Also, when we take q = 1 or q = 2 
the UM handles Eq. (10) for elementary or elliptic solutions [43]. 

Rational solution 

Here, we suppose the rational solution of Eq. (9) in the following 
way: 

w(τ) =

∑n

i=0
riφi(τ)

∑r

i=0
miφi(τ)

, n⩾r, (12)  

which satisfies 

(φ′

(τ))q
=
∑qk

i=0
niφi(τ), q = 1, 2, (13)  

where ri,mi and ni are the unknown coefficients to be determined later, 
in such a way that solution given in Eq. (12) must satisfy Eq. (9). 

Here, the numerical values of parameters n, r and k are determined 
with the help of homogenous balance principle. According to this 
principle, one can find the relation between the n, r and k by balancing 
the dispersive and highest nonlinear term engaged in Eq. (9) [44]. 
Additionally, the arbitrary coefficients appearing in Eq. (12) are pre-
cisely determined by applying the consistency condition. Also, when we 
take q = 1 or q = 2 the UM handles Eq. (12) for elementary or elliptic 
solutions [43]. 

Step 3: In third step, we use some symbolic programming applica-
tion to solve the system of an algebraic equation. 

Step 4: In this step, we solve the auxiliary Eq. (11) (or Eq. (13)). 
Step 5: At the end, obtain the exact solution of Eq. (10) (or Eq. (12)). 

Applications 

This section deals with the comparative study of two important 
fractional equations, namely combined KdV–mKdV equation and 
modified Burgers-KdV equation. 

The combined KdV–mKdV equation 

The KdV and mKdV equations are the most widely used soliton 
equations and have been thoroughly studied. However, in functional 
problems such as fluid mechanics and quantum field theory, nonlinear 
terms of the KdV and mKdV equations often coexist and form the 
following so-called combined KdV–mKdV equation: 

∂P
∂t

+(δ1P+ δ2P2)
∂P
∂x

+ δ3
∂3P
∂x3 = 0, (14)  

where P = P(x, t) is a wave profile of spatial variable x and time variable 
t. This equation may be summarized as the wave propagation of the 
bound particle, sound wave and thermal pulse [45]. Now, we present the 
temporal fractional form of Eq. (14) with respect to different definitions 
of derivatives. 

Using the Definition 1, the representation of Eq. (14) in the sense of 
CD is given by 

Dβ
t P+ δ1PPx + δ2P2Px + δ3Pxxx = 0, (15)  

where Dβ
t P is the conformable fractional derivative of P with respect to t. 

Using the Definition 2, the representation of Eq. (14) in the sense of 
BD is given by 
A
0 Dt

βP+ δ1PPx + δ2P2Px + δ3Pxxx = 0, (16)  

where A0 Dt
β is a beta derivative with respect to t. 

Using the Definition 3, the representation of Eq. (14) in the sense of 
LMD is given by 

Dβ;γ
M,tP+ δ1PPx + δ2P2Px + δ3Pxxx = 0. (17)  

To solve Eqs. (15)–(17), we take following transformation: 

P(x, t) = Q(ξ), (18)  

where P(x, t) shows pulse shape of soliton. While ξ is defined with 
respect to different definitions: 

For CD Definition 1, we take: 

ξ = x − v
(tβ

β

)
(19) 
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In the case of the BD Definition 2, we assume: 

ξ = x −
v
β

(

t +
1

Γ(β)

)β

(20)  

By means of LMD Definition 3, we take: 

ξ = x −
v
β

Γ(γ + 1)tβ, (21)  

here β is fractional parameter and v is speed of soliton wave solution. 
Substituting Eq. (18) in Eqs. (15)–(17) one by one, we end up with 

the following equation: 
(
δ1Q2 + δ2Q − v

)
Q′

+ δ3Q′ ′ ′=0 (22)  

Now, we will employ the unified method to Eq. (22) and obtain optical 
solitons for the temporal fractional combined KdV–mKdV equation with 
CD, BD and LMD. The UM method allows the researcher to find out the 
solutions in polynomial and rational forms. 

Polynomial solution 
To discover the solution in polynomial form, we initially consider the 

solution with unknown real coefficients as 

Q(ξ) =
∑n

i=0
miϕi(ξ), (23)  

with satisfying an auxiliary equation 

(ϕ
′

(ξ))q
=
∑qk

i=0
niϕi(ξ), q = 1, 2. (24)  

where mi and ni are the unknown coefficients to be determined later. 
Now, to establish the relation between n and k, we will apply the ho-
mogenous balance principle to Eq. (22) which results into n = k − 1, 
where k = 2,3 and so on. But, in this study we will consider only for k =

2. Therefore, the Eq. (23) can be converted into 

Q(ξ) = m0 +m1ϕ(ξ). (25) 

Case1: Here, we take q = 1 and therefore Eq. (24) leads to 

Q(ξ) = m0 + m1ϕ(ξ),
ϕ

′

(ξ) = n0 + n1ϕ(ξ) + n2ϕ2(ξ). (26)  

Using Eq. (26) into Eq. (22) tends to a system of algebraic equations in 
ϕ(ξ). In order to solve this system, we perform few step of algebra with 
the help of symbolic computation applications and ultimately following 
results are yielded. 

δ1 = −
6δ3n2

2

m2
1
, δ2 =

6n2(2n2m0 − m1n1)δ3

m2
1

, v=
n2(2m1n0 +m1n2 − 6m0n1)δ3

m1
.

(27)  

Now, we solve the auxiliary equation for ϕ(ξ) and substitute into Eq. 
(26) together with the values defined in Eq. (27), yields the following 
solution 

P(x, t) =
2n2m0 − m1n1 − m1tanh(1

2 ξR)R
2n2

, (28)  

where R =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n2
1 − 4n0n2

√

and ξ is transformation variable taken from 
Eqs. (19)–(21) for CD, BD and LMD respectively. 

Case2: Here, we take q = 2 and therefore Eq. (24) leads to 

Q(ξ) = m0 + m1ϕ(ξ),

ϕ
′

(ξ) = ϕ(ξ)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n0 + n1ϕ(ξ) + n2ϕ2(ξ)
√

.
(29)  

Using Eq. (29) into Eq. (22) tends to a system of algebraic equations in 
ϕ(ξ). In order to solve this system, perform few step of algebra with the 
help of symbolic computation applications and ultimately following 
results are obtained. 

δ1 = −
6n2δ3

m2
1
, δ2 =

3δ3(4m0n2 − m1n1)

m2
1

, v =
δ3(m2

1n0 + 6m2
0n2 − 3m0m1n1)

m2
1

,

(30)  

and now, adopt the same procedure as we have done in the pervious 
cases. As a result, we obtained the following solution 

P(x, t) =
m0(4n0n2 − n2

1)e2ξ ̅̅̅̅n0
√

+ 2(m0n1 − 2m1n0)eξ ̅̅̅̅n0
√

− m0

(4n0n2 − n2
1)e2ξ ̅̅̅̅n0

√
− 1 + 2n1eξ ̅̅̅̅n0

√ , (31)  

where ξ is transformation variable taken from Eqs. (19)–(21) for CD, BD 
and LMD respectively. 

Rational solution 
Here, we search for rational form solution of Eq. (22) and put n = r =

1, q = 1, 2 in Eq. (12) and Eq. (13) and yields into the following solution 

Q(ξ) =
r0 + r1ϕ(ξ)

m0 + m1ϕ(ξ)
,

ϕ
′

(ξ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n0 + n1ϕ(ξ) + n2ϕ2(ξ)
√

.

(32)  

Using Eq. (32) into Eq. (22) tends to a system of algebraic equations in 
ϕ(ξ). In order to solve this system, perform few step of algebra with the 
help of symbolic computation applications and ultimately following 
results are obtained.  

δ1 = −
m1(r1δ2 + m1n2δ3 − vm1)

r2
1

, n1

=
r0δ2m1r1 − 2r0m2

1(v − δ3n2) + 2m0m1r1(v + 2δ3n2) − r2
1m0δ2

m2
1δ3r1

.

Now, solve the auxiliary equation for ϕ(ξ) and substitute into Eq. (32) 
together with the values defined in Eq. (33). This yields the following 
solution 

P(x, t) =
4r1n2e2ξ ̅̅̅̅n2

√

− 4 ̅̅̅̅̅n2
√ eξ ̅̅̅̅n2

√

(r1n1 − 2r0n2) − 4r1n0n2 + r1n2
1

4m1n2e2ξ ̅̅̅̅n2
√

− 4 ̅̅̅̅̅n2
√ eξ ̅̅̅̅n2

√
(m1n1 − 2m0n2) − 4m1n0n2 + m1n2

1
,

(34)  

where ξ is the transformation variable taken from Eqs. (19)–(21) for CD, 
BD and LMD respectively. 

n0 =
2r1m0r0m2

1(2n2δ3) + 3m1m2
0r2

1(v + n2δ3) − r3
1m2

0δ2 − m3
1r2

0(v − n2δ3) + m2
1r2

0r1δ2

m3
1δ3r1

(33)   
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The modified Burgers-KdV equation (mBKdV) 

The KdV equation, Burgers-KdV equation and mBKdV equation are 
well-known for their ability to describe a broad range of physical 
problems. Long waves in shallow water and waves in plasmas are two 
examples of typical activity. These equations are thoroughly investi-
gated to address the traveling wave solutions. The present paper will 
focuses the study is to investigate mBKdV equation. 

∂R
∂t

+ κ1R2∂R
∂x

+ κ2
∂2R
∂x2 − κ3

∂3R
∂x3 = 0. (35)  

There have been several papers written in recent years that examine the 
travelling wave solution of the mBKdV equation. Mcintosh [45] showed 
how to classify the average activity of the moving wave solution of Eq. 
(35) in the sense of low dissipation. Now, we represent the temporal 
fractional form of Eq. (35) with respect to different definitions of 
derivatives. 

Using the Definition 1 of CD, the representation of Eq. (35) in the 
sense of CD is given by 

Dβ
t R+ κ1R2Rx + κ2Rxx − κ3Rxxx = 0, (36)  

where Dβ
t R is the conformable fractional derivative of R with respect to t. 

Using the Definition 2 of BD, the representation of Eq. (35) in the 
sense of BD is given by 
A
0 Dt

βR+ κ1R2Rx + κ2Rxx − κ3Rxxx = 0, (37)  

where A0 Dt
β is a beta derivative with t. 

Using the Definition 3 of LMD, the representation of Eq. (35) in the 
sense of LMD is given by 

Dβ;γ
M,tR+ κ1R2Rx + κ2Rxx − κ3Rxxx = 0. (38)  

To solve the Eqs. (36)–(38), we assume following transformation: 

Fig. 1. (a) − (c) and (d) depicts the pictorial representation of Eq. (28) in 3D and 2D-plots respectively, using the different definitions of derivatives.  
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R(x, t) = S(ξ), (39)  

where R(x, t) shows the pulse shape of soliton. While ξ is defined with 
respect to different definitions taken from Eqs. (19)–(21) for CD, BD and 
LMD. 

Using the above defined transformations of single wave variable, the 
system (35) is carried to the following ODE, 

( − v+ κ1S2)S′

+ κ2S′ ′

− κ3S′ ′ ′=0, (40)  

where S′

= dS
dξ. 

Polynomial solution 
To search for the solution of Eq. (40) in polynomial form, we initially 

consider the solution with unknown real coefficients as 

S(ξ) =
∑n

i=0
miϕi(ξ), (41)  

with satisfying an auxiliary equation 

(ϕ
′

(ξ))q
=
∑qk

i=0
niϕi(ξ), q = 1, 2. (42)  

where mi and ni are the unknown coefficients to be determined later. 
Now, to establish the relation between n and k, we will apply the ho-
mogenous balance principle to Eq. (40) which results into n = k − 1, 
where k = 2,3 and so on. But, in this study we will consider only for k =

2. Therefore, the Eq. (41) can be converted into 

S(ξ) = m0 +m1ϕ(ξ), (43) 

Case1: Here, we take q = 1 and therefore Eq. (42) leads to 

S(ξ) = m0 +m1ϕ(ξ), (44)  

ϕ
′

(ξ) = n0 + n1ϕ(ξ)+ n2ϕ2(ξ). (45) 

Fig. 2. (a) − (c) and (d) depicts the pictorial representation of Eq. (31) in 3D and 2D-plots respectively, using the different definitions of derivatives.  
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Using Eq. (44) into Eq. (40) tends to a system of algebraic equations in 
ϕ(ξ). In order to solve this system, perform few step of algebra with the 
help of symbolic computation applications and ultimately following 
results are yielded. 

κ2 =
κ1m1(m1n1 − 2m0n2)

2n2
2

, κ3 =
m2

1κ1

6n2
2
, v

=
κ1(3m2

0n2
0 + m2

1n2
1 − 3m0m1n1n2 − m2

1n0n2)

3n2
2

. (46)  

Now, solve the auxiliary equation for ϕ(ξ) and substitute into Eq. (44) 
together with the values defined in Eq. (46), yields the following 
solution 

R(x, t) =
2m0n2 − m1n1 − m1tanh

(
1
2 ξ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
n2

1 − 4n0n2
√

)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
n2

1 − 4n0n2
√

2n2
(47)  

where ξ is transformation variable taken from Eqs. (19)–(21) for CD, BD 
and LMD respectively. 

Rational solution 
Here, we find the rational form solution of Eq. (40) and put n = r =

1, q = 1, 2 in Eq. (12) and (13) and yields into 

S(ξ) =
r0 + r1ϕ(ξ)

m0 + m1ϕ(ξ)
,

ϕ
′

(ξ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n0 + n1ϕ(ξ) + n2ϕ2(ξ)
√

.

(48)  

Using Eq. (48) into Eq. (40) tends to a system of algebraic equations in 
ϕ(ξ). In order to solve this system, perform few step of algebra with the 
help of symbolic computation applications and ultimately following 
results are obtained. 

Fig. 3. (a) − (c) and (d) depicts the pictorial representation of Eq. (34) in 3D and 2D-plots respectively, using the different definitions of derivatives.  
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κ1 =
m2

1(n2κ3 + v)
r2

1
, n1 =

2(m1r0(n2κ3 + v) + m0r1(2n2κ3 − v))
3κ3m1r1

, κ2 = 0, (49)  

n0 =
m2

1r2
0(n2κ3 + v) + 2r1m0m1r0(n2κ3 + v) + 3m2

0r2
1(κ3n2 − v)

6κ3m2
1r2

1
,

Now, solve the auxiliary equation for ϕ(ξ) and substitute into Eq. (48) 
together with the values defined in Eq. (49), yields the following 
solution 

R(x, t) =
4eξ ̅̅̅̅n2

√

(2r0n3
2 + r1n2eξ ̅̅̅̅n2

√

− r1n1
̅̅̅̅̅n2

√
) − r1(4n0n2 + n2

1)

4eξ ̅̅̅̅n2
√

(2m0n3
2 + m1n2eξ ̅̅̅̅n2

√
− m1n1

̅̅̅̅̅n2
√

) − m1(4n0n2 + n2
1)
, (50)  

where ξ is transformation variable taken from Eqs. (19)–(21) for CD, BD 
and LMD respectively. 

A comparison of solutions with various fractional derivatives 

This section comprises comparison the solutions referred by the Eqs. 
(28), Eq. (31), Eq. (34), Eq. (47) and Eq. (50) are interpreted in the 
context of different derivatives and displayed in Figs. 1–5 for fractional 
parameter β = 0.5. Fig. 1: In this figure, we utilize n0 = 0.01, n1 = 2,
n2 = 0.03,m0 = 1.2,m1 = 1, δ3 = 0.2, β = 0.5 in Eq. (28) where Fig. 1a 
depicts its 3D graph with CD, Fig. 1b shows its graph with BD, while 
Fig. 1c displays its behavior with LMD at γ = 0.5. Fig. 1d illustrates the 
2D-plot of Eq. (28) in the context of different derivatives with γ = β =

0.5 and x = 1. As it can be observed from the above figures, the 
amplitude of the soliton is closer in the definition to conformable and 
local M-derivative as compared to beta derivative. Fig. 2: In this figure, 
we utilize n0 = 0.01, n1 = 0.2, n2 = 0.1,m0 = 0.2,m1 = 1.8, δ3 = 4.2,
β = 0.5 in Eq. (31) where Fig. 2a depicts its 3D graph with CD, Fig. 2b 
shows its graph with BD, while Fig. 2c displays its behavior with LMD at 
γ = 0.5. Fig. 2d illustrates the 2D-plot of Eq. (31) in the context of 

Fig. 4. (a) − (c) and (d) depicts the pictorial representation of Eq. (47) in 3D and 2D-plots respectively, using the different definitions of derivatives.  
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various derivatives with γ = β = 0.5 and x = 1. As it can be observed 
from the above figures, the amplitude of the soliton is closer in the 
definition to conformable and local M-derivative as compared to beta 
derivative. 

Fig. 3: In this figure, we utilize r0 = 0.1, r1 = 0.3, n0 = 0.01, n1 = 0.2,
n2 = 0.01,m0 = 0.2,m1 = 0.8, v = 0.002, β = 0.5 in Eq. (34) where 
Fig. 3a depicts its 3D graph with CD, Fig. 3b shows its graph with BD, 
while Fig. 3c displays its behavior with LMD at γ = 0.5. Fig. 3d illus-
trates the 2D-plot of Eq. (34) in the context of different derivatives at γ =

β = 0.5 and x = 1. As it can be observed from the above figures, the 
amplitude of the soliton is closer in the definition to conformable and 
local M-derivative as compared to beta derivative. 

Fig. 4: In this figure, we take advantage of n0 = 0.01, n1 = 2, n2 = 1,
m0 = 1.2,m1 = 1, κ1 = 0.2, β = 0.5 in Eq. (47) where Fig. 4a depicts its 
3D graph with conformable derivative, Fig. 4b shows its graph with beta 
derivative, while Fig. 4c displays its behavior with local M-derivative 
with γ = 0.5. Fig. 4d illustrates the 2D-plot of Eq. (47) in the context of 

different derivatives at γ = β = 0.5 and x = 0.2. As it can be observed 
from the above figures, the amplitude of the soliton is closer in the 
definition to conformable and local M-derivative as compared to beta 
derivative. 

Fig. 5: In this figure, we use r0 = 0.01, r1 = 2, n2 = 1,m0 = 1.2,m1 =

1, κ3 = 0.2, v = 0.3, β = 0.5 in Eq. (50) where Fig. 5a depicts its 3D 
graph with conformable derivative, Fig. 5b shows its graph with beta 
derivative, while Fig. 5c displays its behavior with local M-derivative 
with γ = 0.5. Fig. 5d illustrates the 2D-plot of Eq. (50) in the context of 
different derivatives at γ = β = 0.5 and t = 1. As it can be observed from 
the above figures, the amplitude of the soliton is much closer in the 
definition to conformable and local M-derivative as compared to beta 
derivative. 

Concluding Remarks 

In this article, we have reported the solitary wave soliton solutions to 

Fig. 5. (a) − (c) and (d) depicts the pictorial representation of Eq. (50) in 3D and 2D-plots respectively, using the different definitions of derivatives.  

M.N. Rafiq et al.                                                                                                                                                                                                                                



Results in Physics 26 (2021) 104357

10

the governing equations namely, temporal fractional combined 
KdV–mKdV equation and modified Burgers-KdV equation. The unified 
method along with conformable, beta and local M-derivative are 
employed to obtained such solutions in polynomial and rational solution 
forms. It is to be attractive to mention that the proposed method is more 
general than tanh method and (G/G′)-expansion method. 

The obtained solutions have been presented in Figs. 1–5 showing the 
impact of fractional parameter β through 3D and 2D graphs with the 
suitable choice of arbitrary parameters. To the author’s best knowledge, 
the predicted solutions are novel and add a meaningful contribution in 
the literature of soliton wave theory. Meanwhile, the suggested 
approach is straight forward and concise and enables us to uncover the 
solitary wave soliton solutions to other nonlinear evolution equations 
arising in engineering and mathematical physics. 
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