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Abstract
In this paper, the conformable-time-fractional Klein–Fock–Gordon equation is considered and solved using the Kudryashovexpansion method to extract dual-wave solutions. Only, the quadratic and the cubic cases of the model are investigated. It has
been noticed that physical changes in the construction of the obtained solutions are reported in the case of transition from
the quadratic-state into the cubic-state. Additionally, the Caputo-time-fractional quadratic–cubic Klein–Fock–Gordon is also
considered and studied by implementing the residual power series method. A comparison between these two types of fractional
derivatives is discussed and the 2D–3D plots are provided to support the findings of this work.
c 2020 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
⃝
reserved.
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1. Introduction
The Klein–Fock–Gordon equation (KFG) is established by Osker Klein, Viladimir Fock and Walter Gordon, for
describing relativistic electrons. The KFG equation appears in different physical applications such as condensed
matter physics, nonlinear equations and interaction of solitons. The KFG equation reads as
wtt (x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 wm (x, t) = 0.

(1.1)

For m = 2, (1.1) is called of quadratic-state and for m = 3, it is a cubic-state.
In [34], the differential transform method is proposed to solve special cases of (1.1), γ2 = 0, γ3 ̸= 0
and γ2 ̸= 0, γ3 = 0. Also, in [32], a combination of Laplace transform method and the Homotopy analysis
method is used to extract closed form solutions to the same problem considered in [34]. The Lie-symmetry
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method [33] is implemented and several exact invariant solutions are reported for the KFG. Moreover, (1.1)
is solved analytically [23] by using the Homotopy analysis method, and has being solved numerically [13] by
means of the exponential B-Spline collocation scheme. The KFG equation is also solved numerically Finally, the
ex p(−φ(ζ ))-expansion method is used [37] and hyperbolic-function solutions are extracted for KFG model.
Mathematical models with fractional derivatives have shown the ability to describe insights and dynamics for
many natural phenomena and systems that inherited memory properties [11,12,24,31,36]. They are widespread
in many disciplines such as physics, chemistry, control theory, biology, signal-image processing, and economics.
For this reason, many of the existing nonlinear PDEs that describe different phenomena have been remodeled in
the sense of fractional derivatives, and their behavior and solutions have been investigated by using developed
methods [7,25,29,30,35,38–41,43–45].
Following the importance of expanding the study of fractional models, we reconsider the KFG model (1.1) with
fractional-time derivative. The contribution of the current work is twofold. We discuss the physical structure of the
conformable-fractional KFG for two states of wm , the quadratic-state (m = 2) and the cubic-state (m = 3), by
means of the fractional Kudryashov-expansion method. Also, we apply the fractional residual powers series method
to solve the Caputo-fractional KFG.
2. Exact solution of the quadratic time-fractional KFG: conformable derivative
The first aim of this section is to explore solitary wave solutions for the quadratic time-fractional KFG
Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w2 (x, t) = 0, 0 < α ≤ 1,

(2.2)

where the fractional derivative Dtα is of conformable-type and defined as
f (t + ϵt 1−α ) − f (t)
.
ϵ→0
ϵ
By the above definition, it has been proved in [22] the following needed rule
Dtα f (t) = lim

(2.3)

Dtα ( f (g(t))) = t 1−α Dt g(t)Dt f (g(t)).

(2.4)
tα

The fact given in (2.4) gives the permission of using the complex-wave transform ζ = x − c α to convert (2.2) into
the following reduced differential equation
(c2 + γ1 )w′′ (ζ ) + γ2 w(ζ ) + γ3 w 2 (ζ ) = 0.

(2.5)

Applying the Kudryashov method [4,9,17,19,20,26,27], the suggested solution of (2.5) takes the form
w = w(ζ ) =

n
∑

λi Z ,

(2.6)

i=0

where the variable Z = Z (ζ ) is the solution of the auxiliary differential equation
Z ′ = µZ (Z − 1),

(2.7)

whose solution by means of the separable method is
Z=

1
.
1 + deµζ

(2.8)

To determine the index n given in (2.6), we perform the balancing procedure of the term w2 against w′′ . Since the
order of the function w is a polynomial of degree n, then w2 is of degree 2n. Differentiating w implicity with aid
of the relation given in (2.7), we deduce that the order of w′ is n + 1, and differentiate w ′ once more, the order of
w′′ is n + 2. Solving n + 2 = 2n, determines the value of n = 2. Therefore, the suggested solution of the quadratic
KFG (2.5) is
w(ζ ) = λ0 + λ1 Z + λ2 Z 2 .

(2.9)

Differentiate (2.9) implicity twice, gives
w ′′ (ζ ) = µ2 Z (Z − 1)((2Z − 1)λ1 + 2Z (3Z − 2)λ2 ).
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Fig. 1. Left-soliton-wave solution w L (x, t) of the quadratic KFG and profile solutions for different values of the conformable-fractional order
α. (d > 0).

Now, we substitute (2.9)–(2.10) into (2.5) to get a polynomial of fourth-order in terms of the variable Z with the
following coefficients:
Z 0 : λ0 (γ3 λ0 + γ2 ) ,
(
)
Z 1 : λ1 c2 µ2 + 2γ3 λ0 + γ1 µ2 + γ2 ,
(
)
(
)
Z 2 : −3λ1 µ2 c2 + γ1 + λ2 4c2 µ2 + 2γ3 λ0 + 4γ1 µ2 + γ2 + γ3 λ21 ,
( (
)
(
))
Z 3 : 2 λ1 c2 µ2 + γ3 λ2 + γ1 µ2 − 5λ2 µ2 c2 + γ1 ,
(
)
Z 4 : λ2 6c2 µ2 + γ3 λ2 + 6γ1 µ2 .

(2.11)

Equating the coefficient of Z i : i = 0, 1, 2, 3, 4 to zero, results in a non algebraic system with the unknowns
λ0 , λ1 , λ2 , µ and c. Solving the obtained system leads to the following outputs:
√ (
)
γ1 −µ2 − γ2
6γ2
6γ2
λ0 = 0, λ1 = −
, λ2 =
,c = ∓
.
(2.12)
γ3
γ3
µ
Since the wave-speed c has two different values, we obtain two-waves solutions of the quadratic KFG (2.2), which
are identified as left-wave w L (x, t) and right-wave w R (x, t) and given by:
√
γ1 (−µ2 )−γ2 t α
+µx
α
6γ2 d e
w L (x, t) = − ( √
)2 ,
γ1 (−µ2 )−γ2 t α
+µx
α
γ3 d e
+1
√
w R (x, t) = −

6γ2 d e
(

(

)

γ1 −µ2 −γ2 t α
+µx
α

γ3 d eµx + e

√

(

)

γ1 −µ2 −γ2 t α
α

)2 .

(2.13)

Here, we give some graphical analysis for the obtained solutions depicted in (2.13). First of all, when d > 0; both
w L and w R are soliton-waves type, and for d < 0; they are of singular-soliton-waves type. Fig. 1, shows the physical
structure of w L and its behavior upon changing the order of the fractional order α. It can be seen that upon varying
α over the interval ( 12 , 1), the profile solutions act as preserving-continuously mapping of soliton-waves towards the
integer-case of α = 1. We may say that the role of the fractional derivative can be interpreted as preserving and
importing any inherited-memory for the KFG model. Fig. 2, is the 3D and 2D plots regarding w R . In Fig. 3, we
observe the symmetric dynamics of the so-called left–right wave solutions of the quadratic KFG and they are of
type soliton or bell-shaped.
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Fig. 2. Right-soliton-wave solution w R (x, t) of the quadratic KFG and profile solutions for different values of the conformable-fractional
order α. (d > 0).

Fig. 3. Dynamics of the obtained Left–right soliton-waves solutions of the quadratic KFG. (d > 0).

3. Analytical solution of the quadratic time-fractional KFG: Caputo derivative
Most of the physical applications consider, in preferably, the use of Caputo-fractional derivative for two main
reasons: (1) It deals with initial value problems way better than most other definitions of fractional derivatives.
(2) It gives zero output of a fractional derivative to a constant. Motivated by this type of fractional derivatives, we
aim to solve the following quadratic time-Caputo-fractional KFG
Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w2 (x, t) = 0,
w(x, 0) = f (x),
Dtα w(x, 0)

(3.14)
(3.15)
(3.16)

= g(x),

where the fractional derivative Dtα is of Caputo-type and defined as
∫ t
1
α
Dt f (t) =
(t − τ )n−α−1 f (n) (τ ) dτ, α ∈ (n − 1, n) : n ∈ N .
Γ (n − α) 0

(3.17)

By means of residual power series (RPS) method [1–3,6,8,10,18,21], we assume that (3.14)–(3.16) has a fractional
power series representation about the initial time t = 0, i.e.,
w(x, t) =

∞
∑
n=0

λn (x)

t nα
1
,
< α ≤ 1, x ∈ I = (a, b), 0 ≤ t < τ < 1.
Γ (nα + 1) 2
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Let wk (x, t) represent the kth truncated series of w(x, t), i.e.,
wk (x, t) =

k
∑
n=0

λn (x)

t nα
.
Γ (nα + 1)

(3.19)

By conditions (3.15)–(3.16), and by the Caputo-fractional derivative of the exponent function, Dtα t β
Γ (β+1) β−α
t
: β ≥ α, we get
Γ (β−α+1)
w0 (x, 0) = λ0 (x) = f (x),
Dtα w0 (x, 0) = λ1 (x) = g(x).

=

(3.20)

Accordingly,
tα
,
Γ (α + 1)
tα
= f (x) + g(x)
.
(3.21)
Γ (α + 1)
The function w1 (x, t) is regarded as the 1st RPS approximate solution of w(x, t). To proceed in finding the kth
RPS approximate solution, we define the residual function Resw (x, t) to (3.14) as
w1 (x, t) = λ0 (x) + λ1 (x)

Resw (x, t) = Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w 2 (x, t),

(3.22)

and the kth residual function Resw,k (x, t) as
∂ 2 wk (x, t)
+ γ2 wk (x, t) + γ3 wk2 (x, t),
∂x2
)2
( k
k−2
k
∑
∑ λn (x) t nα
λn+2 (x) t nα ∑ (γ1 λ′′n (x) + γ2 λn (x)) t nα
=
.
+
+ γ3
Γ (nα + 1)
Γ (nα + 1)
Γ (nα + 1)
n=0
n=0
n=0

Resw,k (x, t) = Dt2α wk (x, t) + γ1

(3.23)

It was shown in [12,24] that limk→∞ Resw,k (x, t) = Resw (x, t) for t ≥ 0. Consequently, it results in Dt(k−1)α
Resw,k (x, t) = 0 for k = 0, 1, 2, . . . and Dt(k−1)α Resw,k (x, 0) = Dt(k−1)α Resw (x, 0) = 0. Therefore, to determine the
coefficient functions λi (x) : i = 2, 3, 4, .., we solve recursively the following fractional problem,
Dtkα Resw,k+2 (x, 0) = 0, k = 0, 1, 2, . . .

(3.24)

• To find λ2 (x), we solve Resw,2 (x, 0) = 0. It results in
λ2 (x) = −(γ1 λ′′0 (x) + γ2 λ0 (x)) − γ3 λ20 (x).
• To find λ3 (x), we solve Dtα Resw,3 (x, 0) = 0. It results in
λ3 (x) = −(γ1 λ′′1 (x) + γ2 λ1 (x)) − γ3 (2λ0 (x)λ1 (x)).
• Dt2α Resw,4 (x, 0) = 0 ⇒
λ4 (x) =

−(γ1 λ′′2 (x)

(

+ γ2 λ2 (x)) − γ3 2λ0 (x)λ2 (x) +

)
+ 2α)
.
Γ (1 + α)

Γ (1
λ21 2

• Dt3α Resw,5 (x, 0) = 0 ⇒
λ5 (x) =

−(γ1 λ′′3 (x)

+ γ2 λ3 (x)) − γ3

(

)
Γ (1 + 3α)
2λ0 (x)λ3 (x) + 2λ1 λ2
.
Γ (1 + α)Γ (1 + 2α)

• Dt4α Resw,6 (x, 0) = 0 ⇒
(
λ6 (x) = −(γ1 λ′′4 (x) + γ2 λ4 (x)) − γ3 2λ0 (x)λ4 (x) + 2λ1 λ3

)
Γ (1 + 4α)
Γ (1 + 4α)
+ λ22 2
.
Γ (1 + α)Γ (1 + 3α)
Γ (1 + 2α)

Finally, in the same manner, we can obtain the sufficient number of the variable-coefficients λi (x) that lead to a
high-accuracy approximations. We should point here that the stability of this iterative algorithm can be achieved
the following convergence theorem.
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Theorem 3.1. Let {λ j (x)} to be uniformly bounded sets on x ∈ (a, b) with upper bounds of M. Suppose that there
is a fixed constant 0 < K < 1, such that for i ∈ N and 0 < t < τ < 1, |wi+1 (x, t)| ≤ K |wi (x, t)|. Then, the
truncated m-series wm (x, t) converges absolutely to w(x, t).
Proof.
∞
∑

|w(x, t) − wm (x, t)| = |

λ j (x)

j=m+1

≤

∞
∑

t jα
|
Γ ( jα + 1)

|λ j (x)|K jα

j=m+1
∞
∑

≤ M

K jα

j=m+1

K mα
m→∞
M −−−→ 0.
≤
α
1−K

(3.25)

3.1. RPS-solution to the Caputo-fractional quadratic KFG (w L (x, t))
In this section, we solve (3.14)–(3.16) subject to the following data:
γ1 = γ3 = 1,
γ2 = −2,
12e x
,
f (x) =
(1 + e x )2
12e x
24e2x
g(x) =
−
.
(1 + e x )2
(1 + e x )3

(3.26)

∑
t nα
We consider the 6th truncated series w L ,6 (x, t) = 6n=0 λn (x) Γ (nα+1)
to be the supportive approximate solution
12e x+t
of (3.26). Fig. 4, shows w L ,6 (x, t), the exact solution of the problem w L (x, t) = (1+e
x+t )2 when α = 1, and the
absolute error |w L ,6 (x, t) − w L (x, t)|. In Fig. 5, we sketch the profile solutions to w L ,6 (x, t) for different values of
the Caputo-fractional order.
3.2. RPS-solution to the Caputo-fractional quadratic KFG (w R (x, t))
Here, we solve (3.14)–(3.16) subject to:
γ1 = γ3 = 1,
γ2 = −2,
12e x
f (x) =
,
(1 + e x )2
24e2x
12e x
g(x) = −
+
.
(1 + e x )2
(1 + e x )3

(3.27)

∑6
t nα
Proceeding as the above analysis, we consider w R,6 (x, t) =
n=0 λn (x) Γ (nα+1) as the supportive approximate
12e x−t
solution of (3.27). Fig. 6, shows w R,6 (x, t), the exact solution of the problem w R (x, t) = (1+e
x−t )2 when α = 1,
and the absolute error |w R,6 (x, t) − w R (x, t)|. In Fig. 7, we sketch the profile solutions to w R,6 (x, t) for different
values of the Caputo-fractional order. We observe from Figs. 1, 5 and 2, 7, that both conformable-derivative and
Caputo-derivative are almost acting the same for both physical-shape and numeric-values on t ∈ [0, 0.5].
4. Exact solution of the cubic time-fractional KFG: conformable derivative
In this section we study the solitary wave solutions for the cubic conformable-time-fractional KFG [14]
Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w3 (x, t) = 0.
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Fig. 4. (a) The exact solution of (3.26). (b) The 6th approximate solution w L ,6 (x, t). (c) The absolute error |w L ,6 (x, t) − w L (x, t)|.

Fig. 5. Profile solutions of w L ,6 (x, t) subject to (3.26) for different values of the Caputo-fractional order α.
α

By the complex-wave transform ζ = x − c tα , the partial differential equation given in (4.28) can be reduced into
the following differential equation
(c2 + γ1 )w′′ (ζ ) + γ2 w(ζ ) + γ3 w3 (ζ ) = 0.

(4.29)

By means of Kudryashov-expansion method, the suggested solution of (4.29) is
w(ζ ) = θ0 + θ1 Z .

(4.30)
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Fig. 6. (d) The exact solution of (3.27). (e) The 6th approximate solution w R,6 (x, t). (f) The absolute error |w R,6 (x, t) − w R (x, t)|.

Differentiate (4.30) implicity twice, gives
w ′′ (ζ ) = µ2 Z (Z − 1)(2Z − 1)θ1 .

(4.31)

Now, we substitute (4.30)–(4.31) into (2.5) to get a polynomial of third-order in terms of the variable Z with the
following coefficients:
(
)
Z 0 : θ0 θ02 γ3 + γ2 ,
))
(
(
Z 1 : θ1 3θ02 γ3 + γ2 + µ2 γ1 + c2 ,
(
(
))
Z 2 : 3θ1 θ0 θ1 γ3 − µ2 γ1 + c2 ,
(
)
(4.32)
Z 3 : 2θ1 µ2 γ1 + c2 + θ13 γ3 .
Equating the coefficient of Z i : i = 0, 1, 2, 3 to zero, results in a non algebraic system with the unknowns θ0 , θ1 , µ
and c. Solving the obtained system leads to the following outputs:
√
−γ2
θ0 =
,
γ3
√
−γ2
θ1 = 2
,
γ3
√
2γ2 − γ1 µ2
c=∓
: (Two speeds).
(4.33)
µ
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Fig. 7. Profile solutions of w R,6 (x, t) subject to (3.27) for different values of the Caputo-fractional order α.

Fig. 8. Left-kink-wave solution w L (x, t) of the cubic KFG and profile solutions for different values of the conformable-fractional order α.
(d > 0).

Accordingly, the two-waves solutions of the cubic KFG are labeled as left-wave w L (x, t) and right-wave w R (x, t)
and given by:
⎛
⎞
√
−γ2 ⎝
2
w L (x, t) =
− 1⎠ ,
√
2γ2 −γ1 µ2 α
γ3
µx−
t
α
⎛1 + d e
⎞
√
−γ2 ⎝
2
w R (x, t) =
− 1⎠ .
(4.34)
√
2γ2 −γ1 µ2 α
γ3
µx+
t
α
1+d e
We remind here that for d > 0; both w L and w R are kink-waves type, and for d < 0; they are of singular-kink-waves
type. Fig. 8, shows the physical structure of w L depicted for the cubic KFG and its behavior upon changing the
order of the fractional order α. Fig. 9, is the 3D and 2D plots regarding w R of the cubic KFG. In Fig. 10, we
observe the symmetric dynamics of the so-called left–right waves solutions of the cubic KFG and they are of type
kink.
5. Analytical solution of the cubic time-fractional KFG: Caputo derivative
In this section, we apply the RPSM to solve the Caputo-time-fractional cubic KFG [42]
Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w3 (x, t) = 0,
w(x, 0) = F(x),
Dtα w(x, 0) = G(x).
70
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Fig. 9. Right-kink-wave solution w R (x, t) of the cubic KFG and profile solutions for different values of the conformable-fractional order α.
(d > 0).

Fig. 10. Dynamics of the obtained Left–right kink-waves solutions of the cubic KFG. (d > 0).

Assume that (5.35)–(5.37) has a fractional power series representation about the initial time t = 0, i.e.,
w(x, t) =

∞
∑

θn (x)

n=0

t nα
1
,
< α ≤ 1, x ∈ I = (a, b), 0 ≤ t < R < 1.
Γ (nα + 1) 2

(5.38)

Let wk (x, t) represent the kth truncated series of w(x, t), i.e.,
wk (x, t) =

k
∑
n=0

θn (x)

t nα
.
Γ (nα + 1)

(5.39)

By conditions (5.36)–(5.37), we get
w0 (x, 0) = θ0 (x) = F(x),
Dtα w0 (x, 0) = θ1 (x) = G(x).

(5.40)

Accordingly,
tα
,
Γ (α + 1)
tα
= F(x) + G(x)
.
Γ (α + 1)

w1 (x, t) = θ0 (x) + θ1 (x)

(5.41)
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The function w1 (x, t) is regarded as the 1st RPS approximate solution of w(x, t). To proceed in finding the kth
RPS approximate solution, we define the residual function Resw (x, t) to (5.35) as
Resw (x, t) = Dt2α w(x, t) + γ1 wx x (x, t) + γ2 w(x, t) + γ3 w 3 (x, t),

(5.42)

and the kth residual function Resw,k (x, t) as
∂ 2 wk (x, t)
+ γ2 wk (x, t) + γ3 wk3 (x, t),
∂x2
( k
)3
k−2
k
∑
∑ θn (x) t nα
θn+2 (x) t nα ∑ (γ1 θn′′ (x) + γ2 θn (x)) t nα
=
+
+ γ3
.
Γ (nα + 1)
Γ (nα + 1)
Γ (nα + 1)
n=0
n=0
n=0

Resw,k (x, t) = Dt2α wk (x, t) + γ1

(5.43)

Now, to determine the coefficient functions θi = θi (x) : i = 2, 3, 4, .., we solve recursively the following fractional
problem,
Dtkα Resw,k+2 (x, 0) = 0, k = 0, 1, 2, . . .

(5.44)

Now, we solve (5.44) for the k = 0, 1, 2, 3, 4. As a result we obtain the following coefficients:
θ2 = −(γ2 + 3γ3 θ02 )θ0 − γ1 θ0′′ ,
θ3 = −(γ2 + 3γ3 θ02 )θ1 − γ1 θ1′′ ,
θ4 = −(γ2 + 3γ3 θ02 )θ2 − γ1 θ2′′ −

3γ3 θ0 θ12 Γ (1 + 2α)
,
Γ 2 (1 + α) (

θ5 = −(γ2 + 3γ3 θ02 )θ3 − γ1 θ3′′ − γ3 θ1 Γ (1 + 3α)

)
θ12
6θ0 θ2
+
,
Γ 3 (1 + α) Γ (1 + α)Γ (1 + 2α)

θ6 = −(γ2 + 3γ3 θ02 )θ4 − γ1 θ4′′
)
)
( (
θ12 θ2
θ22
2θ1 θ3
+
+
.
− 3γ3 Γ (1 + 4α) θ0
Γ (1 + α)Γ (1 + 3α) Γ (1 + 2α)2
Γ (1 + α)2 Γ (1 + 2α)

(5.45)

5.1. RPS-solution of Caputo-fractional cubic KFG (w L (x, t))
In this subsection, we simulate numerically the findings given in (5.45) to solve the Caputo-fractional cubic KFG
(5.35)–(5.37) for the following case:
γ1 = γ3 = 1,
γ2 = −2,
2
F(x) = 1 −
,
1 + ex
x
2e
.
G(x) =
(1 + e x )2

(5.46)

∑
t nα
We consider the 6th truncated series w6 (x, t) = 6n=0 λn (x) Γ (nα+1)
to be the supportive approximate solution of
(5.46). Fig. 11, shows w L ,6 (x, t), the exact solution of the problem w L (x, t) = 1 − 1+e2x+t when α = 1, and the
absolute error |w L ,6 (x, t) − w L (x, t)|. In Fig. 12, we sketch the profile solutions to w L ,6 (x, t) for different values
of the Caputo-fractional order.
5.2. RPS-solution of Caputo-fractional cubic KFG (w R (x, t))
In this part, we solve the Caputo-fractional cubic KFG (5.35)–(5.37) for the following second case:
γ1 = γ3 = 1,
γ2 = −2,
2
F(x) = 1 −
,
1 + ex
x
2e
G(x) = −
.
(1 + e x )2

(5.47)
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Fig. 11. (i) The exact solution of (5.46). (ii) The 6th approximate solution w L ,6 (x, t). (iii) The absolute error |w L ,6 (x, t) − w L (x, t)|.

Fig. 12. Profile solutions of w L ,6 (x, t) subject to (5.46) for different values of the Caputo-fractional order α.

∑
t nα
Proceed as the above analysis, we consider w R,6 (x, t) = 6n=0 λn (x) Γ (nα+1)
as the supportive approximate solution
of (5.47). Fig. 13, shows w R,6 (x, t), the exact solution of the problem w R (x, t) = 1 − 1+e2x−t when α = 1, and the
absolute error |w R,6 (x, t) − w R (x, t)|. In Fig. 14, we sketch the profile solutions to w R,6 (x, t) for different values of
the Caputo-fractional order. We should comment here, that for the fractional cubic KFG, the simulation effect for
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Fig. 13. (iv) The exact solution of (5.47). (v) The 6th approximate solution w R,6 (x, t). (vi) The absolute error |w R,6 (x, t) − w R (x, t)|.

Fig. 14. Profile solutions of w R,6 (x, t) subject to (5.47) for different values of the Caputo-fractional order α.

the Conformable-derivative against Caputo-derivative is slightly different, not like the case of cubic-state of KFG,
but they have similar physical-shape propagation, see Figs. 8, 9, 12 and 14.
6. Discussions and concluding remarks
In this work, we studied the time-fractional Klein–Fock–Gordon equation for two types of fractional derivatives.
The conformable-time-fractional KFG is investigated by means of the fractional Kudryashov-expansion method, and
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the Caputo-time fractional KFG is solved by the fractional residual power series method. Two cases of the KFG are
explored; the quadratic-KFG and the cubic-KFG. We point here that the idea of dual-wave solutions that obtained
for the KFG model is addressed in this work for the first time. Moreover, we showed, by providing graphical
analysis, that these dual-wave solutions are symmetric and propagating simultaneously in the same direction with
two different wave-speeds.
The findings of the current work can be summarized in the following tips.
• The physical structure of the fractional KFG is changed from bell-shaped type into kink-type when the
nonlinearity term w 2 is replaced by w3 .
• The propagation of the time-fractional KFG for different values of the fractional order are mapping continuously to the integer-order and preserving its physical shape.
• The Caputo-derivative and Conformable-derivative acting on the time-fractional KFG are found to have the
same effect for the quadratic-case and slightly different for the cubic-case. On conclusion, these fractionalderivatives play the same role on importing some inherited properties of the time-fractional to the time-integer
KFG.
• In the RPS method, the accuracy can be achieved by adding more terms to the supportive approximation
solution wk (x, t) where the convergence is hold for t ∈ [0, 1]. For t > 1, the time can be simply re-scaled to
be mapped into the interval [0, 1].
As future work, we aim to study the time-fractional generalizations to other important physical applications being
investigated in [5,15,16,28].
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