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Abstract Variable coefficients nonlinear evolution
equations offer us with more real aspects in the inho-
mogeneities of media and nonuniformities of bound-
aries than their counter constant coefficients in some
real-world problems. Under consideration is a nonlin-
ear variable coefficients Schrödinger’s equation with
spatio-temporal dispersion in the Kerr law media. We
are aimed at constructing novel solutions to the equa-
tion under consideration. Bright and combined dark–
bright optical solitons are successfully revealed with
aid of the complex amplitude ansatz scheme. Using
two test functions, two nonautonomous complex wave
solutions in dark and bright optical solitons forms are
successfully revealed. The effect of the variable coef-
ficients on the reported results can be clearly seen on
the 3-dimensional and contour graphs.
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1 Introduction

The classical integration schemes that dominated the
nineteenth century were to build approaches to con-
struct an explicit solution for differential equations.
There are many applications in the theoretical study
of nonlinear partial differential equations (NPDEs). It
should be emphasized that there are variety of com-
plex equations that cannot be solved even via super-
computers. In these situations, trying to get qualitative
knowledge on the solution is all one can do. In addi-
tion, a highly significant problem is the formulation
of the equation and its defined side conditions. Usu-
ally, the equation is derived from engineering science
or nonlinear physical problems. There is no immedi-
ate evidence that the model is still coherent such that it
heads to a solvable NPDEs. In addition, it is desirable
that the solution be unique in most situations, and that
it is stable under minor data disruptions. A theoreti-
cal knowledge of the equations allows us to check that
such requirements are met [1–7]. A number of strate-
gies have been suggested to solve classical PDEs, and a
number of different solutions have been found [8–24].

The nonlinear Schrodinger equation (NLSE) is one
type of NPDEs, whose analysis, due to its wide range
of applications, has achieved some remarkable suc-
cess for decades. Relevant phenomena such as non-
linear optics [25–27], Bose-Einstein delicacy [28,29],
and fluid dynamics [30], as well as several others, are
represented by various types of NLSEs in different
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domains. Some kind of nonlinearity to produce more
light on the disturbance that occurs when the electro-
magnetic pulses spread in the optical extreme [31] is
the distinctive feature between the types of NLSEs.
In the design of optical communication systems opti-
mization, numerical simulation and analytical models
of NLSEs play important roles. They help to explain
the fundamental physics phenomenon of the nonlin-
ear and dispersion medium ultrashort pulses. Among
the robust approaches that have been used for the like
of NLSEs are perturbation approach [32], which is
used under some conditions to construct some analyt-
ical solutions, the inverse scattering scheme for clas-
sical solitons [33,34], the perturbation principle for
the multi-dimensional NLSEs in the field of molec-
ular physics [35], the dam-break approximation for the
nonreturn-to-zero pulses with vehemently little chro-
matic dispersion [34]. In a situation whereby an accu-
mulation of a huge nonlinear phase became present,
the Volterra series scheme was employed [36]. Under
the assumptions of the perturbations, the NLSEs with
varying nonlinearity, absorption and dispersion, and
absorption had been treated in [37]. With regard to the
generalizedNLSEs, the extendedKantorovitchmethod
has been proposed [38]. By integrating Rayleigh’s dis-
sipation function in the Euler–Lagrange equation, the
algebraic modification projected the extended NLSE
as a frictional problem and successfully resolved the
soliton transmission problems [39].

It is important to note that there are several other
methods that have been proposed to establish the
numerical solutions for the NLSEs with a less time-
consuming nature and are adopted to improve accu-
racy and efficacy and to eliminate spurious results that
are numerically induced [40,41]. In order to fast track
the actualization of the Fourier split-step approach, the
adaptive spatial step size-control approach [42] and the
predictor-corrector approach [43] have been proposed.
In order to deal with nonuniformly sampled optical
pulse profiles in the time domain [44], the cubic B-
splines were employed. For the measurement of the
efficient refractive index, robust area, nonlinear coeffi-
cients and dispersion, the Runge–Kutta approach was
applied in the interaction picture [45]. A generalized
NLSEs have recently been derived, thereby consider-
ing the dispersion of the distribution of the transverse
field [46,47].

Furthermore, it has been shown in so many ways in
the literature that, for long-distance optical fiber com-

munications and optical signal processing, optical soli-
tons were suggested to be used as an information car-
rier. In single-mode fiber, there are two of the most
essential physical factors: group dispersion of velocity
and modulation of self-phase. It avoids pulse broaden-
ing resulting from the dispersion of group velocity, and
pulse compression is caused by self-phase modulation.
The exact equilibrium between the group velocity dis-
persion and the self-phase modulation is the basis for
an optical soliton in fiber. The propagation of optical
solitons in single-mode fiber is governed by the pop-
ular NLSEs in the ideal situation. Recently, numerous
approaches have been extensively employed to con-
struct optical solitons toNLSEs, especially for constant
coefficient equations [8–11,18–21]. It is important to
note that numerous approaches have been extensively
applied to construct optical solitons for NLSEs, espe-
cially for constant coefficient equations. In most cases,
these constant coefficients are assigned values to guar-
antee the existence of solutions [48–52], while very
few techniques deal with variable coefficients. So, in
order to build many other physical characteristics and
features, it is of great importance to study several other
equations with variable coefficients. Motivated by this,
We aim to use novel suited algorithms to draw the nec-
essary constraints on these variable coefficients that
produce optical solitons to [53] given by

iχt + a(t)χt x + b(t)χxx + c(t)(|χ |2)χ = 0, (1)

where a(t), b(t), c(t) are functions of t , for which
a(t) is the coefficient of spatio-temporal dispersion,
and b(t) is the coefficient of the group velocity dis-
persion. The coefficient c(t) is the coefficients of the
nonlinear term in Eq. (1). Equation (1) arises in nonlin-
ear optics, and it describes the propagation of ultrashort
pulse waves [53].

2 Overview of the complex ansatz method

We start by supposing that Eq. (1) has a solution of the
form
χ(x, t) =B(x, t)ei�(x,t),

�(x, t) = − kx + ω(t) + �.
(2)

In Eq. (2), B(x, t) is the complex envelope function,
and � reads linear phase shift. The parameters k and
ω(t) stand for the wave frequency and wave number
of the light pulse, respectively. The parameter � repre-
sents the phase constant. The unknown function B(x, t)
is given by [53]
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B(x, t) =iβ + λ tanh(η(x − ν(t)))

+ iρsech(η(x − ν(t))).
(3)

In equation, η and ν(t) represent the pulse width and
velocity, respectively. The parameters β, λ and ρ are
real constants. When β = λ = 0, we reach bright soli-
ton. When ρ = 0, dark soliton is revealed. When none
of β, λ and ρ takes the value zero, we get combined
dark–bright soliton. In [53], Eq. (3) and

|B(x, t)| =
√

λ2 + β2 + 2βρ tanh(η(x − ν(t))) + (ρ2 − λ2)sech(η(x − ν(t)) (4)

are used in securing the aforementioned solutions. In
this study, we generally use only Eq. (3) in constructing
the above-mentioned solutions. Moreover, the nonlin-
ear phase shift �NL is provided as [53]

�NL = arctan

(
β + ρsech(η(x − ν(t))

λ tanh(η(x − ν(t)))

)
. (5)

3 Application of the complex ansatz method

In this section, we present the application of the com-
plex ansatz method to Eq. (1). Plugging (2) into (1)
provides

B
(
|B|2c(t) −

(
(1 − ka(t))ω′(t) + k2b(t)

))

− i(ka(t) − 1)Bt

+ i
(
a(t)ω′(t) − 2kb(t)

)
Bx + a(t)Bxt + b(t)Bxx .

(6)

Plugging Eq. (3) into Eq. (6), provides the following
set of algebraic equations

−iβ
(
(1 − κa(t))ω′(t) + κ2b(t) + (

β2 − 3λ2
)
c(t)

) = 0

−λ
(
2η2

(
b(t) − a(t)ν′(t)

) + c(t)
(
λ2 + 3ρ2)) = 0

−iρ
(
2η2

(
b(t) − a(t)ν′(t)

) + c(t)
(
3λ2 + ρ2)) = 0

−i
(
ηλ

(
(1 − κa(t))ν′(t) − a(t)ω′(t)

)

+ 2ηκλb(t) + 3βc(t)
(
λ2 + ρ2)) = 0

λ
(
(κa(t) − 1)ω′(t) − κ2b(t) + (

λ2 − 3β2) c(t)) = 0

ρ
(
η(κa(t) − 1)ν′(t) + ηa(t)ω′(t) − 2ηκb(t)

−6βλc(t)) = 0

−iρ
(
η2a(t)ν′(t) − κa(t)ω

′
(t) + b(t)

(
κ2 − η2

)

+3(β − λ)(β + λ)c(t) + ω′(t)
) = 0. (7)

Solving Eq. (7) provides the following classes of
solutions: (I): When η = − 1

ρ
, λ = −ρ, β =

0, c(t) = − b(t)
ρ2(2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2)

, ν(t) =
∫ b(t)

(
2k2ρ2a(t)−a(t)−4kρ2

)
2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2 dt + C2, ω(t) =

∫ b(t)
(
2k3ρ2a(t)−ka(t)−2k2ρ2−1

)
2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2 dt+C1,weget the com-

bined dark–bright soliton

χ I (x, t) = e

(
i

(∫ b(t)
(
2k3ρ2a(t)−ka(t)−2k2ρ2−1

)

2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2
dt+C1+�−kx

))

×
{
ρ tanh

⎛
⎜⎜⎜⎝

− ∫ b(t)
(
2k2ρ2a(t)−a(t)−4kρ2

)

2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2
dt − C2 + x

ρ

⎞
⎟⎟⎟⎠

+ iρsech

⎛
⎜⎜⎜⎝

− ∫ b(t)
(
2k2ρ2a(t)−a(t)−4kρ2

)

2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2
dt − C2 + x

ρ

⎞
⎟⎟⎟⎠

}
,

(8)

where the analogous NL phase shift is given as

�NL = tan−1

⎛
⎜⎜⎜⎝csch

⎛
⎜⎜⎜⎝

− ∫ b(t)
(
2k2ρ2a(t)−a(t)−4kρ2

)

2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2
dt − C2 + x

ρ

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ .

(9)

(II): When η = 1
ρ
, λ = ρ, β = −iρ, a(t) =

1
k , c(t) = k2b(t)

4ρ2 , ν(t) = 1
2k

(
k2ρ2 + 2

) ∫
b(t) dt +

C3, ω(t) = C4 − 1
2 ik

2(3kρ +4i)
∫
b(t) dt, we get the

combined dark–bright soliton

χ I I (x, t) =
{
ρ tanh

(
− 1

2 k
(
k2ρ2 + 2

) ∫
b(t) dt − C3 + x

ρ

)

+ iρsech

(
− 1

2 k
(
k2ρ2 + 2

) ∫
b(t) dt − C3 + x

ρ

)
+ ρ

}

× e

(
i
(
− 1

2 ik
2(3kρ+4i)(

∫
b(t) dt)+C4+�−kx

))
,

(10)

where the analogous NL phase shift is given as
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�NL = tan−1

⎛
⎜⎜⎝
coth

(
− 1

2 k
(
k2ρ2+2

) ∫
b(t) dt−C3+x

ρ

) (
ρsech

(
− 1

2 k
(
k2ρ2+2

) ∫
b(t) dt−C3+x

ρ

)
− iρ

)

ρ

⎞
⎟⎟⎠ . (11)

(III): When λ = 0 β = a(t)
12ka(t)−12 , c(t) =

2k2b(t)
ρ2 , ν(t) = ∫ − 2kb(t)

(
36k2ρ2+1

)(
18k2ρ2a(t)−a(t)−27kρ2

)
108k2ρ2a(t)−a(t)−72kρ2 dt+

C5, ω(t) = 1
2

∫ k2b(t)
ka(t)−1 dt+C6,we get the bright soli-

ton

χ I I I (x, t) =
(
iρsech

(
η

(
2k

(
36k2ρ2 + 1

)

∫
b(t)

(
18k2ρ2a(t) − a(t) − 27kρ2

)

108k2ρ2a(t) − a(t) − 72kρ2 dt − C5 + x

))

+ ia(t)

12ka(t) − 12

)

× e

(
i

(
1
2 k

2
(∫ b(t)

ka(t)−1 dt
)
+C6+�−kx

))

,

(12)

where the NL phase shift in this case is undefined as
λ = 0.

(IV): When β = 0, η = 1
ρ
, λ = ρ, b(t) =

ω′(t)
(
2k2ρ2a(t)2−4kρ2a(t)−a(t)2+2ρ2

)
2k3ρ2a(t)−ka(t)−2k2ρ2−1

, c(t) =
−

∂ω(t)
∂t

ρ2(2k3ρ2a(t)−ka(t)−2k2ρ2−1)
, ν(t) = ∫

ω′(t)
(
2k2ρ2a(t)−a(t)−4kρ2

)
2k3ρ2a(t)−ka(t)−2k2ρ2−1

dt +C7, we get the combined
dark–bright soliton

χ I V (x, t) =
⎛
⎜⎝ρ tanh

⎛
⎜⎝

− ∫ ω′(t)
(
2k2ρ2a(t)−a(t)−4kρ2)

2k3ρ2a(t)−ka(t)−2k2ρ2−1
dt − C7 + x

ρ

⎞
⎟⎠

+iρsech

⎛
⎜⎝

− ∫ ω′(t)
(
2k2ρ2a(t)−a(t)−4kρ2)

2k3ρ2a(t)−ka(t)−2k2ρ2−1
dt − C7 + x

ρ

⎞
⎟⎠

⎞
⎟⎠

× ei(�−kx+ω(t)),

(13)

where the analogous NL phase shift is given as

�NL = tan−1

⎛
⎜⎜⎜⎝csch

⎛
⎜⎜⎜⎝

− ∫ ω′(t)
(
2k2ρ2a(t)−a(t)−4kρ2

)

2k3ρ2a(t)−ka(t)−2k2ρ2−1
dt − C7 + x

ρ

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ .

(14)

(V): When β = 0, η = − 1
ρ
, λ = −ρ, a(t) =

1
k , b(t) = ω′(t)

2k2
, c(t) = ω′(t)

2ρ2 , ν(t) = C8 +
(
2k2ρ2+1

)
ω(t)

2k , we get the combined dark–bright soli-
ton

χV (x, t) =
⎛
⎝ρ tanh

⎛
⎝−C8 −

(
2k2ρ2+1

)
ω(t)

2k + x

ρ

⎞
⎠

+iρsech

⎛
⎝−C8 −

(
2k2ρ2+1

)
ω(t)

2k + x

ρ

⎞
⎠

⎞
⎠ ei(�−kx+ω(t)),

(15)

where the analogous NL phase shift is given as

�NL = tan−1

⎛
⎝csch

⎛
⎝−C8 −

(
2k2ρ2+1

)
ω(t)

2k + x

ρ

⎞
⎠

⎞
⎠ .

(16)

4 Direct test function approach

In this section, the direct functions approach [54] is
used to secure the nonautonomous complex wave solu-
tions toEq. (1).Webegin by turningEq. (1) to nonlinear
ordinary differential equation. Consider the complex
wave transformation

χ(x, t) = ei(�+ω(t)−κx)φ(η(x − ν(t))). (17)

Plugging Eq. (17) into (1), and decomposing into real
and imaginary parts, provides

(
η2b(t) − η2a(t)ν′(t)

)
φ′′

+
(
κa(t)ω′(t) − b(t)κ2 − ω′(t)

)
φ + c(t)φ3 = 0,

(18)

and the constraint condition

ν(t) =
∫

2κb(t) − a(t)ω′(t)
κa(t) − 1

dt + C9. (19)

Consider the first direct test function

φ = r1sech(η(x − ν(t))). (20)
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Plugging Eq. (20) into (18) provides the following set
of equations:

1

2
r1

(
a(t)

(
3η2

(
2κb(t) − a(t)ω′(t)

)

κa(t) − 1
+ κω′(t)

)

−b(t)
(
3η2 + κ2

)
+ 2r21c(t) − ω′(t)

)
= 0

1

2
r1

(
a(t)

(
κω′(t) − η2

(
2κb(t) − a(t)ω′(t)

)

κa(t) − 1

)

+b(t)(η − κ)(η + κ) − ω′(t)
) = 0.

(21)

Solving Eq. (21) provides ω(t) = ∫
b(t)

(
η2κa(t)+κ3a(t)+η2−κ2

)
η2a(t)2+κ2a(t)2−2κa(t)+1

dt + C10, c(t) =
2η2b(t)

r21 (η
2a(t)2+κ2a(t)2−2κa(t)+1)

. Thus, we have the bright

soliton

χ(x, t) = r1sech⎛
⎜⎜⎜⎝η

⎛
⎜⎜⎜⎝−

∫ 2κb(t) − a(t)b(t)
(
η2κa(t)+κ3a(t)+η2−κ2

)

η2a(t)2+κ2a(t)2−2κa(t)+1

κa(t) − 1
dt

−C9 + x)) × e

(
i

(∫ b(t)
(
η2κa(t)+κ3a(t)+η2−κ2

)

η2a(t)2+κ2a(t)2−2κa(t)+1
dt+C10+�−κx

))

.

(22)

Consider the second direct test function

φ = r2tanh(η(x − ν(t))). (23)

Plugging Eq. (23) into (18) provides the following set
of equations:

− 1

4
r2

(
−a(t)

(
8η2

(
2κb(t) − a(t)ω′(t)

)

κa(t) − 1
+ κω′(t)

)

+b(t)
(
8η2 + κ2

)
+ 3r22 c(t) + ω′(t)

)
= 0

1

4
r2

(
κa(t)ω′(t) + κ2(−b(t)) + r22 c(t) − ω′(t)

)
= 0.

(24)

Solving Eq. (24) provides ω(t) = ∫
b(t)

(
2η2κa(t)+κ3(−a(t))+2η2+κ2

)
2η2a(t)2+κ2(−a(t)2)+2κa(t)−1

dt + C11, c(t) =
2η2b(t)

r22 (2η
2a(t)2+κ2(−a(t)2)+2κa(t)−1)

. Thus, we have the

dark soliton

χ(x, t) = r2 tanh

⎛
⎜⎝η

⎛
⎜⎝−

∫ 2κb(t) − a(t)b(t)
(
2η2κa(t)+κ3(−a(t))+2η2+κ2

)
2η2a(t)2−κ2a(t)2+2κa(t)−1

κa(t) − 1
dt − C11 + x

⎞
⎟⎠

⎞
⎟⎠

× e

(
i

(∫ b(t)(2η2κa(t)+κ3(−a(t))+2η2+κ2)
2η2a(t)2−κ2a(t)2+2κa(t)−1

dt+C12+�−κx

))

.

(25)

Note The parameters C j , j = 1, 2, . . . , 12 are
integration constants.

5 Numerical simulations

In this section, the numerical simulations of the
reported results are presented. We choose trigonomet-
ric and exponential functions to represent the variable
coefficients. When both a(t) and b(t) are trigonomet-
ric functions, the wave propagation in solution (8) is
periodic short-shock waves (short-pulses). Replacing
trigonometric functions with exponential function, the
NLSE provides bell-type (combo dark–bright soliton).
Figure 1c is a novel lump soliton (single-photon) that
is produced by choosing (t) and b(t) as exponential

123



644 T. A. Sulaiman et al.

Fig. 1 The 3D graphs of solution (8). For a k = 2.14, ρ = 4.22, C2 = −0.6, a(t) = cos(t), b(t) = sin(t). For b k = 2.33, ρ =
5.52, C2 = −0.38, a(t) = b(t) = et . For c k = 2.14, ρ = 1, C2 = −5, a(t) = et , b(t) = e3t+1

(a) (b) (c)

–10 –5 0 5 10
–10

– 5

0

5

10

(d)

–10 – 5 0 5 10
–10

– 5

0

5

10

(e) (f)

Fig. 2 The 3D and contour graphs of solution (10). For a, d k = −1.5, ρ = −0.56, C2 = 0.46, b(t) = cos(t). For b, e
k = −1.6, ρ = −1.92, C2 = 5.42, b(t) = cos(t). For c, f k = −6.6, ρ = −1.1, C2 = 0.85, b(t) = et
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Dynamics of optical solitons and nonautonomous complex wave 645

Fig. 3 The 3D graphs of solution (12). For a k = −0.28, ρ =
1.1, η = 1.1 = C5 = 3.12, a(t) = cos(t), b(t) = sin(t). For
b k = 0.18, ρ = −5.68, η = −0.74, C5 = −2.48, a(t) =

b(t) = e2t+1. For c k = 0.48, ρ = 1.46, η = 2.48, C5 =
0.64, a(t) = b(t) = et

Fig. 4 The 3D graphs of solution (13). For a k = 1.1, ρ = 0.1, C7 = −0.18, a(t) = cos(t), ω(t) = sin(t). For b k = 5.66, ρ =
4.04, C7 = 4.76, a(t) = e2t+1, ω(t) = e2t . For c k = −1.8, ρ = 0.1, C7 = −3, a(t) = ω(t) = tan(t)

functions. In Fig. 2, under the case of a(t) =constant,
the combo dark–bright in (10) propagates as a self-
frequency shifting solitons that preserves both ampli-
tude andwidth for b(t) being trigonometric function. In
Fig. 3, we have a single bright soliton if b(t) is chosen
to be an exponential function. For the case of β which
depends on a(t), the obtained solution in (12) is of
snake-type soliton when a(t) = cos(t), b(t) = sin(t),
while it is a bell-shaped soliton for a(t) = b(t) = e2t+1

and a peakon soliton for a(t) = b(t) = e2t . In Fig.
4, for solution (13), b(t) depends on a(t); the solu-
tion is of peakon-type soliton when we choose (a(t) =
cos(t), ω(t) = sin(t)). In Fig. 4, solution (13) is of
soliton-like solution when (a(t) = e2t+1, ω(t) = e2t ).

It gives a novel pyramid photon when (a(t) = ω(t) =
tan(t)). In Fig. 5, solution (13) for (a), (d), (b) and
(e) displays tide-type soliton, while (c) and (f) dis-
play the ebb-type soliton. In Fig. 6, solution (25) dis-
plays chain-like solitons when any of the trigonometric
and/or exponential functions is chosen.

6 Concluding remarks

This study investigated the nonlinear variable coef-
ficients Schrödinger’s equation with spatio-temporal
dispersion in Kerr law media. The powerful complex
amplitude ansatz scheme is used in depicting combined
dark–bright and bright optical solitons. On the other
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Fig. 5 The 3D and contour graphs of solution (22). For a, d c8 =
2.63, η = 2.93, κ = 3.1, r1 = 3.48, a(t) = et , b(t) = et+1.
For b, e c8 = 2.97, η = 2.76, κ = 2.59, r1 = 6.57, a(t) =

b(t) = cos(t). For c, f c8 = −2.24, η = 0.78, κ = 1.16, r1 =
4.36, a(t) = b(t) = sin(t)
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Fig. 6 The 3D and contour graphs of solution (25). For a, d
c8 = −3.89, η = κ = −1.62, r2 = −2.32, a(t) = et , b(t) =
et+1. For b, e c8 = −3.42, η = −0.74, κ = −0.92, r2 =

−0.4, a(t) = b(t) = cos(t). For c, f c8 = −4.7, η = κ =
−2, r2 = −0.66, a(t) = b(t) = sin(t)
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hand, two text functions are utilized to depict the two
nonautonomous complex wave solutions in dark and
bright optical solitons forms. Bright solitons represent
the pulses from the waves when the constant ampli-
tude is modulationally stabled. Dark solitons display
the pulses from modulationally stable waves of con-
stant amplitude. Dark soliton also identifies the soli-
tary waves at a lower intensity than the background.
The physical features of the reported results are pre-
sented. The effect of the variable t on the coefficients
a(t), b(t) and c(t) is shown in Figs. 1, 2, 3, 4, 5, and 6
via a careful choice of their values within trigonometric
and exponential functions. The results presented may
be helpful in explaining the physical meaning of sev-
eral complex nonlinear models arising in the fields of
engineering and sciences.
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