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The objective of this paper is to present an efficient numerical technique for solving time fractional modified anomalous
subdiffusion equation. Anomalous diffusion equation has its role in various branches of biological sciences. B-spline is a piecewise
function to draw curves and surfaces, which maintain its degree of smoothness at the connecting points. B-spline provides an
active process of approximation to the limit curve. In current attempt, B-spline curve is used to approximate the solution curve of
time fractional modified anomalous subdiffusion equation. The process is kept simple involving collocation procedure to the data
points. The time fractional derivative is approximated with the discretized form of the Riemann-Liouville derivative. The process
results in the form of system of algebraic equations, which is solved using a variant of Thomas algorithm. In order to ensure the
convergence of the procedure, a valid method named Von Neumann stability analysis is attempted. The graphical and tabular
display of results for the illustrated examples is presented, which stamped the efficiency of the proposed algorithm.

1. Introduction

The current study deals with the investigation of modified
fractional anomalous subdiffusion equation using hybrid B-
spline-based collocation method. The general form of the
equation is

∂ψ ξ, τð Þ
∂τ

= 〠
n

i=1
D1−αi
τ

� � ∂2ψ ξ, τð Þ
∂ξ2

+ g ξ, τð Þ a ≤ ξ ≤ b, 0 < τ ≤ τf ,

ð1Þ
with BC

ψ ξ0, τð Þ = p0 τð Þ,
ψ ξN , τð Þ = p1 τð Þ,

ð2Þ

and IC

ψ ξ, 0ð Þ = q0 ξð Þ, ð3Þ

whereD1−αi
τ is the Riemann-Liouville version of the fractional

partial derivatives of order (1 − αi), αi ′s are the fractional
parameters with 1 ≥ αi > 0 for i = 1, 2,⋯, n are fractional
parameters appears in the equation. Here, g0ðτÞ, g1ðτÞ, h0
ðξÞ, and h1ðξÞ are smooth functions, and ξ, τ are space
and time variables.

Fractional PDEs have implementation in numerous fields
of engineering and science. Some of them are placed in the
great book of Podlubny [1] and in some recent work can be
found in [2–6]; their applications can be found in the field
of electromagnetic and mechanical engineering.
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Liu et al. [7] proposed a finite difference technique for the
modified anomalous subdiffusion equation. Liu et al. [8] pre-
sented two versions of finite element approximation with
semi- and full discretizations in a finite domain and compact
difference scheme byWang et al. [9]. An unconditionally sta-
ble high-order scheme was proposed by Mohebbi et al. [10].
The proposed scheme has a nonlinear source term. In
another paper by Mohebbi et al. [11], the solution of 2D
modified anomalous subdiffusion equation was proposed,
and this method was based on radial basis functions.

Dag et al. [12] presented a numerical solution of Burger’s
equation using B-spline collocation method. Zahra and
Elkholy [13] use cubic splines to represent a numerical solu-
tion of fractional differential equations. Nonclassical diffu-
sion problems by Ismail et al. [14], advection-diffusion
problems by Nazir et al. [15], and fractional subdiffusion
equation by Zhu et al. [16] are solved by using B-spline collo-
cation methods. In recent times, Hashmi et al. [17, 18] has
solved Hunter Saxton equation and space fractional PDE by
cubic trigonometric and hybrid B-spline method. The numer-
ical solution of time-space fractional PDEs using B-spline
wavelet method is presented by Kargar and Saeedi [19].

In present research, numerical formulation of the
Riemann-Liouville derivative for anomalous subdiffusion
equation described by Dehghan et al. [20] is used as time
fractional derivative which is given as

D1−α
τ ψ ξ, τð Þ = ∂

∂τ
Iα0+ψ ξ, τð Þ, ð4Þ

where

Iα0+ψ ξ, τn+1
� �

− Iα0+ψ ξ, τnð Þ
dτ

= dτα

Γ 1 + αð Þ ψ ξ, τn + 1ð Þ + 〠
n−1

p=0
wp+1 −wp

� �
ψ ξ, τn−pð Þ

" #
+ Rα,

ð5Þ

in which

Rαj j ≤ Cwpdτ + α, 1 =w0 >w1 >⋯ >wp > 0, ð6Þ

and wp = ðp + 1Þα − pα. Modified fractional anomalous sub-
diffusion equation have not been solved by hybrid B-spline
collocation method yet. So, we solved modified fractional
equation using hybrid B-spline collocation method. The pro-
posed method is evaluated by Von Neumann stability analy-
sis for convergence, which stamped that iterative method is
stable without any condition over the domain. Numerical
examples have been tested to highlight the performance of
the numerical method. Numerical results are presented
through tables and graphs. It shows that result very much
agree with closed form of solution.

The paper is organized as follows: the description of pro-
posed method along with methodology is presented in Sec-
tion 2. In Section 3, initial state is calculated. Section 4
presents the convergence analysis of the iterative method.

The accuracy of the iterative scheme is shown in Section 5,
and Section 6 contains the conclusion.

2. Description of Proposed Method

Hybrid B-spline collocation method is utilized to resolve the
modified anomalous subdiffusion equation. The approxi-
mate solution ψðξ, τÞ to the analytical solution �uðξ, τÞ is con-
sidered as

ψ ξ, τð Þ = 〠
N+1

j=−1
ςj τð ÞH3,j ξð Þ: ð7Þ

Here, time-dependent unknowns are denoted by ςjðτÞ,
and H3,jðξÞ is a hybrid cubic B-spline basis function of third
order and given as

H3,j ξð Þ = γB3,j ξð Þ + 1 − γð ÞT3,j ξð Þ: ð8Þ

The value of γ plays a very significant role in the hybrid
cubic basis function. The hybrid nature of the proposed
method occurred in 0 < γ < 1, and at boundaries of this
hybrid parameter, it produces trigonometric and polynomial
B-spline. The nodal values are placed in Table 1.

Q1 =
γ

6 + 1 − γð Þa1,

Q2 =
2γ
3 + 1 − γð Þa2,

Q3 =
γ

2h + 1 − γð Þa3,

Q4 =
γ

h2
+ 1 − γð Þa5,

Q5 = −
2γ
h2

+ 1 − γð Þa6:

ð9Þ

Table 1: Values of hybrid function H3,jðξÞ.

ξ ξj−2 ξj−1 ξj ξj+1 ξj+2

H3, j 0 Q1 Q2 Q1 0

H3, j′ 0 Q3 0 −Q3 0

H3, j′′ 0 Q4 Q5 Q4 0

Table 2: The numerical display of error of Example 1 when N = 50,
α1 = 0:3, α2 = 0:7, and τf = 0:1 for different values of γ.

ξ γ = 0 γ = 0:5 γ = 1
0.10 6:71631 × 10−4 6:71643 × 10−4 6:71645 × 10−4

0.30 1:66881 × 10−3 1:66884 × 10−4 1:66885 × 10−4

0.50 2:12015 × 10−3 2:12019 × 10−4 2:12020 × 10−3

0.70 1:90480 × 10−3 1:90484 × 10−3 1:90484 × 10−3

0.90 8:75119 × 10−3 8:75133 × 10−3 8:75136 × 10−3
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Here, H3,j−1ðξjÞ,H3,jðξjÞ, and H3,j+1ðξjÞ are only three
nonzero basis functions that are included over subinterval
½ξj, ξj+1� owing to the local support property of B-spline
basis function. Hence, the approximate solution and its
derivatives with respect to ξ at ðξj, τnÞ, by using (8), are

ψn
j =Q1ς

n
j−1 +Q2ς

n
j +Q1ς

n
j+1,

ψxð Þnj =Q3ς
n
j−1 −Q3ς

n
j+1,

ψxxð Þnj =Q4ς
n
j−1 +Q5ς

n
j +Q4ς

n
j+1:

ð10Þ

2.1. Numerical Formulation. In order to apply the hybrid
B-spline collocation method, we take (1) at ðξj, tnÞ and
can be written in a form as

∂ψ ξ, τð Þ
∂τ

����
ξ=ξ j

,τ=τn = D1−α1
τ ψ ξj, τn

� �
+D1−α2

τ ψ ξj, τn
� �� �

� ∂
2ψ ξj, τn

� �
∂ξ2

+ g ξj, τn
� �

:

ð11Þ

Now, using the above discretized form of forward dif-
ference scheme and Riemann-Liouville derivative as a time
fractional derivative will have the form

ψn+1
j − ψn

j

dτ
=D1−α1

τ ψξξ

� �n
j
+D1−α2

τ ψξξ

� �n
j
+ g ξj, τn

� �
: ð12Þ

Simplifying the equation, we get

Q1ς
n+1
j−1 +Q2ς

n+1
j +Q1ς

n+1
j+1

� �
+ Q1ς

n
j−1 +Q2ς

n
j +Q1ς

n
j+1

� �h i
= dτ κ + λð Þ Q4ς

n+1
j−1 +Q5ς

n+1
j +Q4ς

n+1
j+1

� �h i

+ dτ κ + λð Þ 〠
n−1

p=0
dp
� �α1 + dp

� �α2" #

� Q4ς
n−p
j−1 +Q5ς

n−p
j +Q4ς

n−p
j+1

� �
,

ð13Þ

where wp+1 −wp = ðdpÞαi , κ = ððdτÞα1Þ/ðΓð1 + α1ÞÞ and λ =
ððdτÞα2Þ/ðΓð1 + α2ÞÞ:

3. Initial State

The numerical procedure of the iterative process can be initi-

ated using initial vector ς0 = ½ς0−1, ς00,⋯⋯ , ς0N+1�T . Initial
conditions have been utilized to attain the initial vector by
using the following procedure:

ψN ξ, 0ð Þ = 〠
N+1

j=−1
ςj 0ð ÞB3,j ξð Þ, ð14Þ

where ςjð0Þ′s are unknown parameters. We need the initial
approximation ψNðξ, 0Þ to satisfy the following conditions:

ψ ξj, 0
� �

= q0 ξð Þj = 0, 1,⋯,N ,

ψx ξ0, 0ð Þ = q0′ ξð Þj = 0,
ψx ξN , 0ð Þ = q0′ ξð Þj =N:

ð15Þ

This produce a square matrix of order ðN + 3Þ of the
form

Qς0 = B, ð16Þ

where ς0 = ½ς0−1, ς00,⋯⋯ , ς0N+1�T

Q =

Q3 0 −Q3 ⋯ ⋯ ⋯ ⋯ 0
Q1 Q2 Q1 ⋱ ⋮

0 Q1 Q2 Q1 ⋱

⋮ ⋱ ⋮

⋮ Q1 Q2 Q1

0 ⋯ ⋯ ⋯ ⋯ Q3 0 −Q3

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
,

ð17Þ

and B = ½q0′ðξ0Þ, q0ðξ0Þ,⋯, q0ðξNÞ, q0′ðξNÞ�
T
. The penta-

diagonal system can be solved by the Thomas algorithm.

4. Stability Analysis

The stability of numerical technique can be examined by per-
forming Von Neumann stability analysis. The stability of
numerical schemes is closely related with numerical errors.

Table 3: The numerical display of the solutions for Example 1 at different values of τf with N = 50 and α1 = 0:2, α2 = 0:8.

τf = 0:1 τf = 0:01
ξ Exact Numerical Error Exact Numerical Error

0.10 0.0110517 0.0117205 6:68809 × 10−4 0.0001105 0:0001172 6:6956 × 10−6

0.30 0.0134986 0.0151604 1:66181 × 10−4 0.0001349 0:0001516 1:6637 × 10−5

0.50 0.0164872 0.0185985 2:11125 × 10−3 0.0001649 0:0001860 2:1136 × 10−5

0.70 0.0201375 0.0220343 1:89679 × 10−3 0.0002014 0:0002204 1:8989 × 10−5

0.90 0.0245960 0.0254675 8:71428 × 10−4 0.0002460 0:0002547 8:7240 × 10−6
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The Von Neumann stability analysis provides us growth of
the error in terms of Fourier series. For this, we used

ςnl = ηne
ilθh, ð18Þ

in equation, where θ is a rational number and i is a imaginary
symbol. Utilizing (13), we get

Q1ς
n+1
l−1 +Q2ς

n+1
l +Q1ς

n+1
l+1

� �
+ Q1ς

n
l−1 +Q2ς

n
l +Q1ς

n
l+1ð Þ� �

= dτ κ + λð Þ Q4ς
n+1
l−1 +Q5ς

n+1
l +Q4ς

n+1
l+1

� �� �
+ dτ κ + λð Þ

� 〠
n−1

p=0
wp+1 −wp

� �
Q4ς

n−p
l−1 +Q5ς

n−p
l +Q4ς

n−p
l+1

� �" #
:

ð19Þ

Table 4: The numerical display of errors for Example 1 at different values of α1 with α2 = 0:3, N = 70, and τf = 0:01.

α1 = 0:1 α1 = 0:5
ξ Exact Numerical Error Exact Numerical Error

0.10 0.0017516 0.0018581 1:06557 × 10−4 0.0002776 0.0002949 1:72452 × 10−5

0.30 0.0021394 0.0024041 2:64734 × 10−4 0.0003391 0.0003819 4:28495 × 10−5

0.50 0.0026130 0.0029494 3:36343 × 10−4 0.0004141 0.0004686 5:44384 × 10−5

0.70 0.0031916 0.0034938 3:02230 × 10−4 0.0005058 0.0005547 4:89091 × 10−5

0.90 0.0038982 0.0040371 1:38893 × 10−4 0.0006178 0.0006403 2:24703 × 10−5

Table 5: Numerical display of solutions of Example 1 of the TFPDE at different values of N with α1 = 0:6, α2 = 0:9, and τf = 0:001.

N = 70 N = 140
ξ Exact Numerical Error Exact Numerical Error

0.10 3:495 × 10−8 3:706 × 10−8 2:11095 × 10−9 3:495 × 10−8 3:706 × 10−8 2:10877 × 10−9

0.30 4:269 × 10−8 4:793 × 10−8 5:24514 × 10−9 4:269 × 10−8 4:793 × 10−8 5:23974 × 10−9

0.50 5:214 × 10−8 5:880 × 10−8 6:66371 × 10−9 5:214 × 10−8 5:879 × 10−8 6:65684 × 10−9

0.70 6:368 × 10−8 6:967 × 10−8 5:98679 × 10−19 6:368 × 10−8 6:966 × 10−8 5:91222 × 10−9

0.90 7:778 × 10−8 8:053 × 10−8 2:75044 × 10−9 7:778 × 10−8 8:053 × 10−8 2:74761 × 10−9
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Figure 1: Numerical display of deviations from exact solution of Example 1 for various values of α1 (a) and for distinct values of τf (b).

4 Journal of Function Spaces



Simplifying the equation in the presence of (18), we have

ηn+1 2Q1 cos θhð Þ +Q2ð Þ − dτ κ + λð Þ 2Q4 cos θhð Þ +Q5ð Þ½ �
= ηn 2Q1 cos θhð Þ +Q2ð Þ + dτ κ + λð Þ

� 2Q4 cos θhð Þ +Q5ð Þ 〠
n−1

p=1
dp
� �α1 + 〠

n−1

p=1
dp
� �α2" #

ηn−p

+ ηn 2Q4 cos θhð Þ +Q5ð Þdτ κ + λð Þ:
ð20Þ

After simplification, we get

ηn+1 = νηn + μ 〠
n−1

p=1
dp
� �α1 + 〠

n−1

p=1
dp
� �α2" #

ηn−p: ð21Þ

Thus, jηn+1j ≤ jηnj.
Hence, our described method is stable unconditionally.

5. Numerical Experiments

In current section, numerical examples are computed to
prove feasibility and accuracy of the scheme, and the results
are displayed through graphs and tables.

Example 1. Consider the following problem

∂ψ ξ, τð Þ
∂τ

= D1−α1
τ +D1−α2

τ

� � ∂2ψ ξ, τð Þ
∂ξ2

+ g ξ, τð Þ, ð22Þ

in the domain 0 ≤ ξ ≤ 1 and for the interval 0 < τ ≤ 1, with the
boundary conditions

ψ 0, τð Þ = τ1+α1+α2 , ψ 1, τð Þ = e τ1+α1+α2
� �

, ð23Þ

and the IC

ψ ξ, 0ð Þ = 0, ð24Þ

where

g ξ, τð Þ = eξ
	
1 + α1ð Þτα1 − Γ 2 + α1 + α2ð Þ

Γ 1 + 2α1 + α2ð Þ τ
2α1+α2

−
Γ 2 + α2 + α2ð Þ
Γ 1 + α1 + 2α2ð Þ τ

α+2α2


:

ð25Þ

Table 6: The absolute error of Example 2 when N = 70, α1 = 0:5,
α2 = 0:2, and τf = 0:5 for different values of γ.

ξ γ = 0 γ = 0:3 γ = 1
0.10 1:79881 × 10−4 1:78163 × 10−4 1:77495 × 10−4

0.30 4:51450 × 10−4 4:47218 × 10−4 4:45572 × 10−4

0.50 5:72311 × 10−4 5:66922 × 10−4 5:64827 × 10−4

0.70 5:07258 × 10−4 5:02359 × 10−4 5:00454 × 10−4

0.90 2:27224 × 10−4 2:24926 × 10−4 2:24033 × 10−4
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Approximate solution for t = 0.1
Exact solution
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0 0.2 0.4 0.6 0.8 1
𝜉

(b)

Figure 2: Graphical representation of exact and approximate solution for different values of ξ in entire domain (a) and various values of τf
i.e., τf = 0:1,0:2,0:3 in downward direction (b) of Example 1.
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The exact solution is

�u ξ, τð Þ = eξ τ1+α1+α2
� �

: ð26Þ

Table 2 describes the numerical errors at distinct rational
values of γ, and it is evident that γ = 0 is an appropriate solu-
tion than other case. So, trigonometric spline is the obvious
choice to proceed further. In Table 3, the numerical display
of the solutions at different values of τf is shown for α1 =
0:2, α2 = 0:8, and N = 50. Table 4 shows the numerical dis-
play of solution for different values of α1 at final time τf =
0:01 and α2 = 0:3. Table 5 shows the numerical display of
solutions at different values of N when α1 = 0:6, α2 = 0:9,
and τf = 0:001. Figure 1(a) shows the graphical error when
α1 varies at final time τf = 0:05 but α2 remains same.
Figure 1(b) shows the graphical representation of errors at
different terminal time τf when α1 and α2 remains same.
Figure 2(a) represents the comparison of numerical and
approximate solution in the entire domain; on the other
hand, the comparison at different values of τf is presented
in Figure 2(b).

Example 2. Consider the problem

∂ψ ξ, τð Þ
∂τ

= 1
2 D1−α1

τ +D1−α2
τ

� � ∂2ψ ξ, τð Þ
∂ξ2

+ g ξ, τð Þ, ð27Þ

in the domain 0 ≤ ξ ≤ 1 and for the time 0 < τ ≤ 1
with the BC

ψ 0, τð Þ = τ1+α1 + τ1+α2 ,
ψ 1, τð Þ = e τ1+α1 + τ1+α2

� �
,

ð28Þ

and the IC

ψ ξ, 0ð Þ = 0, ð29Þ

where

g ξ, τð Þ = eξ
	
1 + α1ð Þτα1 − Γ 2 + α1ð Þ

Γ 1 + 2α1ð Þ τ
2α1

+ 1 + α2ð Þτα2 − Γ 2 + α2ð Þ
Γ 1 + 2α2ð Þ τ

2α2


:

ð30Þ

The exact solution is

�u ξ, τð Þ = eξ τ1+α1 + τ1+α2
� �

: ð31Þ

In Table 6, the absolute error at different values of γ is
displayed, and it shows that γ = 0 gives better result.
Table 7 shows the numerical solution for different values of
α2 with final time τf = 0:05 and α1 = 0:3. In Table 8, the
numerical display of solutions for different values of τf when
α1 = 0:5, α2 = 0:7, and N = 70 is presented. Figure 3(a) repre-
sents absolute error Example 2 of various values of α2 with
fixed τf . Figure 3(b) describes the graphical representation
of errors at various values of terminal time τf when α1 and
α2 remains same. Figure 4(a) represents the comparison of
numerical and approximate solution in entire domain; on
the other hand, the comparison at different values of α1 is
presented in Figure 4(b).

6. Conclusion

A B-spline collocation method is utilized to find the numer-
ical approximation to the solution curve of fractional form of

Table 7: The numerical display of the solutions at different values of α with N = 40 and τf = 0:05 for Example 2.

α1 = 0:3, α2 = 0:5 α1 = 0:3, α2 = 0:9
ξ Exact Numerical Error Exact Numerical Error

0.10 0.0348514 0.0353843 5:32893 × 10−4 0.0262232 0.0256754 5:47808 × 10−4

0.30 0.0425676 0.0438695 1:29287 × 10−3 0.0320291 0.0307043 1:32481 × 10−3

0.50 0.0519922 0.0536436 1:65143 × 10−3 0.0391204 0.0374272 1:69323 × 10−3

0.70 0.0635034 0.0650357 1:53223 × 10−3 0.0477818 0.0462044 1:57735 × 10−3

0.90 0.0775633 0.0783078 7:44550 × 10−4 0.0583608 0.0575890 7:71809 × 10−4

Table 8: The numerical display of solutions of Example 2 at different time level with N = 70, α1 = 0:5, and α2 = 0:7.

τf = 0:01 τf = 0:001
ξ Exact Numerical Error Exact Numerical Error

0.10 0.0015451 0.0015387 6:4223 × 10−6 0.0000437 0.0000436 1:6572 × 10−7

0.30 0.0018872 0.0018728 1:4444 × 10−5 0.0000534 0.0000531 3:1578 × 10−7

0.50 0.0023051 0.0022865 1:8558 × 10−5 0.0000652 0.0000652 3:9949 × 10−7

0.70 0.0028154 0.0027968 1:8627 × 10−5 0.0000797 0.0000792 4:4739 × 10−7

0.90 0.0034388 0.0034284 1:0402 × 10−5 0.0000973 0.0000970 3:1454 × 10−7
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anomalous subdiffusion equation in modified form. First,
formulate the formula for the modified fractional anomalous
subdiffusion equation using discretized form of Riemann-
Liouville Derivative for the time fractional derivative. Then,

we show the stability of B-spline method using the Fourier
version of stability method, i.e., Von Neumann stability anal-
ysis. The iterative method is applied on numerical examples
to show the applicability of described method. The graphs
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Figure 3: Graphical display of error for different values of α2 (a) and τf (b) Example 2.
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Figure 4: Graphical representation of exact and approximate solution for different values of ξ in entire domain (a) and various values of α1
i.e., α1 = 0:1,0:2,0:3 in upward direction (b) of example 2.
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and tables demonstrate the numerical results. It shows that
results are very much in agreement with exact solution. The
technique can be further extended to higher dimension and
nonlinear fractional PDEs in future.
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