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ABSTRACT
This paper proposes some soliton solutions of a generalized Calogero–Bogoyavlenskii–Schiff equation, a
(3+1) dimensional modified Korteweg–de Vries–Zakharov–Kuznetsov and a Variant Boussinesq equations. We
presented a exponential function method (EFM) for solving the considered evolution equations. The solitary,
cuspon and periodic wave solutions are acquired and presented graphically. The soliton solutions of considered
equations play a typical role for expressing kinds of wave transmission in any natural instance, particularly
in shallow wave kinetics. The results suggest that EFM is effective and useful technique to handle non-linear
engineering problems in oceans.

Introduction
Non-linear partial differential equations (NPDEs) are frequently
used models to narrate different aspects of physical oceanography,
particularly natural phenomena in engineering and applied sciences in
plasma physics, fiber optics, fluid flow, quantum theory, biotechnology,
signal operating instructions, and shallow water wave theory [1–5].
The periodic and solitary wave solutions of equations are physically
significant for observing oscillatory behavior in the relevant domain.
Many researchers used EFM to find analytical solutions of NPDEs [6–8].
Furthermore, a variety of mathematical techniques have been employed
to find the analytic solutions of NPDEs such as: Homotopy Perturbation technique [9], Hirota’s Bilinear technique [10], Sine–Cosine
method [11], Homotopy Analysis method [12], Variational Iteration
technique [13], Extended tanh technique [14], the improved tan(𝜙/2)expansion technique [15,16], the (G’/G)-expansion technique [17,
18], the tanh technique [19], new (G’/G)-expansion technique approach [20], novel (G’/G)-expansion technique [21], new generalized
(G’/G)-expansion technique approach [22], the homogeneous balance
technique [23], the improved F-expansion technique [24], and the First
Integral Method [25–27]. Various researchers paid special attention

on acquiring soliton solutions of higher dimensional models [28–30].
Shallow water theory is an important field of mathematical physics.
Many authors presented several soliton solutions of different shallow
water equations [31–35]. The considered equations are important in
the field of shallow water theory.
We adopt an effective method previously provided by He, to construct a range of analytical solutions of NPDEs [36]. EFM has been
effectively implemented on various models [37]. For example He and
Wu, applied EFM to solve non-linear wave equations [38,39]. He and
Abdou used EFM to find solutions in periodic form for the non-linear
evolution problems, for example, Jaulent–Miodek equations are solved
and compact like generalized solutions are obtained [40,41]. Manafian
and Bagheri solved modified KdV and extended KdV equations by
utilizing EFM [42]. Zhu applied EFM on hybrid-lattice system [43,
44]. Recently, Zhang applied EFM in a high-dimensional non-linear
evolution problems [45].
In this paper, EFM approach is used to solve generalized CBS [46],
(3+1) dimensional mkdv-zk and Variant Boussinesq equations. The KdV
equation is used to simulate the disruption of shallow water’s surface
caused by solitary waves. The KdV equation is used for studying weakly
non-linear long waves that incorporates leading non-linearity order
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and dispersion. The Boussinesq equation is used to explore the transmission of long waves in shallow water transmitting in both directions
i.e. positive and negative, under gravity. The considered equations has
been used for the transmission of numerous other physical phenomena,
including iron sound waves in non-linear lattice waves, plasma, and
vibrations in a non-linear string.
The goal of this article is to apply EFM to solve three types of nonlinear shallow water wave equations such as Generalized CBS equation,
(3 + 1) dimensional mkdv-zk equation, and the variant Boussinesq
equation. Non-linearity is an imperative aspect of the work. The work
is novel as EFM is applied to CBS equation, (3 + 1) equation and the
Variant Boussinesq equation, first time in the literature.
The remainder of the paper is written as follows: In Section ‘‘Exponential-funtion method’’, the basic steps of EFM will be included. In
Section ‘‘Application of the exponential function method’’, the applications of the proposed technique will be discussed. In Section
‘‘Conclusion’’, conclusion will be presented.

where 𝛿1 and 𝛿2 are non-zero By the use of following transformation:
𝜈(𝑡, 𝑥, 𝑦) = 𝜈(𝛾)

(8)

𝛾 = 𝜅𝑥 + 𝜔𝑦 − 𝑐𝑡.

Using traveling wave (c.f Eq. (8)), Eq. (7) transforms into the following
ODE:
(−𝑐𝜅 + 𝛿1 𝜅𝜔 + 𝛿2 𝜔2 )𝜈 ′ + 3𝜔𝜅 2 (𝜈 ′ )2 + 𝜔𝜅 3 𝜈 ′′′ = 0.

(9)

The solution of Eq. (9) can be presented in the form (c.f. Eq. (5))
𝜈(𝛾) =

𝑘𝑐 𝑒𝑥𝑝[𝑐𝛾] + ⋯ + 𝑘−𝑑 𝑒𝑥𝑝[−𝑑𝛾]
.
𝑙𝑓 𝑒𝑥𝑝[𝑝𝛾] + ⋯ + 𝑙−𝑔 𝑒𝑥𝑝[−𝑔𝛾]

(10)

As seen below, we balanced the highest order non-linear terms against
the highest order linear terms:
𝜈 ′′′ (𝛾) =

... + 𝛼1 𝑒𝑥𝑝[(7𝑝 + 𝑐)𝛾] + ⋯
,
... + 𝛼2 𝑒𝑥𝑝[8𝑓 𝛾] + ⋯

(11)

( ... + 𝛼 𝑒𝑥𝑝[(𝑓 + 𝑐)𝛾] + ⋯ )2 ... + 𝛼 𝑒𝑥𝑝[(2𝑓 + 2𝑐)𝛾] + ⋯
3
3
=
... + 𝛼4 𝑒𝑥𝑝[2𝑓 𝛾] + ⋯
... + 𝛼4 𝑒𝑥𝑝[4𝑓 𝛾] + ⋯
... + 𝛼3 𝑒𝑥𝑝[(6𝑓 + 2𝑐)𝛾] + ⋯
=
.
... + 𝛼4 𝑒𝑥𝑝[8𝑓 𝛾] + ⋯

(𝜈 ′ )2 =

Exponential-function method
A general NPDE can be considered as follows:

(12)

Thus, we acquire 𝛼𝑖 and obtain
(1)

𝐹 (𝜈, 𝜈𝑥 , 𝜈𝑦 , 𝜈𝑧 , 𝜈𝑡 , 𝜈𝑥𝑥 , 𝜈𝑦𝑦 , 𝜈𝑧𝑧 , 𝜈𝑡𝑡 , 𝜈𝑥𝑦 , 𝜈𝑥𝑧 , 𝜈𝑦𝑡 , …) = 0,

7𝑓 + 𝑐 = 6𝑓 + 2𝑐,

Step 1: With the use of transformation:

which results

(2)

𝜈(𝑥, 𝑦, 𝑧, 𝑡) = 𝜈(𝛾) 𝑜𝑟 𝛾 = 𝜂𝑥 + 𝜉𝑦 + 𝜓𝑧 + 𝑐𝑡,

where, 𝜂, 𝜉, 𝜓 and 𝑐 are constants. Using above transformation (c.f.
Eq. (2)) in the following ODE.

𝑐 = 𝑓.

𝐻(𝜈, 𝜈 ′ , 𝜈 ′′ , 𝜈 ′′′ , …) = 0,

Similarly, comparing the lowest order non-linear term in Eq. (9) with
the highest order linear term yields an estimate of 𝑔 and 𝑑.

(3)

... + 𝜏1 𝑒𝑥𝑝[−(7𝑔 + 𝑑)𝛾] + ⋯
,
... + 𝜏2 𝑒𝑥𝑝[−(8𝑔𝛾)] + ⋯
( ... + 𝜏 𝑒𝑥𝑝[−(𝑑 + 𝑔)𝛾] + ⋯ )2

where ′ denotes the derivative w.r.t 𝛾.

𝜈 ′′′ (𝛾) =

Step 2: According to the method given by He and Wu named as
EFM [43], we suppose that the analytical solution can be presented as:

(𝜈 ′ )2 =

∑𝑑
𝜈(𝛾) = ∑𝑔𝑛=−𝑐
𝑚=−𝑓

𝑘𝑛 𝑒𝑥𝑝(𝑛𝛾)
𝑙𝑚 𝑒𝑥𝑝(𝑚𝛾)

=

𝑘−𝑐 𝑒𝑥𝑝[−𝑐𝛾] + ⋯ + 𝑘𝑑 𝑒𝑥𝑝[𝑑𝛾]
,
𝑙−𝑓 𝑒𝑥𝑝[−𝑓 𝛾] + ⋯ + 𝑙𝑔 𝑒𝑥𝑝[𝑔𝛾]

(4)

𝑘𝑐 𝑒𝑥𝑝[𝑐𝛾] + ⋯ + 𝑘−𝑑 𝑒𝑥𝑝[−𝑑𝛾]
.
𝑙𝑓 𝑒𝑥𝑝[𝑓 𝛾] + ⋯ + 𝑙−𝑔 𝑒𝑥𝑝[−𝑔𝛾]

... + 𝜏3 𝑒𝑥𝑝[−(2𝑔 + 2𝑑)𝛾] + ⋯
... + 𝜏4 𝑒𝑥𝑝[−4𝑔𝛾] + ⋯
... + 𝜏3 𝑒𝑥𝑝[−(6𝑔 + 2𝑑)𝛾] + ⋯
=
.
... + 𝜏4 𝑒𝑥𝑝[−8𝑔𝛾] + ⋯
=

(14)

where the parameters 𝑐, 𝑑, 𝑓 and 𝑔 are positive integer chosen freely,
𝑘𝑛 and 𝑙𝑚 are constants to be determined.
As a method of choice, we can write solution as:
𝜈(𝛾) =

3

... + 𝜏4 𝑒𝑥𝑝[−2𝑔𝛾] + ⋯

(13)

Thus, we acquire 𝜏𝑖 and obtain
−𝑑 − 7𝑔 = −6𝑔 − 2𝑑,

(5)

which gives

Step 3: The linear term of highest order is evenly matched with
non-linear term of highest order to get the value 𝑓 and 𝑐 (c.f. Eq. (3)).
In finding the value of 𝑑 and 𝑔, however, we balance the linear term
of Eq. (3) with lowest order non-linear term.

𝑑 = 𝑔.
If 𝑐 = 𝑓 = 1 and 𝑑 = 𝑔 = 1 are used, the anticipated solution of
Eq. (10) is as follows:

Step 4: Using the values of 𝑐, 𝑑, 𝑓 and 𝑔 in Eq. (5), and then putting
Eq. (5) into Eq. (3), we get
∑
𝐶𝑗 𝑒𝑥𝑝(±𝑗𝛾) = 0,
𝑗 = 0, 1, 2, 3....
(6)

𝜈(𝛾) =

𝑘1 𝑒𝑥𝑝[𝛾] + 𝑘0 + 𝑘−1 𝑒𝑥𝑝[−𝛾]
.
𝑙1 𝑒𝑥𝑝[𝛾] + 𝑙0 + 𝑙−1 𝑒𝑥𝑝[−𝛾]

(15)

Putting the above results into Eq. (9), we have
1
[𝑟 𝑒𝑥𝑝[3𝛾] + 𝑟2 𝑒𝑥𝑝[2𝛾] + 𝑟1 𝑒𝑥𝑝[𝛾] + 𝑟0 + 𝑟−1 𝑒𝑥𝑝[−𝛾]
𝑆 3

𝑗

By setting each coefficient 𝐶𝑗 = 0, yields system of algebraic equations
for 𝑘𝑐 ’s and 𝑙𝑓 ’s.

+ 𝑟−2 𝑒𝑥𝑝[−2𝛾] + 𝑟−3 𝑒𝑥𝑝[−3𝛾]] = 0,

(16)

𝑒𝑥𝑝[−𝛾])4 ,

Step 5: By solving the system of algebraic equations gained in Step-4,
the unknowns 𝑘𝑐 ’s and 𝑙𝑓 ’s can be determined. We obtain the analytical
solutions by substituting all values in Eq. (5).

where 𝑆 = (𝑙1 𝑒𝑥𝑝[𝛾] + 𝑙0 + 𝑙−1
𝑟𝑗 (𝑗 = −3, … , 0, … , 3) are
unknowns.
We derived the following system of algebraic equations by equating
coefficients of 𝑒𝑥𝑝[𝑗𝛾] to zero:

Application of the exponential function method

𝑟𝑗 = 0 𝑓 𝑜𝑟𝑗 = −3, −2, −1, 0, 1, 2, 3.
Solving algebraic equations, we attain the subsequent constants:

Generalized Calogero-Bogoyavlenskii-Schiff equation

𝜔(𝛿2 𝜔 + 𝜅 3 + 𝛿1 𝜅)
; 𝜔 = 𝜔; 𝑘−1 = 0;
𝜅
𝑏0 (2𝜅𝑙1 − 𝑘1 )
𝑙0 = 𝑙0 ; 𝑘0 = −
; 𝑘1 = 𝑘1 ; 𝑙−1 = 0.
𝑙1
𝑐=

Consider the generalized CBS equation:
𝜈𝑥𝑡 + 𝜈𝑥𝑥𝑥𝑦 + 3𝜈𝑥 𝜈𝑥𝑦 + 3𝜈𝑥𝑥 𝜈𝑦 + 𝛿1 𝜈𝑥𝑦 + 𝛿2 𝜈𝑦𝑦 = 0 ,

(17)

𝛼∈R, 𝛽>0

(7)
2

(18)
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which results
𝑐 = 𝑓.
Similarly, comparison of the non-linear term of lowest order in Eq. (23)
with the linear term of highest order results the estimate of 𝑔 and 𝑑.
𝜈 ′′′ (𝛾) =
𝜈2𝜈′ =

... + 𝜏1 𝑒𝑥𝑝[−(7𝑔 + 𝑑)𝛾] + ⋯
,
... + 𝜏2 𝑒𝑥𝑝[−(8𝑔𝛾)] + ⋯

(27)

... + 𝜏3 𝑒𝑥𝑝[−(3𝑑 + 𝑔)𝛾] + ⋯
... + 𝜏3 𝑒𝑥𝑝[−(5𝑔 + 3𝑑)𝛾] + ⋯
=
. (28)
... + 𝜏4 𝑒𝑥𝑝[−4𝑔𝛾] + ⋯
... + 𝜏4 𝑒𝑥𝑝[−8𝑔𝛾] + ⋯

Thus, we acquire 𝜏𝑖 and obtain
−𝑑 − 7𝑔 = −5𝑔 − 3𝑑,
which gives
𝑑 = 𝑔.
If 𝑐 = 𝑓 = 1 and 𝑑 = 𝑔 = 1 and 𝑙1 = 1 are used, the anticipated solution
of Eq. (24) is as follows:
Fig. 1. Soliton solutions using EFM 𝜈1 (𝑡, 𝑥), of CBS equation at 𝛿1 = 1, 𝛿2 = 1, 𝑘 = 1, 𝑙0 =
1.

𝜈(𝛾) =

𝑘1 𝑒𝑥𝑝[𝛾] + 𝑘0 + 𝑘−1 𝑒𝑥𝑝[−𝛾]
.
𝑒𝑥𝑝[𝛾] + 𝑙0 + 𝑙−1 𝑒𝑥𝑝[−𝛾]

(29)

Putting the above results into Eq. (24), we have
1
[𝑟 𝑒𝑥𝑝[3𝛾] + 𝑟2 𝑒𝑥𝑝[2𝛾] + 𝑟1 𝑒𝑥𝑝[𝛾] + 𝑟0 + 𝑟−1 𝑒𝑥𝑝[−𝛾]
𝑆 3

Hence, putting constants in the analytical solution of Eq. (15) yields:
𝜈1 (𝑡, 𝑥, 𝑦) =

exp(𝑥 + 𝜔𝑦 − 𝜔(𝛿2 𝜔 + 1 + 𝛿1 )𝑡) − 1
.
exp(𝑥 + 𝜔𝑦 − 𝜔(𝛿2 𝜔 + 1 + 𝛿1 )𝑡) + 1

(19)

+ 𝑟−2 𝑒𝑥𝑝[−2𝛾] + 𝑟−3 𝑒𝑥𝑝[−3𝛾]] = 0,

where 𝑆 = (𝑒𝑥𝑝[𝛾]+𝑙0 +𝑙−1
𝑟𝑗 (𝑗 = −3, … , 0, … , 3) are constants
which are unknown.
By equating coefficients of 𝑒𝑥𝑝[𝑗𝛾] equals to zero, we obtain the
system of algebraic equations:

As, we take 𝜔 = 1, 𝛿1 = 1, 𝛿2 = 1 above result takes the form:
𝜈1 (𝑡, 𝑥, 𝑦) =

exp(𝑥 − 3𝑡 + 𝑦) − 1
.
exp(𝑥 − 3𝑡 + 𝑦) + 1

(20)

Fig. 1 depicts the solitary solution of CBS equation 𝜈1 (𝑡, 𝑥, 𝑦) by
assigning values of 𝛿1 , 𝛿2 , and 𝜔. Solitary waves are localized traveling
waves that have steady speeds and shapes, and are asymptotically zero
at long distance solutions. The soliton solution is a solution that is
spatially localized.
In literature, CBS solutions are periodic lump and breathe wave
solutions [47], while in this work, the classical solitary wave solutions
are acquired.

𝑟0 = 0, 𝑟1 = 0, 𝑟2 = 0, 𝑟3 = 0, 𝑟−1 = 0, 𝑟−2 = 0, 𝑟−3 = 0.

𝑘−1
2 2
2
3
2
2
3
1 𝑏0 (𝑛 𝜅 + 𝜅𝑚 + 𝜅 − 2𝜆)
1 𝑏0 (2𝑛 𝜅 + 2𝜅𝑚 + 2𝜅 − 𝜆)
; 𝑙 0 = 𝑙 0 ; 𝑘0 =
;
√
√
8
8
2
2
3
2
2
3
𝛽𝜅 − 𝑛 𝜅+𝜅𝑚𝛽𝜅+𝜅 +𝜆
𝛽𝜅 − 𝑛 𝜅+𝜅𝑚𝛽𝜅+𝜅 +𝜆
√
2
2
3
𝑛2 𝜅 + 𝜅𝑚2 + 𝜅 3 + 𝜆
1 𝑏 (𝑛 𝜅 + 𝜅𝑚 + 𝜅 − 2𝜆)
𝑘1 = −
; 𝑙−1 = − 0
.
𝛽𝜅
8 𝑛2 𝜅 + 𝜅𝑚2 + 𝜅 3 + 𝜆

=

Consider the (3+1) dimensional mkdv-zv equation:

(32)

(21)

Hence, putting constants into Eq. (24) the analytical solution of (3+1)
dimensional mkdv-zk equation can be obtained as follows:

where 𝛽 is constant. Introducing a transformation:
𝜈(𝑡, 𝑥, 𝑦, 𝑧) = 𝜈(𝛾),

𝛾 = 𝜅𝑥 + 𝑚𝑦 + 𝑛𝑧 + 𝜆𝑡

(22)

𝜈2 (𝑡, 𝑥, 𝑦, 𝑧) =
(
8𝐵𝑛2 𝜅 + 8𝐵𝜅𝑚2 + 8𝐵𝜅 3 + 8𝐵𝜆 − 16𝑙0 𝜅 3 + 8𝑙0 𝜆 − 16𝑙0 𝜅𝑚2 − 16𝑙0 𝜅𝑛2
− ( √
(
2
2
3
𝛽𝜅 − 𝑛 𝜅+𝜅𝑚𝛽𝜅+𝜅 +𝜆 8𝐵𝑛2 𝜅 + 8𝐵𝜅𝑚2 + 8𝐵𝜅 3 + 8𝐵𝜆 + 8𝑙0 𝑛2 𝜅
)
)
−𝑙02 𝐵𝑛2 𝜅 − 𝑙02 𝐵𝑚2 𝜅 − 𝑙02 𝐵𝜅23 𝑙02 𝐵𝜆 (𝑛2 𝜅 + 𝜅𝑚2 + 𝜅 3 + 𝜆)
(33)
),
+8𝑙0 𝜅𝑚2 + 8𝑙0 𝜅 3 + 8𝑙0 𝜆 − 𝑙02 𝐵𝑛2 𝜅 − 𝑙02 𝐵𝑚2 𝜅 − 𝑙02 𝐵𝜅 3 − 2𝑙02 𝐵𝜆

where 𝜆 is the velocity. Using transformation (c.f. Eq. (22)), Eq. (21)
transforms into ODE as follows:
𝜆𝜈 ′ + 𝛽𝜈 2 𝜈 ′ 𝜅 + 𝜅 3 𝜈 ′′′ + 𝜅𝑚2 𝜈 ′′′ + 𝑛2 𝜅𝜈 ′′′ = 0,

(23)

The solution of Eq. (4) can be presented as (c.f. Eq. (5))
𝜈(𝛾) =

𝑘𝑐 𝑒𝑥𝑝[𝑐𝛾] + ⋯ + 𝑘−𝑑 𝑒𝑥𝑝[−𝑑𝛾]
.
𝑙𝑓 𝑒𝑥𝑝[𝑝𝛾] + ⋯ + 𝑙−𝑔 𝑒𝑥𝑝[−𝑔𝛾]

(24)

where 𝐵 = exp(𝜅𝑥 + 𝑚𝑦 + 𝑛𝑧 + 𝜆𝑡). Assume that 𝑙0 = 𝜆 = 𝜅 = 𝑚 = 𝑛 =
𝛽 = 1, we obtain
√
√
√
1
−4 exp𝑥+𝑦+𝑧+𝑡 − 54 −4 − 32
−4 exp−𝑥−𝑦−𝑧−𝑡
𝜈2 (𝑡, 𝑥, 𝑦, 𝑧) =
(34)
1
exp𝑥+𝑦+𝑧+𝑡 +1 − 32 exp−𝑥−𝑦−𝑧−𝑡

We balanced the highest order non-linear terms to highest order linear
terms as below:
𝜈 ′′′ (𝛾) =
𝜈2𝜈′ =

... + 𝛼1 𝑒𝑥𝑝[(7𝑓 + 𝑐)𝛾] + ⋯
,
... + 𝛼2 𝑒𝑥𝑝[8𝑓 𝛾] + ⋯

... + 𝛼3 𝑒𝑥𝑝[(𝑓 + 3𝑐)𝛾] + ⋯
... + 𝛼3 𝑒𝑥𝑝[(5𝑓 + 3𝑐)𝛾] + ⋯
=
.
... + 𝑘4 𝑒𝑥𝑝[4𝑓 𝛾] + ⋯
... + 𝛼4 𝑒𝑥𝑝[8𝑓 𝛾] + ⋯

(31)

After solving the algebraic system of equations, we get the succeeding
outcomes.

(3+1) Dimensional mkdv-Zakharov-Kuznetsov equation

𝜈𝑡 + 𝛽𝜈𝜈𝑥 + 𝜈𝑥𝑥𝑥 + 𝜈𝑥𝑦𝑦 + 𝜈𝑥𝑧𝑧 = 0,

(30)

𝑒𝑥𝑝[−𝛾])4 ,

(25)

also for 𝑙0 = 𝜆 = 𝜅 = 1, 𝑚 = 𝑛 = 2, 𝛽 = 1, the result we obtained
√
√
√
1
−4 exp𝑥+𝑦+𝑧+𝑡 − 54 −4 − 32
−4 exp−𝑥−𝑦−𝑧−𝑡
𝜈3 (𝑡, 𝑥, 𝑦, 𝑧) =
1
exp𝑥+𝑦+𝑧+𝑡 +1 − 32 exp−𝑥−𝑦−𝑧−𝑡

(26)

Thus, we acquire 𝛼𝑖 and obtain
7𝑓 + 𝑐 = 5𝑓 + 3𝑐,
3

(35)
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Fig. 2. Soliton solution 𝜈2 (𝑡, 𝑥, 𝑦, 𝑧), of (3+1) dimensional mkdv-zk equation at 𝑥 =
1, 𝑦 = 1, 𝜅 = 2, 𝜆 = 2, 𝑛 = 1, 𝑚 = 1, 𝑙0 = 1.

Fig. 4. Soliton solution 𝜈3 (𝑡, 𝑥, 𝑦, 𝑧), of (3+1) dimensional mkdv-zk equation at 𝑥 =
4, 𝑦 = 2, 𝑚 = 2, 𝑛 = 2, 𝑙0 = 1.

Fig. 5. Soliton solution 𝜈5 (𝑡, 𝑥), of The Variant Boussinesq equation at 𝜆 = 3, 𝑙−1 =
2, 𝑙0 = 2.

Fig. 3. Soliton solution 𝜈2 (𝑡, 𝑥, 𝑦, 𝑧), of (3+1) dimensional mkdv-zk equation at 𝑥 =
5, 𝑦 = 2, 𝜅 = 1, 𝜆 = 1, 𝑚 = 1, 𝑛 = 1, 𝑙0 = 1.

Figs. 2–4 show a graph of the function 𝜈2 (𝑡, 𝑥, 𝑦, 𝑧) by using different
values of parameters. Fig. 5 shows a graph of function 𝜈3 (𝑡, 𝑥, 𝑦, 𝑧). These
all figures are known as cuspons which are other forms of soliton where
solution cusp on their crest. Unlike peakons where the derivatives at the
peak differ only by a sign, at the jump of a cuspon diverges.
In literature, mkdv-zk solutions are bell and anti-bell periodic solutions [48], while in this work, cuspons solutions are obtained.

𝜆𝜙 + 𝜈𝜙 − 𝜈′′ = 𝑐2 ,

where 𝑐1 and 𝑐2 are integrating constants. For simplicity we take 𝑐1 =
𝑐2 = 0 and substituting Eq. (39) into Eq. (40) gives
1 3 3𝜆 2
𝜈 +
𝜈 + 𝜆2 𝜈 = 0.
(41)
2
2
The solution of Eq. (41) can be presented in the form (c.f. Eq. (5)):

𝜈 ′′ +

The variant Boussinesq equation

𝜈(𝛾) =

Consider the variant Boussinesq equation:
𝜈𝑡 + 𝜙𝑥 + 𝜈𝜈𝑥 = 0,

𝑎𝑛𝑑

𝜈 ′′ (𝛾) =

𝜙(𝑡, 𝑥) = 𝜙(𝛾),

𝛾 = 𝜄(𝑥 + 𝜆𝑡),

(42)

As seen below, we balance the highest order non-linear terms to the
highest order linear terms:

Introducing a transformation:
𝜈(𝑡, 𝑥) = 𝜈(𝛾)

𝑘𝑐 𝑒𝑥𝑝[𝑐𝛾] + ⋯ + 𝑘−𝑑 𝑒𝑥𝑝[−𝑑𝛾]
.
𝑙𝑓 𝑒𝑥𝑝[𝑝𝛾] + ⋯ + 𝑙−𝑔 𝑒𝑥𝑝[−𝑔𝛾]

(36)

𝜙𝑡 + (𝜈𝜙)𝑥 + 𝜈𝑥𝑥𝑥 = 0.

(40)

𝜈3 =

(37)

... + 𝛼1 𝑒𝑥𝑝[(3𝑓 + 𝑐)𝛾] + ⋯
... + 𝛼2 𝑒𝑥𝑝[4𝑓 𝛾] + ⋯

... + 𝛼3 𝑒𝑥𝑝[3𝑐𝛾] + ⋯
... + 𝛼3 𝑒𝑥𝑝[(𝑓 + 3𝑐)𝛾] + ⋯
=
.
... + 𝛼4 𝑒𝑥𝑝[3𝑓 𝛾] + ⋯
... + 𝛼4 𝑒𝑥𝑝[4𝑓 𝛾] + ⋯

(43)
(44)

Thus, we acquire 𝛼𝑖 and obtain

where 𝜆 is a real constant. Using transformation (c.f. Eq. (37)), Eq. (36)
transforms into ODE as follows:
1
𝜆𝜈 ′ + 𝜙′ + (𝜈′ )2 = 0,
2
(38)
𝜆𝜙′ + (𝜈𝜙)′ − 𝜈 ′′′ = 0,

3𝑓 + 𝑐 = 𝑓 + 3𝑐,
which results
𝑐 = 𝑓.

Integrating the both equations of Eq. (38) yields:
𝑐1 − 𝜆𝜈 −

1 2
𝜈 = 𝜙,
2

Similarly, comparison of the non-linear term of lowest order in Eq. (41)
with the linear term of highest order results the estimate of 𝑔 and 𝑑

(39)
4
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... + 𝜏1 𝑒𝑥𝑝[−(3𝑔 + 𝑑)𝛾] + ⋯
,
... + 𝜏2 𝑒𝑥𝑝[−(4𝑔𝛾)] + ⋯
... + 𝜏3 𝑒𝑥𝑝[−3𝑑𝛾] + ⋯
... + 𝜏3 𝑒𝑥𝑝[−(𝑔 + 3𝑑)𝛾] + ⋯
𝜈3 =
=
.
... + 𝜏4 𝑒𝑥𝑝[−3𝑔𝛾] + ⋯
... + 𝜏4 𝑒𝑥𝑝[−(4𝑔𝛾)] + ⋯
𝜈 ′′ (𝛾) =

(45)
(46)

Thus, we acquire 𝜏𝑖 and obtain
−𝑑 − 3𝑔 = −𝑔 − 3𝑑,
which gives
𝑑 = 𝑔.
If 𝑐 = 𝑓 = 1 and 𝑑 = 𝑔 = 1 and 𝑙1 = 1 are used, the anticipated solution
of Eq. (42) is as follows:
𝑘1 𝑒𝑥𝑝[𝛾] + 𝑘0 + 𝑘−1 𝑒𝑥𝑝[−𝛾]
.
𝑒𝑥𝑝[𝛾] + 𝑙0 + 𝑙−1 𝑒𝑥𝑝[−𝛾]

𝜈(𝛾) =

(47)

Putting the above results into Eq. (41), we have
Fig. 6. Soliton solution 𝜈6 (𝑡, 𝑥), of The Variant Boussinesq equation at 𝜆 = −3, 𝑙−1 =
2, 𝑙0 = −2.

1
[𝑟 𝑒𝑥𝑝[3𝛾] + 𝑟2 𝑒𝑥𝑝[2𝛾] + 𝑟1 𝑒𝑥𝑝[𝛾] + 𝑟0 + 𝑟−1 𝑒𝑥𝑝[−𝛾]
𝑆 3
(48)

+ 𝑟−2 𝑒𝑥𝑝[−2𝛾] + 𝑟−3 𝑒𝑥𝑝[−3𝛾]] = 0,

where 𝑆 = 2(𝑒𝑥𝑝[𝛾] + 𝑙0 + 𝑙−1 𝑒𝑥𝑝[−𝛾])3 , 𝑟𝑗 (𝑗 = −3, … , 0, … , 3) are
constants which are unknown.
By equating coefficients of 𝑒𝑥𝑝[𝑗𝛾] equals to zero, we obtain the
system of algebraic equations:

Conclusion
The goal of this study was to find some soliton solutions of the
generalized CBS equation, the (3+1) dimensional mkdv-zk equation,
and the Variant Boussinesq equation. These models belongs to the
theory of shallow water. Non-linearity and higher order equations are
an important aspects. Novel solitary wave solutions of the investigated
equations were obtained using EFM. These models are The suggested
approach, which uses a computer, allows us to do time-consuming and
complicated algebraic calculations in a simple manner. EFM is critical
for obtaining analytic and explicit solutions of NPDEs. Complicated
and time-consuming computations can be avoided by using EFM. EFM
can be employed to find analytical solution for a large class of nonlinear equations in different fields of mathematical physics and oceans
engineering.

(49)

𝑟0 = 0, 𝑟1 = 0, 𝑟2 = 0, 𝑟3 = 0, 𝑟−1 = 0, 𝑟−2 = 0, 𝑟−3 = 0.

When the above system of algebraic equations is solved, the following
solutions are obtained:
𝑘0 = −

√
𝑙0 (−4𝜆𝐴 − 3𝜆 + 9𝜆2 − 8𝜆 + 6𝜆2 + 9𝜆2 𝐴)
;
−2 + 3𝜆𝐴 + 4𝜆

𝑙0 = 𝑙0 ;

𝑘−1 =
( (
√
))
𝑙−1 60𝜆2 − 40𝜆𝐴 + 106𝜆2 𝐴 − 24𝜆 + 8 9𝜆2 − 8𝜆 − 48𝜆3 + 54𝜆4 − 90𝜆3 𝐴 + 81𝜆4 𝐴
−
;
(
)
( −16 + 40𝜆 + 30𝜆𝐴 − 16𝜆2 + 18𝜆3 − 24𝜆2 𝐴 + 27𝜆3 𝐴)

(50)
√
where 𝐴 = − 3𝜆
+ 12 9𝜆2 − 8𝜆. Hence, putting constants into Eq. (44) the
2
analytical solution of the variant Boussinesq equation can be obtained
as follows.
𝑘1 = 𝐴;

𝑙−1 = 𝑙−1 .

𝜈4 (𝑡, 𝑥) =

− exp𝜄(𝑡+𝑥) −1 − exp−𝜄(𝑡+𝑥)
.
exp𝜄(𝑡+𝑥) +1 + exp−𝜄(𝑡+𝑥)
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(51)

Assuming 𝜆 = 3, 𝑙−1 = 2, 𝑙0 = 2, we get
𝜈5 (𝑥, 𝑡)
(

− 92

+

√ )
57
exp𝜄(3𝑡+𝑥)
2

=

(

−

√
71 57
2
√
9 57
− 61
+ 2
2

2 − 531
+
2

(

)
−

√

4981 57
2 −37593
+
2
2

)

exp−𝜄(3𝑡+𝑥)

√
603 57
− 4535
+ 2
2

.

exp𝜄(3𝑡+𝑥) +2 + exp−𝜄(3𝑡+𝑥)
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Assuming 𝜆 = −3, 𝑙−1 = 2, 𝑙0 = −2., we get
𝜈6 (𝑥, 𝑡) =
(

9
2

√

+

105
2

)

(

exp𝜄(−3𝑡+𝑥)

+

√

95 105
2 963
+ 2
2
√
9 105
− 109
− 2
2

)

(

−

√

10081 105
2 103149
+
2
2

exp𝜄(−3𝑡+𝑥) −2 + exp−𝜄(−3𝑡+𝑥)

)

exp−𝜄(−3𝑡+𝑥)

√
1035 105
− 10847
+
2
2
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(53)
Periodic solutions are traveling wave solutions that are periodic.
Fig. 5, and Fig. 6 show a graphs of the function 𝜈5 (𝑡, 𝑥) and 𝜈6 (𝑡, 𝑥),
respectively. These figures depict periodic waves which are another
forms of soliton solutions.
In literature, the solution of the Variant Boussinesq equations are
soliton and singular soliton solutions [49], while in this paper, the
periodic wave solutions are obtained. Thus, the obtained solutions of
the considered models are novel. Furthermore, all obtained solutions
satisfied their respective PDEs mathematically.
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