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Abstract In this paper, linear and nonlinear singularly

perturbed problems are studied by a numerical approach

based on polynomial differential quadrature. The weighting

coefficient matrix is acquired using Chebyshev polynomi-

als. Different classes of perturbation problems are consid-

ered as test problems to show the accuracy of method.

Then, the quadrature results are compared with analytical

solutions of well-known existing solutions.
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1 Introduction

The analytical and numerical methods to solve singular

perturbation problems have been widely used in many

fields of fluid dynamics, reaction–diffusion processes,

particle physics and combustion processes [1]. These types

of problems are represented by ordinary differential equa-

tions including � which is assumed to be a small parameter.

Solutions of the problems have non-uniform behavior when

the parameter � ! 0 [2, 3].

In this study, perturbation problems are analyzed by

using polynomial-based differential quadrature method.

These problems are classified by setting � ¼ 0. If the order

of the higher-order problem is reduced by one, the problem

becomes convection–diffusion type, and if the order is

reduced by two, it becomes reaction–diffusion type [4].

Then, to show the efficiency of the method, different types

of problems have been solved and solutions are compared

with exact or asymptotic solutions depending on the small

parameter �.

Many studies have been carried out on singular pertur-

bation including both theoretical and numerical methods.

The existence of third-order singularly perturbation prob-

lem is considered based on asymptotic methods [5], and

lower and upper solutions method [6]. Boundary value

technique is also one of the popular numerical methods to

solve such problems. To obtain numerical results, model

equation is transformed into a system of a first differential

equation and a second-order singularly perturbed equation

[7, 8]. Such problems with discontinuous source term are

also considered by asymptotic finite element method [9].

Cui and Geng [10] studied third-order singularly perturbed

problem using an analytical method with asymptotic

expansion. Phaneendra et al. [11] solved such kind of

problems by using fitted Numerov method by transforming

third-order boundary value problem to the second-order.

The differential quadrature (DQ) is a numerical

approximation technique to solve ordinary or partial dif-

ferential equations and presented by Bellman and his

associates [12, 13]. The goal of the technique is to present a

new perspective for previous numerical techniques. Since

then, this method has been used in a wide range of

applications.

The DQ method is similar to the integral quadrature.

According to this method, derivative of a function is
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defined as a weighted linear sum of the function values at

all grid points related to the used direction. So, there occurs

weighting coefficient term. Generally, polynomials are

chosen as test functions which are obtained by polynomial

approximation theory.

Firstly, Bellman proposed two polynomial-based meth-

ods to compute the weighting coefficients of the first-order

derivative. In the first method, power function is used as

test function. The second approach depends upon choosing

test function as Legendre polynomials [12, 13]. Soon

afterward, many different approaches such as Lagrange

polynomials, spline functions and Fourier expansion have

been presented and applied to many different kinds of

engineering problems. Quan and Chang [14, 15] presented

Legendre interpolated polynomial approximation. When

the method is applied for the derivatives, differential

equation is reduced to linear system of equation with the

implementation of boundary or initial conditions. Matrix

equation is solved to obtain the desired solution.

Shu [16] combined Bellman’s and Quang-Chang’s

approaches and analyzed first- and higher-order derivative

formulations based on polynomial approaches using dif-

ferent kinds of grid points. Bert and Malik [17] found

accurate solutions with time-saving computations. Sarı [18]
applied the quadrature method for solving two-point sin-

gular perturbation analyzing linear and nonlinear second-

order boundary value problems, and solutions were com-

pared with the previous works. Korkmaz and Dag [19–21]

considered many engineering problems using both spline

functions and polynomials as test functions, and for time

discretization, they used Runge–Kutta methods. Jiwari

et al. [22, 23] analyzed two-dimensional hyperbolic tele-

graph equation based on Lagrange polynomials and cosine

expansion. Also, Jiwari [24] made a comparative study of

numerical solutions of one- and two-dimensional hyper-

bolic equations, using both Lagrange polynomials and

cubic B-spline based methods. Jiwari and Mittal [25]

examined quadrature solutions of singularly perturbed

Burger–Huxley equation together with error analysis and

convergence results . Jiwari et al. [26] proposed numerical

solutions of two-dimensional sine-Gordon equation using

polynomial differential quadrature. Jiwari et al. [27] also

solved Burgers’ equation using weighted average differ-

ential quadrature for space discretization and forward dif-

ference for temporal derivative. Shanthi and Valarmathi

[28] considered fourth-order perturbation problems using

boundary value technique, and we have studied such type

of problems and compared the quadrature results together

with this method.

2 The Differential Quadrature Method (DQM)

Consider a sufficiently smooth function f(x) on a closed

interval [a, b]. Derivative of the function at a grid point xi
is approximated by a linear sum of all functional values in

the whole domain, and the quadrature formula for first

derivative is given as follows:

fxðxiÞ ¼
df

dx

�
�
�
�
xi

¼
XN

j¼1

aijf ðxjÞ i ¼ 1; 2; . . .;N ð1Þ

where aij represents the weighting coefficients and N is the

number of grid points. Generalized n-th-order derivative is

given as

f ðnÞx ðxiÞ ¼
df

dx

�
�
�
�
xi

¼
XN

j¼1

w
ðnÞ
ij f ðxjÞ i ¼ 1; 2; . . .;N ð2Þ

where w
ðnÞ
ij represents the weighting coefficients and N is

the number of grid points. Here, grid points are chosen as

Chebyshev collocation points defined as

xi ¼ cosðhiÞ; h ¼ ip
N
; i ¼ 0; 1; 2; . . .;N ð3Þ

which is applicable for only interval [1,- 1]. If the

problem is given on interval [a,b] to obtain xi; the

following transformation is used [16]

xi ¼
b� a

2
ð1� niÞ þ a: ð4Þ

Lagrange interpolating polynomials are used as

rkðxÞ ¼
KðxÞ

ðx� xkÞK 0ðxkÞ
; k ¼ 1; 2; . . .;N ð5Þ

where rkðxÞ represents the test function and

KðxÞ ¼ðx� x1Þðx� x2Þ � � � ðx� xNÞ

K 0ðxÞ ¼
YN

k¼1;k 6¼j

ðxj � xkÞ:
ð6Þ

Then, the weighting coefficients for first-order derivative

given in Eq. (1)

aijðxÞ ¼
K 0ðxiÞ

ðxi � xjÞK 0ðxjÞ
; j 6¼ i: ð7Þ

The main diagonal elements are

aiiðxÞ ¼
K 00ðxiÞ
2K 0ðxiÞ

: ð8Þ

Since a linear vector space is spanned by different kinds of

bases, diagonal entries are represented using power

functions, xk�1; k ¼ 1; 2; . . .;N: When k ¼ 1,
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XN

j¼1

aij ¼ 0; aii ¼ �
XN

j¼1;j 6¼i

aij: ð9Þ

The Chebyshev polynomial of the first kind is given

as TkðxÞ ¼ cosðkhÞ; h ¼ arccosðxÞ. When Chebyshev

collocation points are used, the function K(x) is obtained as

KðxÞ ¼ ð1� x2ÞT ð1Þ
N ðxÞ ð10Þ

where T
ð1Þ
N ðxÞ is the first derivative of TNðxÞ. Using the

equations,

x ¼ cosðhÞ TNðxÞ ¼ cosðNhÞ ð11Þ

T
ð1Þ
N ðxÞ ¼ ðcosðNhÞÞ0 ¼ �N sinðNhÞdh ð12Þ

where

dh ¼ � 1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p ¼ � 1

sinðhÞ ð13Þ

Then, Eq. (10) becomes

KðxÞ ¼ KðhÞ ¼ N sinðhÞ sinðNhÞ: ð14Þ

By differentiating Eq. (14)

Kð1ÞðxÞ ¼ ðN sinðhÞ sinðNhÞÞ0; ð15Þ

or

Kð1ÞðxÞ ¼ �N cosðhÞ sinðNhÞ þ N2 sinðhÞ cosðNhÞ
sinðhÞ :

ð16Þ

Since Nhi ¼ ip when sinðhiÞ 6¼ 0, i 6¼ 0;N; Eq. (16)

becomes

Kð1ÞðxiÞ ¼ ð�1Þiþ1
N2: ð17Þ

When sinðhiÞ ¼ 0; application of L’Hospital’s rule gives

Kð1Þðx0Þ ¼ �2N2;

Kð1ÞðxNÞ ¼ð�1ÞNþ1
2N2:

The reduced explicit formulation related to find first

derivative matrix is obtained as follows [16, 29]:

wij ¼
cið�1Þiþj

cjðxi � xjÞ
; 0� i; j�N; i 6¼ j;

wii ¼� xi

2ð1� x2i Þ
; 1� i�N � 1;

w00 ¼� wNN ¼ 2N2 þ 1

6
;

where c0 ¼ cN ¼ 2 and cj ¼ 1; 1� j�N � 1: There are

many suitable ways to achieve higher-order derivative

approximations. Here, we used matrix multiplication

method to find the higher-order derivatives. Let

o2u

ox2
¼ o

ox

ou

ox

� �

ð18Þ

be the second-order derivative. When first-order quadrature

approach is used for the left side of Eq. (18), it becomes

Uð2Þ
x ðxiÞ ¼

XN

j¼1

w
ð2Þ
ij UðxjÞ i ¼ 1; 2; . . .;N: ð19Þ

Similarly, when the method is applied for the right side of

Eq. (18),

Uð2Þ
x ðxiÞ ¼

XN

k¼1

w
ð1Þ
ik Uð1Þ

x ðxkÞ ¼
XN

k¼1

w
ð1Þ
ik

XN

j¼1

w
ð1Þ
kj UðxjÞ;

¼
XN

j¼1

XN

k¼1

w
ð1Þ
ik w

ð1Þ
kj

" #

UðxjÞ:

ð20Þ

Using Eqs. (19) and (20), we get

w
ð2Þ
ij ¼

XN

k¼1

w
ð1Þ
ik w

ð1Þ
kj ; ð21Þ

which gives matrix multiplication [16]. Equation (21) is

written in matrix form

Að2Þ ¼ Að1ÞAð1Þ ð22Þ

where Að2Þ ¼ w
ð2Þ
ij and Að1Þ ¼ w

ð1Þ
ij . The weighting

coefficients of the second-order derivative are computed

by matrix multiplication of first-order derivative. The mth-

order derivative is determined as

AðmÞ ¼ Að1ÞAðm�1Þ; m ¼ 2; . . .;N � 1: ð23Þ

3 Applications to Singular Perturbed Problems

3.1 Third-Order Problems

The reaction–diffusion type boundary value problems are

given by third-order ordinary differential equation with a

small parameter [4],

�y000ðxÞ þ pðxÞy0ðxÞ þ qðxÞyðxÞ ¼ f ðxÞ; x 2 ½a; b�; ð24Þ

with the following boundary conditions

yðaÞ ¼ a0; yðbÞ ¼ b0; y0ðaÞ ¼ c0

where �[ 0 is a small parameter and a0; b0; c0 are known

constants and p(x), q(x) and f(x) are differentiable functions

on a� x� b. To obtain the approximated solution, we

apply the method for each grid points,

�y000ðxiÞ þ pðxiÞy0ðxiÞ þ qðxiÞyðxiÞ ¼ f ðxiÞ: ð25Þ

Then, derivatives are replaced by the DQ equality
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�
XN

j¼1

w
ð3Þ
ij yðxjÞ þ pðxiÞ

XN

j¼1

w
ð1Þ
ij yðxjÞ þ qðxiÞyðxiÞ ¼ f ðxiÞ;

ð26Þ

or by simplifying Eq. (26), we get

XN

j¼1

�w
ð3Þ
ij þ pðxiÞwð1Þ

ij þ qðxiÞ
n o

yðxjÞ ¼ f ðxiÞ ð27Þ

where w
ð3Þ
ij is the third-order and w

ð1Þ
ij is the first-order

weighting coefficients which are obtained by Chebyshev

polynomials. Then, the equation is represented by system

of equations given by

�w
ð3Þ
ij þ pðxiÞwð1Þ

ij þ qðxiÞ
h i

½yðxjÞ� ¼ ½f ðxiÞ�: ð28Þ

Equation (28) is also written as

Aij

� �

yðxjÞ
� �

¼ f ðxiÞ½ �: ð29Þ

The method is applied for the following boundary

conditions

yðaÞ ¼ yðx1Þ ¼ a0; yðbÞ ¼ yðxNÞ ¼ b0;

y0ðaÞ ¼ y0ðx1Þ ¼
XN

j¼1

w
ð1Þ
1j yðxjÞ ¼ c0:

ð30Þ

Here, the matrix ½Aij� is the weighting coefficient matrix,

including third- and first-order derivatives. To obtain an

accurate solution, we replace two rows with boundary

conditions. So the matrix equation becomes

1 0 � � � 0

w
ð1Þ
11 w

ð1Þ
12 � � � w

ð1Þ
1N

A31 A32 A33 � � � A3N

..

. . .
.

AðN�1Þ1 AðN�1Þ2 � � � AðN�1ÞN

0 0 � � � 1

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

y1

y2

y3

..

.

yN�1

yN

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

¼

a0

c0

f3

..

.

fN�1

b0

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

:

3.2 Fourth-Order Problems

The fourth-order singular perturbed boundary value prob-

lems are given by ordinary differential equation [28],

� �y0000ðxÞ � pðxÞy000 þ qðxÞy00ðxÞ � rðxÞyðxÞ
¼ �f ðxÞ; x 2 ð0; 1Þ;

ð31Þ

subject to the following boundary conditions

yð0Þ ¼ a0; yð1Þ ¼ b0; y00ð0Þ ¼ �c0; y00ð1Þ ¼ �d0:

where �[ 0 is a small parameter and p(x), q(x), r(x) and

f(x) are sufficiently smooth functions on (0, 1). Using the

same idea, DQ discretization for fourth-order type problem

becomes

� �
XN

j¼1

w
ð4Þ
ij yðxjÞ � pðxiÞ

XN

j¼1

w
ð3Þ
ij yðxjÞ

þ qðxiÞ
XN

j¼1

w
ð2Þ
ij yðxjÞ � rðxiÞyðxiÞ ¼ �f ðxiÞ

ð32Þ

We obtain N � N system of equations

½Aij�½yðxjÞ� ¼ ½f ðxiÞ�: ð33Þ

Here, the matrix ½Aij� is the weighting coefficient

matrix, including fourth-, third- and second-order

derivatives. The method is applied for the following

boundary conditions

yð0Þ ¼ yðx1Þ ¼ a0; yð1Þ ¼ yðxNÞ ¼ b0;

y00ð0Þ ¼ y00ðx1Þ ¼
XN

j¼1

w
ð2Þ
2j yðxjÞ ¼ c0;

y00ð1Þ ¼ y00ðxNÞ ¼
XN

j¼1

w
ð2Þ
Nj yðxjÞ ¼ �d0:

4 Numerical Illustrations

To show the accuracy of the method, error is measured

using L2 error norm given by

L2 ¼ jyex � ynuj ¼
XN

j¼1

ðyexÞj � ðynuÞj
�
�
�

�
�
�

2

" #1=2

ð34Þ

and maximum error norm given by

L1 ¼ jyex � ynuj1 ¼ max
j

ðyexÞj � ðynuÞj
�
�
�

�
�
� ð35Þ

where yex and ynu represent the analytical and numerical

solutions. Now, five test problems are solved to illustrate

the efficiency of the present method, and all the results in

terms of indicated norms are given in tables. Then, absolute

errors are measured to compare the presented method with

well-known existing methods.

Problem 1 Reaction–diffusion type 1

�y000 þ 4y0 � 4y ¼ x2;

yð0Þ ¼ 0:5; yð1Þ ¼ 1:47 y0ð0Þ ¼ 0:5:
ð36Þ

Equation (36) is examined by initial value technique in [4].

Table 1 shows errors for increasing number of grid

points between exact and numerical solutions of Prob-

lem 1. It is seen that when grid points are 20 or 50, better

results are obtained. Table 2 shows comparison of absolute

errors between the present method and initial value tech-

nique (IVT) [4]. IVT gives same order of accuracy as �
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changes, but the presented method gives more accurate

results for x[ 0:001.

Problem 2 Reaction–diffusion type 2

�y000 þ 1þ x

2

� 	

y0 � 1

2
y ¼ 0;

yð0Þ ¼ 0:6; yð1Þ ¼ 0:9 y0ð0Þ ¼ 0:23:
ð37Þ

Equation (37) is solved by initial value technique (IVT) in

[4]. Table 3 shows the errors of Problem 2. It is seen that

for � ¼ 10�1 away from zero, numerical solutions are more

stable.

Table 4 shows comparison of absolute errors between

the present method and IVT [4] of Problem 2. The differ-

ential quadrature method gives more accurate results as �

increases, but the errors are same by IVT.

Problem 3 A fourth-order problem

� �y0000 � 4y000 ¼ 1 0\x\1;

yð0Þ ¼ 1; yð1Þ ¼ 1 y00ð0Þ ¼ �1; y00ð1Þ ¼ �1:
ð38Þ

Equation (38) is solved by boundary value technique

(BVT) [28].

Table 5 presents the errors for increasing number of grid

points of Problem 3. As the grid points increase, more

accurate solutions are obtained. When � �! 0; numerical

solutions are approximately the same.

Table 6 presents the errors computed by DQ and BVT

Problem 3. Both methods seem to be effective.

Problem 4 A nonlinear boundary value problem

�y000 þ y00 þ � ðy0Þ2 þ 2y0
h i

þ y ¼ 1 0� x� p
2
;

yð0; �Þ ¼ 0; y
p
2
; �

� 	

¼ 1� �

3
y0

p
2
; �

� 	

¼ �1þ �p
4
:

ð39Þ

Equation (39) is analyzed asymptotically [1]. The nonlinear

term ðy0Þ2 is discretized using the quadrature formula

yxðxiÞ ¼
XN

j¼1

wijyðxjÞ ð40Þ

where wij represents the first-order weighting coefficients.

Then,

yxðxiÞyxðxiÞ ¼
XN

j¼1

wijyðxjÞ
XN

j¼1

wijyðxjÞ ð41Þ

fyxðxiÞg2 ¼
XN

j¼1

fwijg2HðxjÞ ð42Þ

where HðxjÞ vector is obtained by square of function values
at grid points. The nonlinear term ðy0Þ2 is discretized by

using DQ weighted sum of square of function values at all

discrete points [30].

Table 7 shows the errors for increasing number of grid

points of Problem 4. It is observed that results are better as

� ! 0.

Problem 5 A nonlinear initial value problem

y000 þ y00 þ � ðy0Þ2 þ y
h i

¼ �e�2x; x� 0;

yð0; �Þ ¼ 2; y0ð0; �Þ ¼ �1 y00ð0; �Þ ¼ 1:
ð43Þ

Equation (43) is solved asymptotically [1]. The nonlin-

earity is analyzed using the procedure given in Problem 4.

Table 8 shows the numerical errors for increasing

number of grid points of Problem 5. It is observed that

results are better as � ! 0, but the results are approxi-

mately same for different grid points.

We have run the algorithm for different grid spacing and

small perturbation parameter. We observed that as the

number of grid points increases, condition number of DQ

coefficient matrix increases. In Problem 1, we calculate the

condition number for N ¼ 5, N ¼ 10 and N ¼ 50. When

� ¼ 10�3 condition numbers for N ¼ 5, N ¼ 10 and N ¼
50 are 50.1033, 170.95467 and 1:1103� 108, respectively.

When � ¼ 10�1 condition numbers for N ¼ 5, N ¼ 10 and

N ¼ 50 are 328.9354, 40132.7516 and 1:0531� 109,

respectively. As � ! 0; condition numbers decrease.

Table 1 Error norms for Problem 1

Norms N � ¼ 10�1 � ¼ 10�2 � ¼ 10�3

L2 10 0.3395E-04 0.9940E-02 0.2397E-03

20 0.6561E-13 0.3351E-04 0.4381E-03

50 0.6224E-13 0.2081E-13 0.6962E-06

L1 10 0.2024E-04 0.5844E-04 0.1576E-03

20 0.2607E-13 0.4510E-04 0.2019E-03

50 0.1629E-13 0.5424E-14 0.6224E-06
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5 Conclusion

In this study, numerical solutions of some singularly per-

turbation problems are analyzed by Chebyshev-based dif-

ferential quadrature algorithm. L2 and L1 errors are

calculated for linear and nonlinear test problems. The

results are compared with exact or asymptotic solutions

and also by previous studies. It can be concluded that the

results match with existing solutions. The quadrature

results are better than the results in [4], but less accurate

Table 2 Comparison of absolute errors of Problem 1 for specific nodes

x � ¼ 2�3 � ¼ 2�6 � ¼ 2�9

DQ IVT [4] DQ IVT [4] DQ IVT [4]

0.0010 8.3493E-23 5.9033E-07 9.9577E-25 4.7384E-07 2.0960E-15 1.2326E-07

0.0100 4.7210E-21 5.8867E-05 2.5082E-12 4.7134E-05 3.8769E-04 1.2103E-05

0.1000 2.9808E-20 5.5841E-03 1.0460E-11 3.6784E-03 1.0509E-04 1.5146E-03

0.5000 3.1828E-20 6.2041E-02 9.0121E-11 3.2902E-03 1.2028E-04 2.3461E-03

0.9000 1.3583E-20 1.7090E-02 7.9107E-11 1.1480E-03 3.5007E-04 2.6400E-04

Table 3 Error norms for Problem 2

Norms N � ¼ 10�1 � ¼ 10�2 � ¼ 10�3

L2 10 0.1923E-05 0.7964E-02 0.3463E-02

20 0.5529E-15 0.1407E-08 0.3660E-02

50 0.3388E-15 0.1876E-13 0.6962E-12

L1 10 0.1095E-05 0.4566E-02 0.2198E-02

20 0.2132E-15 0.3809E-04 0.2986E-02

50 0.9173E-15 0.3748E-14 0.2406E-13

Table 4 Comparison of absolute errors of Problem 2 for specific nodes

x � ¼ 2�3 � ¼ 2�6 � ¼ 2�9

DQ IVT [4] DQ IVT [4] DQ IVT [4]

0.0010 2.0150E-24 4.1225E-06 3.7233E-25 4.1225E-06 2.0644E-25 4.0725E-06

0.0100 6.4155E-26 5.1848E-05 2.9079E-16 3.2961E-05 1.4160E-07 2.9034E-05

0.1000 1.2287E-25 1.9112E-03 1.5700E-15 9.6782E-03 2.5050E-07 7.9146E-03

0.5000 2.8595E-25 1.1798E-02 2.2048E-15 7.7235E-03 2.7559E-07 5.6283E-03

0.9000 8.3457E-26 4.4828E-02 1.0708E-15 1.5692E-02 1.5620E-07 2.6436E-03

Table 5 Error norms for Problem 3

Norms N � ¼ 10�1 � ¼ 10�2 � ¼ 10�3

L2 10 0.8992E-03 0.9301E-03 0.9332E-03

20 0.1311E-04 0.3159E-04 0.7893E-04

50 0.5141E-09 0.1361E-05 0.3116E-05

L1 10 0.5275E-03 0.5497E-03 0.5402E-03

20 0.5221E-05 0.8033E-04 0.3102E-04

50 0.2580E-09 0.3222E-06 0.7445E-06
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results as compared with results in [28]. The method is easy

to implement by using small number of grid points. We

also conclude high grid point spacing results in high con-

dition number of the weighting coefficient matrix which

leads to unstable solutions.
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