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ABSTRACT

In this research work, a new time-invariant nonlinear mathematical model in fractional (non-integer) order settings has been proposed
under three most frequently employed strategies of the classical Caputo, the Caputo–Fabrizio, and the Atangana–Baleanu–Caputo with the
fractional parameter χ , where 0 < χ ≤ 1. The model consists of a nonlinear autonomous transport equation used to study the adsorption
process in order to get rid of the synthetic dyeing substances from the wastewater effluents. Such substances are used at large scale by various
industries to color their products with the textile and chemical industries being at the top. The non-integer-order model suggested in the
present study depicts the past behavior of the concentration of the solution on the basis of having information of the initial concentration
present in the dye. Being nonlinear, it carries the possibility to have no exact solution. However, the Lipchitz condition shows the existence
and uniqueness of the underlying model’s solution in non-integer-order settings. From a numerical simulation viewpoint, three numerical
techniques having first order convergence have been employed to illustrate the numerical results obtained.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5121845

This research consists of mathematical modeling of a nonlinear

system used in fields including environmental engineering, textile

engineering, and transport phenomena. It may be worth mention-

ing that despite numerous models being studied in fields such as

epidemiology, electrical engineering, mechanical engineering, and

fluid mechanics, there are quite a few thoroughly investigated in

fields such as textile engineering. Thus, this transport nonlinear

model investigated in the present research work is fractionalized

with classical and modern nonlocal operators to include the mem-

ory effects of the process. Existence and uniqueness conditions are

presented, and numerical simulations show interesting behavior for

the solutions of the underlying model not obtainable in the classical

case.

I. INTRODUCTION

Synthetic dyes are the colored chemical compounds most
frequently used by textile industry and less frequently by manu-
facturing industries including plastics, rubbers, cosmetics, carpets,
printing, and many others. The use of the dyes is necessary for col-
oring of the products manufactured by such industries, leading to
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wastage of about 10%–15% of the dyes during the dyeing procedure.
Furthermore, such wastage of the toxic and carcinogenic dyes hav-
ing acidic properties goes to the water streams and rivers, putting
the health of many plants, insects, animals, and humans into jeop-
ardy because these dyes have organic pollutants which can easily be
dissolved into water.1,2

Removal of such dyes from industrial wastewater is one of
the greatest challenges for biologists and environmentalists. In this
connection, various physical, biological, and chemical techniques
have been proposed for dye removal from wastewater effluents, but
most of them are very expensive to be employed at large scale.
The proposed techniques include adsorption (sticking of particles
on free surfaces), filtration, flocculation, ozonization, ion exchange,
photocatalytic, aerobic, and anaerobic degradation.3

The physical technique called the adsorption process, as coined
by a physicist in 1881, is the only physically effective and inexpen-
sive technique available today to successfully remove such harmful
dyes from wastewater effluents.4 However, research continues to
search for the most effective but low-cost adsorbents with simple
design for the removal of dyes from the wastewater bodies. Com-
mon adsorbents currently employed by the organizations during the
adsorption process contain silica gel, activated charcoal, alumina,
zeolites, and a few others.5

Having realized the importance of the adsorption process in
order to get rid of the harmful dyes commonly produced by the tex-
tile industries, the authors in Ref. 6 suggested a mathematical model
in the form of a transport equation as given by

R
∂

∂t
C(t) = −K∗Sρd.

Later, using the Langmuir isotherm having the following expression:

S =
Q0KLC(t)

1 + KLC(t)
,

one obtains the following autonomous (time-invariant) nonlinear
model of the adsorption process for the dye removal concentration,
which7 is assigned the name as the classical integer-order nonlinear
mathematical model for the adsorption process of the dye removal
in the present study,

∂

∂t
C(t) = −

K∗KLQ0ρd

R

(

C(t)

1 + KLC(t)

)

, C(0) = C0, (1)

where C(t) is the equilibrium concentration (mg/l) of the solution at
any time t(s); K∗ the decay constant (1/s), 0.5; R the retardation fac-
tor, 1; ρd the medium’s bulk density (1/1000 mg/mm3), 0.001; Q0 the
largest adsorption capacity, 100.718; and KL the Langmuir constant,
0.8.

Furthermore, for the decaying substances, the decay constant
K∗ and the half-time T are related via the following identity:

K∗ =
0.693

T
.

This research work is organized as follows: Sec. II presents some
motivational works to carry out the present research analysis,
whereas Sec. III establishes theory for existence and uniqueness of
the solution for C(t) of the underlying model in the context of the
Atangana–Baleanu operator. Section IV comes into play where the

numerical results obtained through three selected numerical tech-
niques taken from the classical Caputo, the CF, and the ABC theory
have been simulated and discussed. Last, the paper in Sec. V has
been concluded with the discussion of the obtained results with the
emphasis upon behavior of the selected numerical techniques for the
underlying model.

II. MOTIVATION AND FRACTIONAL MODELS

Nowadays, various mathematical models having non-integer-
order derivatives and/or integrals have naturally been encountered
by mathematicians, physicists, and engineers in their research stud-
ies where it has been observed that such models are far more
accurate than the models in the traditional calculus, and it is due
to the fact that the non-local operators (fractional derivative and
integral) describe memory and hereditary characteristics of various
real materials (i.e., polymers) and processes (electrical and mechan-
ical), whereas such characteristics are completely neglected in the
traditional calculus. Hence, the study of the non-integer-order cal-
culus has largely been shifted from pure theoretical work to applied
studies. As described in Refs. 8–24, many concepts of the non-
integer-order calculus can be seen in fields of interest to an engineer
such as signal processing in electrical engineering, tensile and flex-
ural strength of disorder materials in civil engineering, discovering
heat flux at the boundary of a semi-infinite rod in physics, math-
ematical biosciences, to name a few. Many other important and
standard practical examples are given in a book by Ref. 25 and the
classic papers of Bagley and Caputo.26–28

The standard mathematical models—be linear or nonlin-
ear—based upon derivatives and integrals with integer-order are
not sufficient enough in cases where the power law and exponen-
tial decay come into play. It is, therefore, important to analyze the
physical results in the domain of the non-integer-order calculus.

Based upon the recent findings in Refs. 7 and 29, the adsorp-
tion process used for the removal of dyes from wastewater effluents
has a non-integer-order property leading to possibilities to investi-
gate model (1) in non-integer order derivatives’ settings for getting
the memory effects associated with the physical phenomenon of the
model.

The exact solution of the autonomous model (1) for χ = 1 is
found as

C(t) =
1

KL

LambertW

(

KL exp

(

log(C0 exp(C0KL)) −
K∗KLQ0ρd

R
t

))

.

(2)

Proposed non-integer-order versions of the model under consider-
ation in the settings of the classical Caputo, the CF, and the ABC
operators are, respectively, as follows:

C
[

D
χ

0,tC(t)
]

= −
K∗KLQ0ρd

R

(

C(t)

1 + KLC(t)

)

, (3)

CF
[

D
χ

0,tC(t)
]

= −
K∗KLQ0ρd

R

(

C(t)

1 + KLC(t)

)

, (4)

ABC
[

D
χ

0,tC(t)
]

= −
K∗KLQ0ρd

R

(

C(t)

1 + KLC(t)

)

. (5)
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Employing the definitions of operators such as the classical
Caputo,30 the Caputo–Fabrizio,31 and the Atangana–Baleanu32 taken
in the Caputo sense, respectively, one obtains

1

0(1 − χ)

∫ t

0

C′(θ)(t − θ)−χdθ + ε

(

C(t)

1 + KLC(t)

)

= 0, (6)

L(χ)

1 − χ

∫ t

0

C′(θ) exp

[

−
χ

1 − χ
(t − θ)

]

dθ + ε

(

C(t)

1 + KLC(t)

)

= 0,

(7)

ABC(χ)

1 − χ

∫ t

0

C′(θ)Eχ

[

−
χ

1 − χ
(t − θ)χ

]

dθ + ε

(

C(t)

1 + KLC(t)

)

= 0,

(8)

where ε =
K∗KLQ0ρd

R
, L(χ), and ABC(χ) > 0 are any real-valued

smooth normalization functions satisfying L(0) = L(1) = 1, ABC(0)
= ABC(1) = 1 and Eχ is the one-parameter Mittag–Leffler function
defined as

Eχ (z) =

∞
∑

i=0

zi

0(χ i + 1)
. (9)

The fundamental objective of this research work is to pro-
pose and analyze the dye removal model used in the adsorption
process in the non-integer differential order settings under three
commonly used approaches, that is, the classical Caputo (having
a power law type singular kernel), the CF (having exponentially a
decaying type non-singular kernel), and the ABC operator (with a
Mittag–Leffler type non-singular kernel) and later solving the pro-
posed model numerically because it is nonlinear, which brings about
the possibility of having no closed form solution under current
situation.

III. EXISTENCE AND UNIQUENESS

Even, in the classical case, that is, when χ = 1, the analyt-
ical solution of the model via MATLAB R2018b is found to be
in terms of a special function called the Lambert W function not
expressible in the form of elementary mathematical functions. Fur-
thermore, the paper also aims to employ LC to prove the existence
and uniqueness for the solution of the model under consideration in
the non-integer-order settings.

In this section, we discuss, while using fixed point theory, exis-
tence and uniqueness of the solution of the proposed model under
the ABC operator, whereas such analysis can easily be employed for
the models under the classical Caputo and the CF operators as well
but omitted here for the sake of brevity. Consider (5) with the initial
condition C(0) = C0, applying the AB integral operator,32 we have

C(t) − C(0) =
1 − χ

ABC(χ)

{

−
K†KLQ0ρd

R

(

C(t)

1 + KLC(t)

)}

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1

×

{

−
K†KLQ0ρd

R

(

C(θ)

1 + KLC(θ)

)}

dθ .

Let K(t, C(t)) =

{

−
K†KLQ0ρd

R

(

C(t)
1+KLC(t)

)}

, then

C(t) − C(0) =
1 − χ

ABC(χ)
K(t, C(t))

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1K(θ , C(θ))dθ .

The kernel is said to hold for LC if the C(t) possesses an upper
bound. Let the function C(t) has an upper bound, then we can write

‖K(t, C(t) − K(t, C†)‖

=

∥

∥

∥

∥

−
K†KLQ0ρd

R

(

C(t) − C†(t)

1 + KL(C(t) − C†(t))

)
∥

∥

∥

∥

≤

∥

∥

∥

∥

−
K†KLQ0ρd

R

∥

∥

∥

∥

∥

∥

∥

∥

(

1

1 + KL(C(t) − C†(t))

)∥

∥

∥

∥

‖C(t) − C†(t)‖

≤
K†KLQ0ρd

R(1 + KL)
‖C(t) − C†(t)‖

≤ γ ‖C(t) − C†(t)‖.

Thus, the LC is satisfied.
Theorem 1. Suppose that C(t) is bounded, then the operator

written by

T{C(t)} = C(0) +
1 − χ

ABC(χ)
K(t, C(t))

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1K(θ , C(θ))dθ

holds for LC.
Proof. Surmise that both C(t) and C1(t) are bounded such that

C(0) = C1(0), this implies that

‖T{C(t)} − T{C1(t)}‖

=

∥

∥

∥

∥

1 − χ

ABC(χ)
(K(t, C(t)) − K(t, C1(t)))

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1 (K(t, C(θ)) − K(t, C1(θ))) dθ

∥

∥

∥

∥

≤
1 − χ

ABC(χ)
‖ (K(t, C(t)) − K(t, C1(t))) ‖

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1‖ (K(t, C(θ)) − K(t, C1(θ))) ‖dθ

≤

(

1 − χ

ABC(χ)
γ +

1

ABC(χ)0(χ)
γ t

χ

0

)

‖C − C1‖

≤ �‖C − C1‖.
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The existence and uniqueness analysis for (5) will be investigated
herein. Using the AB integral,32 we have that

Cn(t) =
1 − χ

ABC(χ)
K(t, Cn−1) +

χ

ABC(χ)0(χ)

×

∫ t

0

(t − θ)χ−1K(θ , Cn−1)dθ ,

C0(t) = C(0).

One can express the difference of the successive term by

2n+1(t) = Cn+1(t) − Cn(t) =
1 − χ

ABC(χ)
{K(t, Cn) − K(t, Cn−1)}

+
χ

ABC(χ)0(χ)

∫ t

0

(t−θ)χ−1{K(θ , Cn)−K(θ , Cn−1)}dθ .

(10)

For simplicity, we can use

Cn+1 =

n
∑

i=1

2i−1. (11)

Thus, (10) gives

‖2n+1(t)‖ = ‖Cn+1(t) − Cn(t)‖

=

∥

∥

∥

∥

1 − χ

ABC(χ)
{K(t, Cn) − K(t, Cn−1)} +

χ

ABC(χ)0(χ)

×

∫ t

0

(t − θ)χ−1{K(θ , Cn) − K(θ , Cn−1)}dθ

∥

∥

∥

∥

. (12)

Applying triangular inequality, (12) changes to

‖2n+1(t)‖ ≤
1 − χ

ABC(χ)
‖{K(t, Cn) − K(t, Cn−1)}‖ +

χ

ABC(χ)0(χ)

×

∫ t

0

(t − θ)χ−1‖{K(t, Cn) − K(t, Cn−1)}‖dθ .

Therefore, the kernel satisfied the LC. Thus,

‖2n+1(t)‖ ≤
1 − χ

ABC(χ)
M‖Cn − Cn−1‖ +

χ

ABC(χ)0(χ)
M

×

∫ t

0

(t − θ)χ−1‖Cn − Cn−1‖dθ . (13)

�

Theorem 2. (5) possesses a solution when t0 holds for

1 − χ

ABC(χ)
M +

1

ABC(χ)0(χ)
Mt

χ

0 < 1.

Proof. Surmise that C(t) is bounded. However, the kernel holds
for the LC; therefore, applying the recursive scheme from (13), one
attains

2n+1(t) ≤

{

1 − χ

ABC(χ)
M +

1

ABC(χ)0(χ)
Mt

χ

0

}n+1

‖C(0)‖.

Therefore, the function Cn+1(t) stated by (10) exists and also is
smooth. Now, we need to show that the functions presented above

are indeed a solution of (5). Surmise that

C(t) − C(0) = Cn(t) − Dn(t)

so that

‖Dn(t)‖ = ‖
1 − χ

ABC(χ)
{K(t, C) − K(t, Cn)}

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1{K(θ , C) − K(θ , Cn)}‖dθ

∥

∥

∥

∥

≤
1 − χ

ABC(χ)
‖{K(t, C) − K(t, Cn)}‖

+
χ

ABC(χ)0(χ)

∫ t

0

(t − θ)χ−1‖{K(θ , C) − K(θ , Cn)}‖dθ

≤
1 − χ

ABC(χ)
M‖C − Cn‖ +

1

ABC(χ)0(χ)
M‖C − Cn‖tχ .

Applying the recursive process again, we have

‖Dn(t)‖ ≤

(

1 − χ

ABC(χ)
+

1

ABC(χ)0(χ)
tχ

)n+2

Mn+2a.

At t = t0, one gets

‖Dn(t)‖ ≤

(

1 − χ

ABC(χ)
+

1

ABC(χ)0(χ)
t
χ

0

)n+2

Mn+2a. (14)

Taking the limit as n approaches ∞ in (14), we have

‖Dn(t)‖ → 0.

Thus, the existence for the concentration of the solution C(t) is
proved. It remains to show the uniqueness of (5). Assume that C1(t)
is another solution of (5), then

C(t) − C1(t) =
1 − χ

ABC(χ)
{K(t, C) − K(t, C1)} +

χ

ABC(χ)0(χ)

×

∫ t

0

(t − θ)χ−1{K(θ , C) − K(θ , C1)}dθ . (15)

Taking the norm of both sides of (15), we have

‖C(t) − C1(t)‖ =
1 − χ

ABC(χ)
‖{K(t, C) − K(t, C1)}‖ +

χ

ABC(χ)0(χ)

×

∫ t

0

(t − θ)χ−1‖{K(θ , C) − K(θ , C1)}‖dθ .

Since the kernel satisfies LC, we can write

‖C(t) − C1(t)‖ =
1 − χ

ABC(χ)
M‖{C(t) − C1(t)}‖ +

χ

ABC(χ)0(χ)
M

×

∫ t

0

(t − θ)χ−1‖{C(t) − C1(t)}‖dθ .

Consequently,

‖C(t) − C1(t)‖

(

1 −
1 − χ

ABC(χ)
+

1

ABC(χ)0(χ)
t
χ

0

)

≤ 0. �
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Theorem 3. (5) has a unique solution if the following inequal-
ity is satisfied:

(

1 −
1 − χ

ABC(χ)
+

1

ABC(χ)0(χ)
t
χ

0

)

> 0. (16)

Proof. Suppose that the inequality in (16) is satisfied. Then,

‖C(t) − C1(t)‖

(

1 −
1 − χ

ABC(χ)
+

1

ABC(χ)0(χ)
t
χ

0

)

≤ 0. (17)

This shows that

‖C(t) − C1(t)‖ = 0,

C(t) − C1(t),

C(t) = C1(t).

(18)

Thus, the uniqueness of the solutions of the proposed underlying
model with the ABC operator is verified. �

IV. NUMERICAL SIMULATIONS

In this section, the proposed time-invariant nonlinear model
under consideration has been numerically solved using three
numerical techniques taken, respectively, under the classical Caputo,
the CF, and the ABC theory having the same order of convergence.
The practical applications of the operators have been flourishing in a
number of scientific fields despite getting some criticism. Moreover,
there is also a growing need of devising new numerical techniques in

TABLE I. The maximum absolute error (first row), last absolute error (second row),

and the `2-error norm (third row) on [0, 10] for χ = 1.

h Caputo CF ABC

10−1 1.3412 × 10−04 1.3412 × 10−04 1.3412 × 10−04

1.3412 × 10−04 1.3412 × 10−04 1.3412 × 10−04

7.8896 × 10−04 7.8896 × 10−04 7.8896 × 10−04

10−2 1.3405 × 10−05 1.3405 × 10−05 1.3405 × 10−05

1.3405 × 10−05 1.3405 × 10−05 1.3405 × 10−05

2.4773 × 10−04 2.4773 × 10−04 2.4773 × 10−04

10−3 1.3404 × 10−06 1.3404 × 10−06 1.3404 × 10−06

1.3404 × 10−06 1.3404 × 10−06 1.3404 × 10−06

7.8283 × 10−05 7.8283 × 10−05 7.8283 × 10−05

the domain of the non-integer-order calculus since unlike standard
calculus,33 there are not many techniques for the former calculus.

Consider the following non-integer-order well-posed initial
value problem (IVP):

D
χ

0,tC(t) = f(t, C(t)), m − 1 < χ ≤ m ∈ Z
+,

C(j)(0) = C
j
0, j = 0, 1, 2, . . . , m − 1,

(19)

FIG. 1. Concentration of the solution for R = 1.0 using three novel operators.
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FIG. 2. Concentration of the solution for R = 2.0 using three novel operators.

where m = dχe is the smallest integer greater than or equal to χ .
When 0 < χ ≤ 1, the above non-integer order IVP becomes

D
χ

0,tC(t) = f(t, C(t)); C(0) = C0. (20)

The following three numerical techniques as introduced in
Refs. 34, 35, and 36 to solve (3), (4), and (5), respectively, are under
consideration for 0 < χ ≤ 1 because of having their order of con-
vergence equal to 1 for each of the techniques. These numerical

techniques have a well established order of accuracy, stability prop-
erties, and error bounds. It may be noted that the notation C(tn+1)

is reserved to denote the exact solution, whereas Cn+1 denotes the
approximate solution at the (n + 1)st iteration,

CCn+1 = C0 −
hχ

0(χ + 1)

(

K†KLQ0ρd

R

) n
∑

k=0

bk,n+1

Ck

1 + KLCk

+O(h2),

(21)

FIG. 3. Concentration of the solution with the Caputo operator for varying fractional orders.
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FIG. 4. Concentration of the solution with the CF operator for varying fractional orders.

CFCn+1 = C0 +

(

K†KLQ0ρd

R

) [

(χ − 1)
Cn

1 + KLCn

− hχ

n
∑

k=0

Ck

1 + KLCk

]

+ O(h2), (22)

ABCCn+1 = C0 +

(

K†KLQ0ρd

R

) [

χ − 1

ABC(χ)

Cn

1 + KLCn

−
hχ

ABC(χ)0(χ)

n
∑

k=0

bk,n+1

Cn−k

1 + KLCn−k

]

+ O(h2),

(23)

where bk,n+1 is given as

bk,n+1 =
(

n − k + 1
)χ

−
(

n − k
)χ

,

and B(χ) = 1 with h = 0.05 as a time step size taken in seconds
during simulations for C(0) = 1.

The above three numerical techniques when used to solve
models (3)–(5) produced very interesting results, which are shown
in the form of a table and a few graphical illustrations.

Table I is presented with the intention to look at the
order of convergence of the techniques from an experimen-
tal viewpoint whereupon the maximum absolute error
(

Emax = max0≤n≤T |C(tn+1) − Cn+1|
)

and the absolute error com-

puted at the final mesh point
(

E(t = T) = |C(T) − CN|
)

of the
associated interval seem to be decreasing by order one magni-
tude for each one order decrease in the respective time step size h
value.

Similarly, decreasing behavior of the errors has also been con-
firmed with the computation of the `2 error norm
(

`2 =

√

∑n
k=0 |C(tn+1) − Cn+1|

2
)

, which shows the total distance

between exact and approximate results. It can also be observed
that the results under three approaches (Caputo, CF, and ABC) are
identical for χ = 1 justifying their safe use.

As far as the graphical illustrations are concerned, it can clearly
be noticed from Figs. 1 and 2 that for smaller values of the fractional
parameter χ used for the models under consideration, the concen-
tration of the solution takes a longer time period to get vanished, but
as χ starts to approach 1, we see that the behavior of the solution
curve produced by the techniques (21)–(23) gets near to the exact
solution for χ = 1. However, among three approaches under study,
the CF catches the faster stability behavior of the concentration of

FIG. 5. Concentration of the solution with the ABC operator for varying fractional orders.
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the model even when χ is small enough. The graphical illustration
allows us to observe the history effects of the concentration profile
in the underlying model, which was earlier not possible through
available tools from standard/classical calculus.

Doubling the retardation factor R, one can observe from
Figs. 3–5 that the decay of the concentration gets slow, which
is known to us from the basic theory of the adsorption pro-
cess, and numerical results produced by the simulation of the
models for randomly selected χ ∈ {0.98, 0.78, 0.58, 0.38} confirm
the similar trend. Hence, non-integer time-invariant models pro-
posed and analyzed in the present work for three different novel
approaches are considered to be more useful to observe the memory
characteristics.

It is also worth mentioning that we do not have real experi-
mental data. However, the model under investigation can safely be
considered more suitable and reliable due to memory characteris-
tics of non-local (fractional) operators used within the studies. On
such grounds, we have studied a nonlinear model for the adsorp-
tion process from a fractional calculus viewpoint. Such research
analysis is deemed to be extended in future with the availability
of real experimental data, which may either be carried by us or
some other researchers. Therefore, we conclude that the non-integer
model under different operators suggested in this work has huge
potentials to catch the diversity of memory types.

V. CONCLUSION

The integer-order version of the model frequently employed
by various scientists and environmentalists to study the effects of
the adsorption process for the removal of dyes coming from par-
ticularly textile industries is not capable enough to capture the past
incidences concerned.

Having been motivated by the non-local nature of the frac-
tional operators, we have proposed a new time-invariant nonlinear
model under the classical Caputo, the Caputo–Fabrizio, and the
ABC operators. Despite the possibility for the underlying model to
have no exact solution, the LC discussed above proves the bound-
edness for the solution C(t), and furthermore, model (5) does have
a unique solution as proved by the fixed point theory for the ABC
operator.

The major finding of the present study is attributed to
the performance of the Caputo–Fabrizio approach in compar-
ison with the remaining two operators (Caputo and ABC).
Hence, for this particular nonlinear model, it is concluded that
the Caputo–Fabrizio is more capable enough to design the real
world applications particularly related to transportation phenom-
ena. Indeed, C(t) → 0 exponentially as t → ∞ in the case of the
Caputo–Fabrizio for χ → 1 with considerably smaller retardation
factors.

Since the adsorption process for the removal is regarded as
a complex physical phenomenon, it is, therefore, strongly believed
that the fractional-order derivatives including the ones called Atan-
gana bi-order, variable order, distributed order, and recently intro-
duced fractal-fractional can capture the hidden complexities of the
model under consideration. These fractional operators will be used
in future research work.
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